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Sound p r o p a g a t i o n  i n  s h a l l o w  w a t e r  i s  m o d e l l e d  u s i n g  
t h e  G r e e n 's  f u n c t i o n  fo r m a l i s m  a n d  n o rm a l  mode t e c h n i q u e s .
The w a t e r  l a y e r  i s  bou n d ed  above  by  a  p r e s s u r e - r e l e a s e  c o n ­
d i t i o n  an d  b e lo w  by  a  h a l f s p a c e  o f  v i s c o e l a s t i c  s o l i d  m e d ia .  
N ine  d i f f e r e n t  m a r in e  s e d im e n t s  a r e  i n v e s t i g a t e d  by  i n c o r p o r ­
a t i n g  t h e i r  p u b l i s h e d  m e a s u re d  p a r a m e t e r s  i n t o  t h e  b o t to m  
b o u n d a ry  c o n d i t i o n  u t i l i z i n g  t h e  d e f i n i t i o n  o f  s p e c i f i c  
a c o u s t i c  im p e d a n c e .  A d e p th - d e p e n d e n t  so u n d  s p e e d  i s  t r e a t e d  
i n  t h e  i d e a l  l i q u i d  l a y e r .
I n  o r d e r  t o  d e te r m in e  t h e  m o s t  c o n v e n i e n t  m a t h e m a t i c a l  
r e p r e s e n t a t i o n  f o r  t h i s  s h a l l o w  w a t e r  m odel an  i n v e s t i g a t i o n  
o f  t h e  n o rm a l  mode s p e c t r a  o f  so u n d  w aves  i n  v i s c o u s  f l u i d s  
and  v i s c o e l a s t i c  s o l i d s  i s  f i r s t  u n d e r t a k e n .  Due t o  t h e  
n o n - s e l f - a d j o i n t  p r o p e r t y  o f  t h e  d i f f e r e n t i a l  o p e r a t o r  
d e s c r i b i n g  v i s c o u s  m e d ia ,  c o m p le x - v a lu e d  p r o p a g a t i o n  c o n ­
s t a n t s  ' ( e i g e n v a l u e s )  w e re  e n c o u n t e r e d  and  h ad  t o  be  d e a l t  
w i t h  i n  an  a p p r o p r i a t e  m an n er .
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A t e n s o r  G r e e n 's  f u n c t i o n  i s  n e c e s s a r y  t o  c o m p l e t e l y  
d e f i n e  v e c t o r  f i e l d s .  The v e l o c i t y  v e c t o r  d e s c r i b e s  t h e  
f l u i d  medium and  t h e  d i s p l a c e m e n t  v e c t o r  t h e  s o l i d  m edium.
I t  i s  fo u n d  t h a t  b o th  f i e l d s  a r e  com posed o f  t r a n s v e r s e  an d  
l o n g i t u d i n a l  p o l a r i z a t i o n s  due t o  s h e a r  an d  c o m p r e s s i o n a l  
e f f e c t s ,  r e s p e c t i v e l y .  The w- an d  k - p o l e s  o f  t h e  i n v e r s e  o f  
t h e  g o v e r n in g  d i f f e r e n t i a l  e q u a t i o n  i n  t h e  F o u r i e r  w avenum ber- 
f r e q u e n c y  dom ain  p r e s c r i b e  t h e  c h a r a c t e r  o f  t h e  so u n d  w aves 
i n  t h e  w a v e n u m b e r- t im e  an d  s p a c e - f r e q u e n c y  d o m a in s ,  r e s p e c ­
t i v e l y .  I t  i s  shown t h a t  i n  e a c h  c a s e  t h e  r e a l -  an d  i m a g i n a r y - 
com ponen ts  o f  t h e s e  c o m p le x e d - v a lu e  p o l e s  c o n t r i b u t e  in d e p e n d ­
e n t l y  t o  t h e  p r o p a g a t i o n  an d  a t t e n u a t i o n  o f  t h e  a c o u s t i c  
e n e r g y ,  r e s p e c t i v e l y .  The l o n g i t u d i n a l  p o l a r i z a t i o n  o f  t h e  
v i s c o u s  f l u i d  and  b o t h  p o l a r i z a t i o n s  o f  t h e  v i s c o e l a s t i c  s o l i d  
a r e  t h e  t r a n s p o r t  modes o f  sound  w a v e s , w h i l e  on t h e  o t h e r  
h a n d  t h e  t r a n s v e r s e  p o l a r i z a t i o n  o f  t h e  v i s c o u s  f l u i d  d i f f u s e s  
a c o u s t i c  e n e r g y  i n  b o t h  s p a c e  and  t i m e .
The n o rm a l  mode r e p r e s e n t a t i o n s  a r e  c o n s t r u c t e d  by  a 
tw o - d im e n s io n a l  t r a n s f o r m  o f  a  o n e - d i m e n s i o n a l  c h a r a c t e r i s t i c  
G r e e n 's  f u n c t i o n .  The t r a n s f o r m s  a r e  d e t e r m in e d  by t h e  
i n t e g r a l  e x p r e s s i o n s  o f  t h e  D i r a c  d e l t a  f u n c t i o n  f o r  t h e  
p a r t i c u l a r  c o o r d i n a t e  d i r e c t i o n  o f  t h e  a p p r o p r i a t e  c o o r d i n a t e  
s y s te m .  The d e l t a  f u n c t i o n  may be  w r i t t e n  a s  a  sum m ation  o f  
n o rm a l  modes an d  h e n c e  i s  a  c o n v e n i e n t  m e th o d  f o r  t h e  t r e a t ­
m en t o f  b o u n d a r y - v a l u e  p r o b le m s .
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U sin g  t h e  a p p r o p r i a t e  n o rm a l  mode r e p r e s e n t a t i o n  
n u m e r i c a l l y  g e n e r a t e d  p l o t s  o f  t r a n s m i s s i o n  l o s s  a r e  p ro d u c e d  
fro m  t h e  s h a l l o w  w a t e r  m odel d e v e lo p e d .  The i n p u t  p a r a m e t e r s  
t o  t h e  m odel a r e  t h e  c o n d i t i o n s  o f  an  a c t u a l  d a t a - c o l l e c t i o n  
s i t e  i n  t h e  B a l t i c  Sea  ( 1 9 7 4 ) .  The c o m p u te r  s i m u l a t i o n  a g r e e s  
q u a l i t a t i v e l y  w i t h  t h e  m e a s u re d  r e s u l t s  a t  t h e  t e s t  s i t e  and  
d e m o n s t r a t e s  t h e  f u n d a m e n ta l  im p o r ta n c e  o f  t h e  v i s c o e l a s t i c  
b o u n d a ry  on t h e  a t t e n u a t i o n  o f  so u n d  w aves i n  s h a l l o w  w a t e r .
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CHAPTER I
PROBLEM STATEMENT AND SOLUTION METHOD 
P ro b lem  S ta te m e n t  and  P u r p o s e
I n t e r e s t  i n  u n d e r w a t e r  s u r v e i l l a n c e  h a s  b e e n  on t h e  
i n c r e a s e  f o r  t h e  l a s t  f o r t y  y e a r s .  B e g in n in g  i t s  m odern  e r a  
d u r in g  t h e  s e c o n d  W orld  War w i t h  t h e  d e s i r e  t o  t r a c k  s u b m e r s i b l e  
v e s s e l s ,  t h e  a p p l i c a t i o n  o f  u n d e r w a t e r  so u n d  p r o p a g a t i o n  a r e  
now m oving  i n t o  m ore co m m e rc ia l  a r e a s  a s  w e l l .  F o r  e x am p le ,  
t h e  a b i l i t y  to  c l a s s i f y  b o t to m  s e d im e n t  r e m o t e l y  u s i n g  so u n d  
i s  d e s i r a b l e  f o r  m in in g  an d  d r i l l i n g  o p e r a t i o n s  s i n c e  a c o u s t i c  
p r o b i n g  i s  more e c o n o m ic a l  i n  b o t h  t im e  and  money f o r  l o c a t i n g  
l i k e l y  d e p o s i t  s i t e s .
The i n t e n t  o f  t h i s ,  i n v e s t i g a t i o n ,  h o w e v e r ,  i s  lo n g  
r a n g e  d e t e c t i o n  o f  n o i s e - p r o d u c i n g  o b j e c t s .  T h is  p a s s i v e  
d e t e c t i o n  p ro b le m  in v o k e s  p r o p a g a t i o n  t h e o r y  ( t r a n s m i s s i o n ) , 
w h e re a s  a c t i v e  s o n a r  s y s te m s  in v o k e  b a c k - s c a t t e r  t h e o r y  
( r e f l e c t i o n ) .
I n  p r e v i o u s  i n v e s t i g a t i o n s ,  i d e a l i z e d  m o d e ls  o f  v a r y i n g  
c o m p le x i ty  h av e  b e e n  u s e d  i n  an a t t e m p t  t o  u n d e r s t a n d  o b s e r v e d  
sound  p r o p a g a t i o n  phenom ena and s e d im e n t  c l a s s i f i c a t i o n  i n  
s h a l l o w  w a t e r  r e g i o n s .  The s i m p l e s t  o f  t h e s e  c o r r e s p o n d s  to  
a  p e r f e c t  hom ogeneous w a v e g u id e  o f  t h e  ty p e  d i s c u s s e d  by I d e ,  
P o s t ,  and  F ry  [ 3 9 ] ,  who w e re  t h e  f i r s t  t o  u s e  w a v eg u id e  t h e o r y
1
i n  i n t e r p r e t i n g  t h e i r  o b s e r v a t i o n s  i n  t h e  Po tom ac  R i v e r .
L a t e r ,  P e k e r i s  [1 1 ]  made u s e  o f  a p a r t i a l  o r  i m p e r f e c t  w av e ­
g u id e  c o n s i s t i n g  o f  a  hom ogeneous l a y e r  o f  w a t e r  o f  c o n s t a n t  
so u n d  s p e e d  o v e r l y i n g  a  f l u i d  h a l f s p a c e  o f  g r e a t e r  so u n d  s p e e d .
I n  t h i s  m odel t h e  s u r f a c e  l a y e r  a c t e d  a s  a  p e r f e c t  w a v e g u id e  
o n ly  f o r  w aves i n c i d e n t  a t  an  a n g l e  g r e a t e r  t h a n  a  c r i t i c a l  
v a l u e .  P e k e r i s 1 d e t a i l e d  a n a l y s i s  o f  t h i s  p ro b le m  m et w i t h  
c o n s i d e r a b l e  s u c c e s s  and  e x p l a i n e d  t h e  c h i e f  p r o p e r t i e s  o f  
e x p l o s i o n - g e n e r a t e d  so u n d  i n  c o a s t a l  w a t e r s  o b s e r v e d  by  W o rze l 
and  Ewing [ 2 2 ] .  More r e c e n t l y ,  t h e  i n t e r p r e t a t i o n  o f  c o n t i n u o u s -  
wave (c -w ) s o u n d - f i e l d  e x p e r im e n t s  by  T o l s t o y  [4 6 ]  and  C lay  
[3 6 ]  h a s  r e q u i r e d  t h e  u s e  o f  w a v e g u id e  m o d e ls  c o n s i s t i n g  o f  
s e v e r a l  l a y e r s .
Few t h e o r e t i c a l  s t u d i e s  h av e  b e e n  made o f  a f l u i d  l a y e r  
o v e r l y i n g  a  hom ogeneous, e l a s t i c  s o l i d  h a l f - s p a c e .  The t r a d i ­
t i o n a l  a p p r o a c h  to  t h e  t h e o r y  o f  s h a l l o w - w a t e r  so u n d  p r o p a g a ­
t i o n  i s  t o  c o n s i d e r  a  num ber o f  hom ogeneous l a y e r s  o f  d i f f e r e n t  
sound  s p e e d s ,  d e n s i t i e s ,  and  t h i c k n e s s e s ,  o v e r l y i n g  a  h a l f ­
s p a c e  ( o r  a  v e r y  t h i c k  l a y e r )  o f  g r e a t e r  so u n d  s p e e d .  Such  
m o d e ls  w i l l  e x h i b i t  b o t h  t h e  e f f e c t s  o f  p a r t i a l l y  r e f l e c t e d  
and  t o t a l l y  r e f l e c t e d  ( g u id e d )  w a v es .  I n  o t h e r  w o rd s ,  one 
m u st d i s t i n g u i s h  b e tw e e n  modes h a v in g  c o n t in u o u s  and  d i s c r e t e  
s p e c t r a ,  c o r r e s p o n d i n g  t o  i m p o r t a n t  d i f f e r e n c e s  i n  b e h a v i o r  
o f  t h e  sound  f i e l d  a t  s h o r t  and  lo n g  r a n g e s  from  t h e  s o u r c e .
T h u s ,  f o r  s o u r c e  and  r e c e i v e r  b o t h  s i t u a t e d  i n  a  l o w - v e l o c i t y  
s u r f a c e  l a y e r ,  t h e  c o n t r i b u t i o n  o f  p a r t i a l  r e f l e c t i o n s  ( c o n ­
t i n u o u s  s p e c t ru m )  may be i m p o r t a n t  o r  e v en  d o m in a n t  a t  s h o r t
r a n g e  w h e re a s  a t  g r e a t  d i s t a n c e s  g u id e d  w aves ( d i s c r e t e  
s p e c t ru m )  a lo n e  c o n t r i b u t e  s i g n i f i c a n t l y  t o  t h e  f i e l d .
I n  t h e  p r e s e n t  s t a t e  o f  t h e  a r t ,  t h e  t h e o r y  o f  l a y e r e d  
w a v e g u id e s  c o n s t i t u t e s  t h e  p r i n c i p a l  body  o f  a c o u s t i c s  r e l e v a n t  
to  s h a l l o w - w a t e r  p r o p a g a t i o n .  A l th o u g h  t h e  t h e o r y  i s  b u i l t  
a ro u n d  e x t r e m e l y  i d e a l i z e d  m o d e ls ,  i t  p r e d i c t s  a  s u r p r i s i n g  
num ber o f  o b s e r v e d  c h a r a c t e r i s t i c s  o f  s o u n d .  I t  m akes a p p a r e n t  
t h e  g r e a t  im p o r ta n c e  o f  t h e  so u n d  s p e e d  p r o f i l e  i n  t h e  l i q u i d  
colum n an d  t h e  p a r a m e t e r s  u s e d  t o  d e f i n e  t h e  b o t to m  s e d im e n t .  
Most e x i s t i n g  m o d e ls  t r e a t  t h e  b o t to m  a s  a n o t h e r  f l u i d  l a y e r  
o r  h a l f s p a c e  w i t h  a  d i f f e r e n t  sound  p r o f i l e  ( u s u a l l y  a  c o n s t a n t  
sound  s p e e d  g r e a t e r  t h a n  t h a t  i n  t h e  f l u i d  l a y e r  above  i t ) . 
A l th o u g h  c o m p u t a t i o n a l  a d v a n ta g e s  may be o b t a i n e d  from  t h e  
t r e a t m e n t  o f  t h e  o c e a n  b o t to m  a s  a n o t h e r  f l u i d  l a y e r ,  t h i s  
m ethod  i s  f a r  f rom  b e in g  s u f f i c i e n t  t o  d e s c r i b e  t h e  a c t u a l  
s i t u a t i o n .
A m ore r e a l i s t i c  m odel o f  t h e  r e a l  o c e a n  f l o o r  p l a c e s  
e m p h as is  on m e a s u re d  and  e x t r a p o l a t e d  d a t a  f o r  t h o s e  p a r a m e t e r s  
i m p o r t a n t  i n  u n d e r w a t e r  a c o u s t i c s .  Such a  g e o a c o u s t i c  m odel 
o f  t h e  o c e a n  f l o o r  h a s  b e en  d e v e lo p e d  a t  t h e  M ech an ics  R e s e a r c h  
L a b o r a t o r y  (MRL) o f  t h e  U n i v e r s i t y  o f  New H am psh ire  s t a r t i n g  
w i t h  t h e  w ork  o f  A. Y i l d i z  [4 9 ]  i n  1970 . The r e s u l t i n g  v i s c o ­
e l a s t i c  s o i l  m odel u t i l i z e s  t h e  e l a s t i c  and  dam ping  p a r a m e t e r s  
m e a s u re d  by H a m il to n  [2 9 ]  f o r  n i n e  a c t u a l  m a r in e  s e d im e n t  
c o m p o s i t i o n s .  The MRL-model i n c o r p o r a t e s  t h e s e  v i s c o e l a s t i c  
p a r a m e t e r s  i n t o  a  b o u n d a ry  c o n d i t i o n  f o r  t h e  b o t to m  i n t e r f a c e
o f  t h e  f l u i d  l a y e r  by  im p le m e n t in g  t h e  d e f i n i t i o n  o f  a c o u s t i c  
im p e d a n c e . T h e re  i s  no way t h e  f l u i d  m ode l o f  t h e  b o t to m  
can  i n c o r p o r a t e  t h e s e  m e a s u re d  b o t to m  p a r a m e t e r s  i n t o  t h e i r  
t h e o r y  o f  t r a n s m i s s i o n  l o s s .
T h i s  p r e s e n t  i n v e s t i g a t i o n  was m o t i v a t e d  by  t a l k s  w i t h  
S a n d e rs  A s s o c i a t e s  o f  N ash u a , New H am p sh ire  who p r o v i d e d  t h e  
M ech an ics  R e s e a r c h  L a b o r a t o r y  w i t h  r e l e v a n t  e x p e r i m e n t a l  d a t a  
f o r  t r a n s m i s s i o n  l o s s  i n  a  s h a l l o w  w a t e r  r e g i o n  o f  t h e  B a l t i c  
Sea  (1974) c o l l e c t e d  by  t h e  N av a l  U n d e rw a te r  S y s tem s C e n te r  
(NUSC) o f  New London , C o n n e c t i c u t .  MRL u n d e r t o o k  a  p r o j e c t  
t o  m ode l sound  p r o p a g a t i o n  i n  an  a t t e m p t  t o  m ore c l o s e l y  
s i m u l a t e  t h i s  t r a n s m i s s i o n  l o s s  d a t a  t h a n  t h e  e x i s t i n g  m ode l 
i n  t h e i r  p o s s e s s i o n .  The MRL-model u t i l i z e s  t h e  n o rm a l  mode 
t e c h n i q u e ,  a  p i e c e - w i s e  l i n e a r  d e p th - d e p e n d e n t  so u n d  s p e e d  i n  
t h e  i d e a l  w a t e r  co lum n , and  t h e  v i s c o e l a s t i c  s o i l  b o u n d a ry  
c o n d i t i o n  p r e v i o u s l y  m e n t io n e d .  The e x i s t i n g  p ro g ra m  ( t h a t  
S a n d e r s  p o s s e s s e d )  u t i l i z e d  r a y  o p t i c  m e th o d s  w h ic h  a r e  m ore 
c o n v e n i e n t  f o r  s h o r t  r a n g e  an d  w id e  b a n d w i d t h s . Normal modes 
a r e  c o n v e n i e n t  f o r  lo n g  r a n g e  ( o n ly  t h e  d i s c r e t e  s p e c t r u m  i s  
s i g n i f i c a n t )  an d  f i n i t e  b a n d w id th s  (w h ich  a l l  i n s t r u m e n t a t i o n  
i s  l i m i t e d  t o ) .
A more c o m p le te  i n t r o d u c t i o n  t o  t h e  u n d e r w a t e r  so u n d  
p r o p a g a t i o n  p ro b le m  i s  g iv e n  a t  t h e  b e g i n n i n g  o f  C h a p te r  I I I .  
The r e s t  o f  C h a p te r  I I I  i s  t h e  l e a d - u p  t o  and  p r e s e n t a t i o n  o f  
t h e  MRL-model and  i t s  r e s u l t s .  P l o t s  o f  t r a n s m i s s i o n  l o s s  a r e  
g e n e r a t e d  n u m e r i c a l l y  by a  c o m p u te r  p ro g ra m . A c o m p a r is o n  
o f  t h e  MRL-model w i t h  t h e  NUSC-data shows good q u a l i t a t i v e
5a g r e e m e n t .
I n  o r d e r  t o  d e v e lo p  t h e  MRL-model o f  so u n d  p r o p a g a t i o n  
i n  s h a l l o w  w a t e r  a n  a p p r o p r i a t e  n o rm a l  mode r e p r e s e n t a t i o n  o f  
t h e  p r e s s u r e  f i e l d  was r e q u i r e d .  So t h e  f i r s t  s t a g e  o f  t h i s  
d i s s e r t a t i o n  was t h e  d e v e lo p m e n t  o f  a  s y s t e m a t i c  t e c h n i q u e  f o r  
e v a l u a t i n g  t h e  n o rm a l  mode s p e c t r a  o f  v i s c o u s  m e d ia  i n  t h e  
s t e a d y - s t a t e  ( s p a c e - f r e q u e n c y , r ;  to) dom ain . I t  was fo u n d  
t h a t  t h e r e  a r e  t h r e e  d i f f e r e n t  r e p r e s e n t a t i o n s  i n  b o t h  t h e  
r e c t a n g u l a r  and  s p h e r i c a l  c o o r d i n a t e  s y s te m s  and  f o u r  
r e p r e s e n t a t i o n s  i n  t h e  c y l i n d r i c a l  s y s te m  ( o n ly  t h e s e  t h r e e  
c o o r d i n a t e  s y s te m s  w ere  c o n s i d e r e d ) . The v i s c o u s  m e d ia  
t r e a t e d  i n  t h i s  s e c t i o n  ( C h a p te r  I I )  a r e  v i s c o u s  f l u i d s  and  
v i s c o e l a s t i c  s o l i d s ,  w h i l e  i n  C h a p te r  I I I  an  i d e a l  f l u i d  
o v e r l y i n g  a  v i s c o e l a s t i c  s o l i d  b o t to m  i s  c o n s i d e r e d .  From 
t h i s  p a r t  o f  t h e  i n v e s t i g a t i o n  t h e  m o s t  c o n v e n i e n t  n o rm a l  
mode r e p r e s e n t a t i o n  was c h o s e n  f o r  u s e  i n  w h a t  becam e t h e  
MRL-model o f  t r a n s m i s s i o n  l o s s .
The G r e e n 's  f u n c t i o n  f o r m a l i s m  was s e l e c t e d  t o  b e  u s e d  
i n  c o n j u n c t i o n  w i t h  t h e  n o rm a l  mode t e c h n i q u e .  T h i s  f o r m a l i s m  
i s  a  f i e l d  t h e o r e t i c a l  a p p r o a c h  w h ic h  i s  m ore  g e n e r a l  and  
s e n s i t i v e  t o  t h e  p h y s i c a l  s i t u a t i o n  t h a n  t h e  r a y  t h e o r e t i c a l  
m e th o d .  The l a t t e r  m e th o d  may be  o b t a i n e d  from  t h e  f i e l d  
t h e o r e t i c a l  a p p r o a c h  by a p p l y i n g  a p p r o p r i a t e  a p p r o x i m a t i o n  
t e c h n i q u e s  [ 1 ] ,  The G r e e n 's  f u n c t i o n  f o r m a l i s m  i s  i n d e p e n d e n t  
o f  t h e  c o o r d i n a t e  s y s te m ,  t h e  mode o f  e n e r g y  t r a n s p o r t ,  and  
i n  p r i n c i p l e  t h e  s o p h i s t i c a t i o n  o f  t h e  e n g i n e e r i n g  m o d e l .
6The G r e e n ’ s f u n c t i o n  i t s e l f  i s  t h e  r e s p o n s e  o f  a  s y s te m  
to  an  i m p u l s i v e  p o i n t - s o u r c e  e x c i t a t i o n .  A l l  t h e  i n f o r m a t i o n  
a b o u t  t h e  s y s te m  i n c o r p o r a t e d  i n  t h e  g o v e r n in g  d i f f e r e n t i a l  
e q u a t i o n  i s  a l s o  c o n t a i n e d  i n  t h e  G r e e n 's  f u n c t i o n  s o l u t i o n .  
T h is  s o l u t i o n  i s  a  f u n c t i o n  o f  t h e  s y s te m  an d  i n d e p e n d e n t  
o f  t h e  f o r c i n g .  The r e s p o n s e  o f  t h e  s y s te m  t o  a r b i t r a r y  
f o r c i n g  i s  t h e n  a  c o n v o l u t i o n  o f  t h e  G r e e n 's  f u n c t i o n  w i t h  
t h e  f o r c i n g  te rm  i n  t h e  s p a c e - t i m e  ( r ; t )  d om ain .
P r i o r  t o  d e v e l o p i n g  t h e  n o rm a l  mode s p e c t r a  o f  v i s c o u s  
m e d ia  t h e  t e n s o r  G r e e n 's  f u n c t i o n  o f  t h e  v i s c o u s  f l u i d  and  
v i s c o e l a s t i c  s o l i d  a r e  e v a l u a t e d  i n  t h r e e  F o u r i e r  dom ains  
f o r  t h e  r e c t a n g u l a r  c o o r d i n a t e  s y s te m .  A s e c o n d - o r d e r  t e n s o r  
G r e e n 's  f u n c t i o n  i s  r e q u i r e d  t o  d e s c r i b e  t h e  v e c t o r  f i e l d s  
c o m p l e t e l y .  I t  i s  fo u n d  a s  e x p e c t e d  t h a t  t h e  f i e l d  i s  
p o l a r i z e d  i n t o  t r a n s v e r s e  ( s h e a r  e f f e c t s )  and  l o n g i t u d i n a l  
( c o m p r e s s i o n a l  e f f e c t s )  c o m p o n e n t s . Sound w aves  p r o p a g a t e  
w i t h  v i s c o u s  a t t e n u a t i o n  i n  t h e  l o n g i t u d i n a l  mode o f  t h e  
v i s c o u s  f l u i d  and  b o t h  modes o f  t h e  v i s c o e l a s t i c  s o l i d ,  w h i l e  
so u n d  c o m p le t e ly  d i f f u s e s  i n  t h e  t r a n s v e r s e  mode o f  t h e  
v i s c o u s  f l u i d .
I t  s h o u ld  be n o t e d  t h a t  t h e  s o l u t i o n s  and  c o n s e q u e n t l y
t e m p o r a l  dam ping h av e  b e e n  th o r o u g h l y  i n v e s t i g a t e d  i n  a s s o -
o
c i a t i o n  w i t h  t h e  d i f f u s i o n  (3 - 3 t /D )F ^  = 0 , K le in -G o rd o n  
( 3 ^ - 3 ^ /C ^ - a ^ ) F 2  = 0, and  d i s s i p a t i v e  wave ( 3 ^ - 2 a 3 t -3 ^ /C ^ )F g  
= 0 e q u a t i o n s .  The n o rm a l  m o d e . s p e c t r a  o f  t h e  s o l u t i o n s  to  
t h e s e  e q u a t i o n s  e x i s t  i n  l i t e r a t u r e  ( [ 7 ] ,  [ 3 2 ] ,  and  [ 3 3 ] ,
7r e s p e c t i v e l y ) . T h e re  a r e  no m a t h e m a t i c a l  c o m p l i c a t i o n s  r e g a r d ­
in g  t e m p o r a l  dam ping  i n  t h e s e  c a s e s  s i n c e  t h e  s e l f - a d j o i n t  
p r o p e r t y  o f  t h e  ab o v e  d i f f e r e n t i a l  o p e r a t o r s  can  be  p r e s e r v e d .
On t h e  o t h e r  h a n d ,  a n  o p e r a t o r  w i t h  a t e r m  t h a t  e x h i b i t s  s p a c e
o
and t im e  c o u p l in g  o f  t h e  fo rm  (9 9t ) i s  n o n - s e l f - a d j o i n t  and  
c o m p l i c a t i o n s  a r i s e  when a t t e m p t i n g  t o  w r i t e  i t s  n o rm a l  mode 
s p e c t r u m .  I n  t h e  c o u r s e  o f  i n v e s t i g a t i n g  t h e  n o rm a l  mode 
s p e c t ru m  o f  sound  w aves i n  v i s c o u s  m e d ia ,  t h i s  t y p e  o f  n o n ­
s e l f - a d j o i n t  o p e r a t o r  was e n c o u n t e r e d  and  h a d  t o  b e  d e a l t  
w i t h  i n  an  a p p r o p r i a t e  m an n er .
M ost p ro b le m s  i n  v i s c o u s  f l u i d s ,  v i s c o e l a s t i c  s o l i d s ,  
and  a e r o e l a s t i c i t y  can  be  f o r m u l a t e d  a s  b o u n d a r y - v a lu e  p ro b le m s  
i n  d i f f e r e n t i a l  e q u a t i o n s  w h ich  a r e  c o n n e c te d  w i t h  t h e  i n t e g r a l  
e q u a t i o n s  by  p r o p e r  G r e e n 's  f u n c t i o n s .  I t  i s  w e l l -k n o w n  t h a t  
t h e  G r e e n 's  f u n c t i o n s  a r e  sy m m e tr ic  i f  t h e  b o u n d a r y - v a lu e  
p ro b le m  d e f i n e d  by  a  d i f f e r e n t i a l  e q u a t i o n  i s  " s e l f - a d j o i n t "  
[ 3 5 ] .  The nonsym m etry  o f  t h e  above  m e n t io n e d  o p e r a t o r s  i s  
a s s o c i a t e d  w i t h  t h e  n o n - s e l f - a d j o i n t n e s s  o f  t h e  b o u n d a r y - v a lu e  
p ro b le m .  One c a n  t r e a t  f l u i d ,  s o l i d ,  and  a e r o e l a s t i c  p ro b le m s  
a s  e i g e n v a l u e  p r o b le m s .  U nder c e r t a i n  c o n d i t i o n s ,  among w h ic h  
t h e  H e r m i t i a n  s e l f - a d j o i n t n e s s  o r  t h e  H e r m i t i a n  sym m etry  o f  
t h e  k e r n e l  i s  t h e  m o s t  i m p o r t a n t ,  i t  can  b e  shown t h a t  e i g e n ­
v a l u e s  a lw a y s  e x i s t  and  a r e  r e a l - v a l u e d ,  t h a t  t h e  e i g e n ­
f u n c t i o n s  fo rm  a " c o m p le te "  s e t  o f  f u n c t i o n s ,  t h a t  t h e  i t t e r a -  
t i o n  p r o c e d u r e  f o r  t h e  c a l c u l a t i o n  o f  t h e  e i g e n v a l u e s  and  
e i g e n f u n c t i o n s  i s  v a l i d ,  and  t h a t  t h e  b o unds  to  t h e  e i g e n ­
v a l u e s  can  be  e s t i m a t e d .
The same i s  n o t  a lw ay s  t r u e  w i t h  r e g a r d  to  n o n - s e l f -  
a d j o i n t  p r o b le m s ,  a s  i n  t h e  c a s e  t r e a t e d  h e r e .  The e i g e n v a l u e s  
o f  v i s c o u s  s y s te m s  a r e  fo u n d  t o  be  c o m p le x - v a lu e d .  T h is  
c o m p l i c a t i o n  i s  n o t  i n s u r m o u n ta b le  a s  one  f i n d s  t h a t  t h e  
r e a l - p a r t  o f  t h e  c o m p le x - e i g e n v a lu e  i s  s e l f - a d j o i n t  and  p r e ­
s c r i b e s  t h e  p r o p a g a t i o n  o f  so u n d  w aves w h i l e  t h e  im a g i n a r y -  
p a r t  i s  n o n - s e l f - a d j o i n t  and  p r e s c r i b e s  t h e  a t t e n u a t i o n  o f  
t h e  f i e l d  and  m o d i f i e s  i t s  n a t u r a l  o s c i l l a t i o n  f r e q u e n c y  and  
a m p l i t u d e .
C o m p le x -v a lu e d  e i g e n v a l u e s  a r e  n o t  d i s c u s s e d  a t  g r e a t  
l e n g t h  i n  l i t e r a t u r e .  The f i r s t  t o  i n v e s t i g a t e  t h i s  s i t u a t i o n  
was M. Y i l d i z  [5 1 ]  i n  1976 w i t h  h i s  w ork  i n  t h e r m o - v i s c o e l a s t i c  
s o l i d s .  T h is  d i s s e r t a t i o n  i s  an  e x t e n s i o n  o f  h i s  w ork  t o  
o t h e r  r e p r e s e n t a t i o n s  o f  t h e  n o rm a l  modes and  o t h e r  c o o r d i n a t e  
s y s t e m s .
Normal Modes E x p r e s s e d  by  t h e  G r e e n 's  F u n c t i o n
The m e th o d o lo g y  f o r  e x p r e s s i n g  t h e  n o rm a l  mode r e p r e ­
s e n t a t i o n s  i n  te rm s  o f  t h e  G r e e n 's  f u n c t i o n  i s  now p r e s e n t e d .
A mode i s  a s p a t i a l  c o n f i g u r a t i o n  w h ereb y  t h e  e n t i r e  f i e l d  
i s  f l u c t u a t i n g  a t  t h e  same f r e q u e n c y .  Normal modes a r e  a 
c o m p le te  s e t  o f  modes t h a t  sp an  t h e  c o n f i g u r a t i o n  s p a c e  
t o  b e  a b l e  to  d e s c r i b e  any  o s c i l l a t o r y  s i t u a t i o n  by  s u p e r ­
p o s i t i o n .  C h a p te r  I I  w i l l  show t h e  a p p l i c a t i o n  o f  t h i s  
fo r m a l i s m  t o  i n f i n i t e  v i s c o u s  m ed ia  w h i l e  C h a p te r  I I I  w i l l  
show t h e  f o r m a l i s m 's  a b i l i t y  t o  d e s c r i b e  b o u n d a ry  v a l u e  
p ro b le m s  (m ed ia  o f  f i n i t e  e x t e n t ) .
T h e re  a r e  f o u r  F o u r i e r  d o m ain s :  s p a c e - t i m e  ( r ; t ) ,
-y -y
s p a c e  f r e q u e n c y  ( r ; t o ) ,  w a v e n u m b e r- t im e  ( k ; t ) ,  and  w avenum ber-  
f r e q u e n c y  (ic;to) . A u s e f u l  p r o c e d u r e  i s  t o  e v a l u a t e  a  s o l u t i o n  
to  a  d i f f e r e n t i a l  e q u a t i o n  i n  t h e  (£;(d) dom ain f o r  w h ic h  t h e  
e v a l u a t i o n  i s  a l g e b r a i c  and  t h e n  t r a n s f o r m  b a c k  th r o u g h  t h e  
o t h e r  d o m a in s .  T h ese  a r e  F o u r i e r  t r a n s f o r m s  i n  t h e  r e c t a n g u ­
l a r  c o o r d i n a t e  s y s te m .  O th e r  s y s te m s  r e q u i r e  t r a n s f o r m s  o f  
t h e  t y p e :  B e s s e l ,  H a n k e l ,  S o m m erfe ld ,  K o n to r o v ic h - L e b e d e v ,
L e v in e - S c h w in g e r , an d  L e g e n d re .
T h e re  i s  a  s i m p l e r  p r o c e d u r e  t o  o b t a i n  a  s o l u t i o n  i n  
th e  s t e a d y - s t a t e  ( r ;u j)  dom ain . I n  t h i s  dom ain  t h e  t h r e e -  
d im e n s io n a l  t e n s o r  G r e e n 's  f u n c t i o n  G^m( r  , r ' ; cj) i s  c a l c u l a t e d  
by a  tw o - d im e n s io n a l  t r a n s f o r m  o f  t h e  o n e - d i m e n s i o n a l  c h a r a c ­
t e r i s t i c  G r e e n 's  f u n c t i o n  g ( z , z ' ; h  ) ;  w h e re  r '  = ( a ' , f 3 ' , z ' )z z
~y
an d  r  = ( a , B , z )  a r e  t h e  s o u r c e  an d  f i e l d  p o i n t s ,  r e s p e c t i v e l y ,  
and  hz i s  t h e  z - d i r e c t i o n  e i g e n v a l u e .  The t r a n s f o r m s  a r e  
d e t e r m in e d  by  t h e  i n t e g r a l  r e p r e s e n t a t i o n s  o f  t h e  D i r a c  d e l t a  
f u n c t i o n  i n  t h e  a p p r o p r i a t e  c o o r d i n a t e  d i r e c t i o n  o f  a  g iv e n  
c o o r d i n a t e  s y s te m .
The G r e e n 's  f u n c t i o n  o f  i n t e r e s t  i s  d e f i n e d  by  t h e  
f o l l o w i n g  e q u a t io n .-
Lj j  (r ;<d)Gjm( r , r  ' ;w) = - 6 im S3 ( r - r '  ) , ( 1 .1 )
w h ere  L^^ i s  t h e  a p p r o p r i a t e  p a r t i a l - d i f f e r e n t i a l  o p e r a t o r  
o f  t h e  s y s te m .  The s o l u t i o n  t o  t h i s  e q u a t i o n  c a n  be  e v a l u a t e d
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by t h e  e x p r e s s i o n :
Gjm( ? , ? ’ ;»> = I Qjm ( C . I . P . ) q ( C . R . P . ) q (1 .2 )
w here  q d e n o te s  t h e  p o l a r i z a t i o n  ( i . e . ,  t r a n s v e r s e  o r  l o n g i t u ­
d i n a l )  , Q^m i s  t h e  p o l a r i z a t i o n  t e n s o r  d e f i n i n g  t h e  d i r e c t i o n ­
a l i t y  o f  t h e  e n e r g y  mode q , ( C . I . P . )  and  ( C .R .P . )  d e n o te  t h e  
c o n t r i b u t i o n  o f  t h e  i m a g i n a r y -  and  r e a l - p a r t  o f  t h e  c o m p le x ­
v a l u e d  k - p o l e s  o f  t h e  i n v e r s e  o f  t h e  o p e r a t o r  i n  t h e  (ic;w)
dom ain , t h a t  i s :
[ L j j j  ( i c j o ) ) ] - 1 ( 1 .3 )
E x p r e s s i o n  ( 1 .3 )  i s  a c t u a l l y  a  s y m b o l ic  r e p r e s e n t a t i o n  o f  
-G jm( ^ ; w ) ,  s i n c e  t  
from  t h e  e q u a t i o n :
- j (& ; ), s i  t h i s  s o l u t i o n  i s  e v a l u a t e d  a l g e b r a i c a l l y
Li j (S;o))Gjm(S;a)) = -6.m . ( 1 .4 )
I f  t h e  k - p o l e s  o f  e x p r e s s i o n  ( 1 .3 )  a r e  g i v e n  b y :  k  = ±Xi
w here
t h e n  one  h a s :
C . I . P .  = e -yR
4 t t
X = K -  iy  ,
R = I r - r ' | , and
( 1 .5 a )
( 1 .5 b )
C .R .P .  = 9 dha ga ( a , a  ' ; h v) dhRg R( 3 , 3 ' ; h R) g ^ ( z , z ' ; K , h ^ , h R)36 3 3 6z a ’ 3'
( 1 .5 c )
11
The p o l a r i z a t i o n  t e n s o r s  d e p en d  on t h e  p o l a r i z a t i o n  
mode b u t  a r e  e v a l u a t e d  i n  C h a p te r  I I  t o  b e :
« j m  “  < 5 j m + V m / X T >  • ( 1 ' 6 a )
f o r  t h e  t r a n s v e r s e  mode o f  v i s c o u s  m e d ia  a n d :
■ ( 1 - 6b)
2
f o r  t h e  l o n g i t u d i n a l  mode o f  v i s c o u s  m e d ia  w h e re  x-p i s  t h e
s q u a r e  o f  t h e  k - p o l e  [ e x p r e s s i o n  ( 1 . 5 a ) ]  o f  t h e  t r a n s v e r s e
te rm  o f  i n v e r s e  o p e r a t o r  ( 1 . 3 ) .
The d e r i v a t i o n  o f  e x p r e s s i o n  ( 1 . 5 c )  i s  g iv e n  i n
A p p en d ix  l a .  T h i s  e x p r e s s i o n  i s  a - t w o - d i m e n s i o n a l  t r a n s f o r m
on t h e  c h a r a c t e r i s t i c  G r e e n ' s  f u n c t i o n  g w h e re  t h e  t r a n s f o r m s° z
a r e  e v a l u a t e d  by  t h e  i n t e g r a l  r e p r e s e n t a t i o n  o f  t h e  d e l t a  
f u n c t i o n  shown i n  A p p en d ix  l a  t o  b e :
6 ( a - q 1) _ -1  
w ( a ' )  2 ttT dha s a ^ a , a l  ;h <P ’ ( 1 .7 a )
w here  t h e  o n e - d i m e n s i o n a l  m odal G r e e n ' s  f u n c t i o n  i s  shown i n  
A p p en d ix  l b  to  b e  e v a l u a t e d  a c c o r d i n g  t o :
-A+ ( a ) A _ ( a ' )
g ( a , a ' ; h  ) = — -------±------------  , ( 1 .7 b )
01 “ P ( a ' )  (A+ ,A_)
w here  i n  t u r n  t h e  A 's  a r e  t h e  hom ogeneous s o l u t i o n s  t o  one  o f
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t h e  s e p a r a t e d  o n e - d i m e n s i o n a l  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  
c o r r e s p o n d i n g  t o  t h e  o p e r a t o r  o f  e q u a t i o n  ( 1 . 4 ) ,  p ( c t ' )  and  
w ( a ' )  a r e  f u n c t i o n s  d e t e r m i n e d  by  c o m p a r in g  t h e  j u s t - m e n t i o n e d  
o p e r a t o r  w i t h  t h a t  o f  t h e  s t a n d a r d  fo rm  o f  t h e  S t u r m - L i o u v i l l e  
e q u a t i o n ,  and  A i s  t h e  W ro n s k ia n  o f  t h e  two s o l u t i o n s  ( f o r  
a s e c o n d - o r d e r  d i f f e r e n t i a l  e q u a t i o n ) .
One can  s e e  now t h a t  t h e  r e a l - p a r t  K o f  t h e  k - p o l e s  
o f  [L ^ j  (ic;oj) ] c o n t r i b u t e  i n  t h e  m a n n e r :
r "T 5 n  6 (ot—Ot ) 6 ( 3 “ 3 ' )  „ / „ „ i tz "U i _ \  / i  o \
C .R .P .  w ( a ' )  w ( 3 ' )  z ’ ;K> a , h 3^ ‘  ^ *
T h i s  i s  a  s y m b o l i c  e x p r e s s i o n  w h e re  t h e  d e l t a  f u n c t i o n s  a r e  
g i v e n  by  e x p r e s s i o n  ( 1 . 7 a ) .  A n o t h e r  i n t e r p r e t a t i o n  o f  t h e  
d e l t a  f u n c t i o n  i s  shown i n  A p p e n d ix  l a  and  t h i s  makes a p p a r e n t  
why e x p r e s s i o n  ( 1 . 2 ) i s  d e n o t e d  a  n o r m a l  mode r e p r e s e n t a t i o n .  
I n  t h i s  fo rm  i t  i s  s u i t a b l e  f o r  s o l v i n g  b o t h  u n b ounded  and  
bounded  m e d ia  p r o b l e m s .  E x p r e s s i o n  ( 1 . 8 )  h a s  a p r o p a g a t i o n  
s t r u c t u r e .  The i m a g i n a r y - p a r t  y  o f  t h e  k - p o l e s  o f  [ L ^ ( k ; w ) ] 
c o n t r i b u t e  a s  d e p i c t e d  i n  e x p r e s s i o n  ( 1 . 5 b )  and  c l e a r l y  h a s  
an  a t t e n u a t i o n  s t r u c t u r e .
The i n t e g r a l  t r a n s f o r m  r e p r e s e n t a t i o n  o f  G^m( r  , r 1 ;to) 
shown i n  e x p r e s s i o n  ( 1 . 2 ) h a s  v a r i o u s  d e s c r i p t i o n s  d e p e n d i n g  
on t h e  c h o i c e  o f  c o o r d i n a t e  d i r e c t i o n  o f  t h e  m oda l  an d  c h a r a c ­
t e r i s t i c  o n e - d i m e n s i o n a l  G r e e n ' s  f u n c t i o n s .  The d i f f e r e n t  
r e p r e s e n t a t i o n s  a r e  p r e s e n t e d  i n  t h e  n e x t  c h a p t e r  i n  r e c t a n g ­
u l a r ,  c y l i n d r i c a l ,  and  s p h e r i c a l  c o o r d i n a t e  s y s t e m s .  The 
a p p r o p r i a t e  d e s c r i p t i o n  i s  t h e n  s e l e c t e d  f o r  u s e  i n  t h e  so u n d
p r o p a g a t i o n  m ode l  p r e s e n t e d  i n  C h a p t e r  I I I .
CHAPTER II
NORMAL MODES OF VISCOUS MEDIA 
I n t r o d u c t i o n
T h i s  c h a p t e r  d e a l s  w i t h  t h e  m a t h e m a t i c a l  d e s c r i p t i o n
o f  t h e  n o rm a l  modes i n  v i s c o u s  m e d ia  f o r  s m a l l  d i s t u r b a n c e s
( a c o u s t i c a l ) . I n  t h e  r e c t a n g u l a r  c o o r d i n a t e  s y s t e m  t h e  f i e l d
i s  d e r i v e d  f o r  an i n f i n i t e  medium u s i n g  t h e  F o u r i e r  t r a n s -
fo r m s .  The f i e l d  i s  d e s c r i b e d  i n  t h e  t h r e e  domains  ( k ;ui) ,
->■ ->•
( k ; t ) ,  and  ( r ; t o ) .  The p r o c e d u r e  i s  g e n e r a l  so  t h a t  b o u n d a r y  
c o n d i t i o n s  may e a s i l y  b e  i n c o r p o r a t e d ,  a s  m e n t i o n e d  i n  C h a p t e r  
I .  Then t o  make a p p a r e n t  how t h e  m e t h o d o lo g y  may b e  u s e d  t o  
d e r i v e  t h e  f i e l d  i n  o t h e r  c o o r d i n a t e  s y s t e m s ,  t h e  n o rm a l  modes 
a r e  c o n s t r u c t e d  i n  t h e  s t e a d y - s t a t e  ( r ; to )  domain  i n  t h e  c y l i n ­
d r i c a l  and  s p h e r i c a l  s y s t e m s .  I n  t h e s e  c o o r d i n a t e  s y s t e m s  
t h e y  a r e  no l o n g e r  F o u r i e r  t r a n s f o r m s .
D a ta  c o l l e c t e d  by  e x p e r i m e n t  i n  t h e  a n a l o g  fo rm  i s  
m o d e l l e d  i n  t h e  s t e a d y - s t a t e  ( r ;o j )  dom ain .  W hereas  d i g i t i z e d  
d a t a  w o u ld  be  m o s t l y  r e a d i l y  com pared  i n  t h e  ( k ; t )  domain .
The p r o c e d u r e  d e s c r i b e d  i n  t h i s  c h a p t e r  i s  p r e s e n t e d  
f o r  b o t h  v i s c o u s  f l u i d s  an d  v i s c o e l a s t i c  s o l i d s  o f  i n f i n i t e  
e x t e n t .  The m e th o d s  f o r  t h e  two c a s e s  i s  i d e n t i c a l  b u t  t h e  
sum m at ions  a n d / o r  i n t e g r a t i o n s  o v e r  t h e  c o m p l e x - v a l u e d  e i g e n ­
v a l u e s  a r e  d i f f e r e n t  due t o  t h e  s t r u c t u r e  o f  g o v e r n i n g  f i e l d  
e q u a t i o n s .  F o r  a n  unbounded  medium ( t h a t  i s ,  i n f i n i t e  amount
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o f  e n e r g y  c o n t a i n e d )  t h e  l i m i t s  on t h e  sum m at ions  a n d / o r  i n t e ­
g r a t i o n s  a r e  a l s o  i n f i n i t e .  Hence a b o u n d a r y - v a l u e  p r o b le m  
t h a t  c o m p l i c a t e s  t h e  p h y s i c a l  d e s c r i p t i o n  a c t u a l l y  r e d u c e s  
t h e  c o m p u t a t i o n  t i m e  s i n c e  f e w e r  modes a r e  e x c i t e d  ( t h a t  i s ,  
t h e  b o u n d a r y  c o n f i n e s  t h e  e n e r g y  c o n t a i n e d  an d  l i m i t s  i t s  
c o n t e n t  t o  d i s c r e t e  f r e q u e n c i e s ) .
The t h i r d  s e c t i o n  o f  t h i s  c h a p t e r  d i s c u s s e s  t h e  r o l e  
o f  t h e  c o m p l e x - v a l u e d  e i g e n v a l u e s  t h a t  w e re  e n c o u n t e r e d  d u r i n g  
t h i s  i n v e s t i g a t i o n  o f  m e d ia  t h a t  e x h i b i t  v i s c o s i t y .  I t  i s  
s e e n  t h a t  t h e  r e a l - p a r t  c o n t r i b u t e s  t o  t h e  p r o p a g a t i o n  o f  
e n e r g y  w h i l e  t h e  i m a g i n a r y - p a r t  c o n t r i b u t e s  t o  i t s  a t t e n u a t i o n  
and  m o d i f i e s  t h e  n a t u r a l  o s c i l l a t i o n  f r e q u e n c y  a n d  a m p l i t u d e  
by a p p e a r i n g  i n  a  damping f a c t o r .  The c h a r a c t e r  o f  t h e  t r a n s ­
v e r s e  and  l o n g i t u d i n a l  p o l a r i z a t i o n s  o f  b o t h  t h e  f l u i d  an d  
s o l i d  a r e  t h e n  i n v e s t i g a t e d  b y  c o m p a r i s o n  w i t h  s e v e r a l  f u n d a ­
m e n t a l  s c a l a r  e q u a t i o n s .  The t r a n s v e r s e  mode o f  t h e  f l u i d  
b e h a v e s  e n t i r e l y  d i f f e r e n t  f rom  t h e  l o n g i t u d i n a l  mode and  
b o t h  modes o f  t h e  s o l i d .  A summary o f  t h e  m a t h e m a t i c a l  m ake­
up o f  t h e  key  p a r a m e t e r s  i s  t h e n  p r e s e n t e d .
V i s c o u s  F l u i d
T e n s o r  G r e e n ' s  F u n c t i o n  i n  t h e  R e c t a n g u l a r  C o o r d i n a t e  System
To f a c i l i t a t e  t h e  d e t e r m i n a t i o n  o f  t h e  t e n s o r  G r e e n ' s  
f u n c t i o n  o f  a v i s c o u s  f l u i d  i n  t h e  v a r i o u s  d o m a in s ,  i t  i s  
c o n v e n i e n t  t o  f i r s t  e v a l u a t e  i t  i n  t h e  w a v e n u m b e r - f r e q u e n c y  
(k;co) domain  w here  i t s  s o l u t i o n  i s  a l g e b r a i c .  T h i s  p r o c e s s
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i s  a c c o m p l i s h e d  b e lo w  by d e r i v i n g  t h e  e q u a t i o n  o f  m o t i o n  i n  
t h e  s p a c e - t i m e  (R;T) domain ,  t r a n s f o r m i n g  t o  t h e  (k ;w)  domain ,  
and  t h e n  a l g e b r a i c a l l y  s o l v i n g  f o r  t h e  G r e e n ' s  f u n c t i o n .  From 
t h i s  ( k ; oj) domain  r e s u l t ,  t h e  G r e e n ' s  f u n c t i o n  i s  d e t e r m i n e d  
i n  i t s  (k ;T )  and  (R ; oj) domain  r e p r e s e n t a t i o n s  upon u t i l i z a t i o n  
o f  t h e  a p p r o p r i a t e  i n v e r s e - F o u r i e r  t e m p o r a l  and  s p a t i a l  i n t e ­
g r a l  - t r a n s f o r m s  .
The l i n e a r i z e d  e q u a t i o n  o f  m o t i o n  o f  a  v i s c o u s  f l u i d  
i n  t h e  v e l o c i t y  v e c t o r  f i e l d  v^ w i t h  e x t e r n a l  f o r c i n g  p e r  u n i t  
mass  f ^  c a n  b e  w r i t t e n  i n  t h e  s p a c e - t i m e  ( r ; t )  dom ain  a s :
a ( r ; t ) v -  ( r ; t )  = Sf-f-* , w h e re  t h e  p a r t i a l  d i f f e r e n t i a l  J u 1
o p e r a t o r  ( s e e  A ppend ix  I l a )  i s  w r i t t e n  a s :
^ _ j ( r ; t )  = { 8 ^ - ( n / p ) 3 2 9t }6i j  -  {C2+[  ( 3 ? + n ) / 3 p ]  9fc} 9-_9 ^
( 2 . 1)
2 2 2and 9t  = 9 / 9 t  , n i s  t h e  s h e a r  v i s c o s i t y ,  p i s  t h e  d e n s i t y ,
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9t  = 9 / 9 t ,  9 i s  t h e  L a p l a c i a n  o p e r a t o r ,  i s  t h e  K r o n n e c k e r
d e l t a ,  C-  ^ i s  t h e  l o n g i t u d i n a l  (L) a d i a b a t i c  s p e e d  o f  so u n d ,  £ 
i s  t h e  b u l k  v i s c o s i t y  o f  t h e  f l u i d ,  and  9^ i s  t h e  g r a d i e n t  
o p e r a t o r  ( 3 / 9 x ^ ) .  The p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  
t e n s o r  G r e e n ' s  f u n c t i o n  Gj m ( R ; T )  i n  t h e  ( R ; T )  domain  i s  g i v e n  
w i t h  r e f e r e n c e  t o  r e l a t i o n  ( 1 . 1 ) by t h e  e x p r e s s i o n  ( w i t h  a 
c o n v e n i e n t l y  m o d i f i e d  d i f f e r e n t i a l  o p e r a t o r ) :
Li j ( r ; t ) G j m (R;T) = - 6 im63 (R) 5 (T) , ( 2 . 2 )
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where
L ^ C r j t )  =  - ( p / n 3 1 ) c ^ j C r j t )
= { 8 2 - ( p / n ) 8 t }<si j + { ( p C L / n 9 t ) + [ ( 3 c + n ) / 3 n ]  } 3 i 3j  ,
R =  r  -  r 1 , T = t  -  t 1, ( r ' ; t ' )  and  ( r ; t )  a r e  t h e  l o c a t i o n  o f  
t h e  i m p u l s i v e  p o i n t  s o u r c e  and o b s e r v e r  p o i n t  r e s p e c t i v e l y ,  
and 6 i s  t h e  p r o d u c t  o f  t h r e e  s p a t i a l  D i r a c  d e l t a  f u n c t i o n s  
(one  f o r  e a c h  c o o r d i n a t e  d i r e c t i o n ) . U s in g  t h e  t e m p o r a l  and  
t h r e e - d i m e n s i o n a l  s p a t i a l  F o u r i e r  t r a n s f o r m s  on  e q u a t i o n  ( 2 . 2 ) ,  
one  o b t a i n s  t h e  t r a n s f o r m e d  t e n s o r  G r e e n ' s  f u n c t i o n  i n  t h e  
w a v e n u m b e r - f r e q u e n c y  (k ;w)  domain  a s  ( s e e  A p p e n d ix  l i b  f o r  
d e t a i l s ) :
Gj m & “ > "  Pj m / ( k 2 -X?> + PjmXL/x?<k2 -x £ )  ’ <2 *3 >
w here  t h e  t r a n s v e r s e  (T) and  l o n g i t u d i n a l  (L) co m p o n en t s  o f  
t h e  r e s p o n s e  a r e  o b s e r v a b l e  a s  d i s t i n c t  t e r m s ,  t h e  p o l a r i z a ­
t i o n  t e n s o r s  P^m p r e s c r i b e  t h e  d i r e c t i o n a l i t y  o f  e a c h  t e r m ,
Pjm = 6jm “ (kj km/ k 2 ) ’ Pjm = k j km/ k 2 * t h e  scIu a r e  o f  t h e  c o m p le x ­
v a l u e d  p r o p a g a t i o n  c o n s t a n t s  ( x )  a r e :
X^ , = - W D t  a n d  x £  = w2 / (C ^ + i2 D Lco) , ( 2 . 4 )
and f i n a l l y  DT = n /p  ( i . e . ,  k i n e m a t i c  v i s c o s i t y ) ,  D-^  = ( 3 s + 4 n ) / 6 p ,  
9 a
and k  = | k |  ( i . e . ,  t h e  s q u a r e  m a g n i t u d e  o f  t h e  t h r e e - d i m e n s i o n a l
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wavenumber vector).
By a p p l y i n g  t h e  i n v e r s e - F o u r i e r  t e m p o r a l  t r a n s f o r m  
to  e x p r e s s i o n  ( 2 . 3 )  one  o b t a i n s  t h e  r e t a r d e d  t e n s o r  G r e e n ' s  
f u n c t i o n  i n  t h e  w a v en u m b e r - t im e  ( k ;T )  domain ( s e e  A ppend ix  
l i b )  :
G. (k ;  T)j m v ’ '
w here  U(T) = 1 when T > 0 and  0 when T < 0,  t h e  t e m p o r a l
2 2a t t e n u a t i o n  c o n s t a n t s  a r e  AT = DTk  = r|k / p  and  = £wn  
2 2= D^k = ( 3 ? + 4 n ) k  / 6 p, t h e  sound  wave n a t u r a l  o s c i l l a t i o n  
f r e q u e n c y  i s  con  = C^k, and  t h e  damping r a t i o  i s  E, = D^k/C^
" V “n-
The s p a c e - f r e q u e n c y  (R;ui) domain  r e p r e s e n t a t i o n  o f  
t h e  t e n s o r  G r e e n ' s  f u n c t i o n  o f  a  v i s c o u s  f l u i d  i s  o b t a i n e d  
by  a p p l y i n g  t h e  i n v e r s e - F o u r i e r  t h r e e - d i m e n s i o n a l  s p a t i a l  
t r a n s f o r m  t o  e x p r e s s i o n  ( 2 . 3 )  ( s e e  A p p e n d ix  l i b ) :
T - yt R t —yT R - iK T R
Gj m (R :u )  = Qjme /4itR + Qjm e e /4ttR ’ (2<6)
-V ITI
where: R = | R | .  t h e  p o l a r i z a t i o n  t e n s o r s  a r e  Q. = S.1 1 ’ r  \ jm jm
+ 3j 3n / xT and ^jm = 3j 3n / xT ’ t h e  Pr o Pa g a t i o n  (K) and  s p a t i a l
a t t e n u a t i o n  (y ) c o n s t a n t s  a r e  d e f i n e d  w i t h  r e f e r e n c e  t o
m -AmT -r "Ay T y 1 / 9
U(T)DT{ pf  e  1 + P r _ e  U [ c o s  u ( 1 - 5  ) '  T T jm  jm n
- ? ( l - ? 2 ) 1 / 2 s i n  wn ( l - ? 2 ) 1 / 2T ] }, ( 2 . 5 )
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r e l a t i o n s  ( 2 . 4 )  by:
XT = Kt  -  i y T a n d  x L = \  ~ 2-YL . ( 2 . 7 a )
where  KT = y T = (o)/2DT) 1^2 , yT = i x T = (w/DT)
Kl  and  yL c o r r e s p o n d  t o  t h e  p o s i t i v e  (+) and  n e g a t i v e  ( - )  
s i g n s  r e s p e c t i v e l y  i n  t h e  e x p r e s s i o n :
Note  t h a t  t h e  m a g n i t u d e s  o f  t h e  p r o p a g a t i o n  and  a t t e n u a t i o n  
c o n s t a n t s  f o r  t h e  t r a n s v e r s e  mode a r e  i d e n t i c a l  w h i l e  f o r  t h e  
l o n g i t u d i n a l  mode t h e  p r o p a g a t i o n  c o n s t a n t  i s  a lw a y s  l a r g e r  
t h a n  t h e  a t t e n u a t i o n  c o n s t a n t .  T h e r e f o r e  t h e  a c o u s t i c  
e n e r g y  i n  t h e  t r a n s v e r s e  mode f o l l o w s  d i f f u s i v e  c h a r a c t e r i s ­
t i c s  p r e d o m i n a n t l y  w h i l e  i n  t h e  l o n g i t u d i n a l  mode i t  f o l l o w s  
p r o p a g a t i o n  c h a r a c t e r i s t i c s .  T h i s  c o r r e s p o n d s  t o  o v e r - d a m p e d  
and  l i g h t l y - d a m p e d  h a r m o n ic  v i b r a t i o n s  r e s p e c t i v e l y  o f  a 
m e c h a n i c a l  s y s t e m .
t e n s o r  G r e e n ' s  f u n c t i o n  may be  o b t a i n e d  by  a p p l y i n g  e i t h e r  
t h e  i n v e r s e - F o u r i e r  t h r e e - d i m e n s i o n a l  s p a t i a l  t r a n s f o r m  t o  
e x p r e s s i o n  ( 2 . 5 )  o r  t h e  i n v e r s e - F o u r i e r  t e m p o r a l  t r a n s f o r m  
t o  e x p r e s s i o n  ( 2 . 6 ) .  The r e s u l t  w i l l  n o t  b e  p r e s e n t e d  a t  
t h i s  t i m e .
t
[ l + ( 2 5 w / a O  1
2 [1+ ( 2 £oj/<jo ) ]
1/2
K ( 2 . 7 b )
The s p a c e - t i m e  (R;T) domain  r e p r e s e n t a t i o n  o f  t h e
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I n  p r e v i o u s  s t u d i e s , t h e  t e m p o r a l  a n d  s p a t i a l  a t t e n u a ­
t i o n s  , i f  a c c o u n t e d  f o r  a t  a l l ,  a r e  i n c l u d e d  i n  an  a d - h o c  
f a s h i o n  f o l l o w i n g  t h e  d e t e r m i n a t i o n  o f  t h e  d e t e r m i n i s t i c  p r o ­
p a g a t i o n  l o s s  r e s u l t .  We, t h e r e f o r e ,  p r e s e n t  t h e  r e s u l t s  i n ­
v o l v i n g  t h e  wave p r o p e r t i e s  o f  p r o p a g a t i o n  a n d  a t t e n u a t i o n  
w i t h i n  t h e  f r am ew ork  o f  t h e  G r e e n ' s  f u n c t i o n .  The t e n s o r i a l  
G r e e n ' s  f u n c t i o n  f o r m a l i s m  i s  c o n v e n i e n t  s i n c e  i t  s y s t e m a t i ­
c a l l y  d i s p l a y s  t h e  t r a n s v e r s e  an d  l o n g t i t u d i n a l  p o l a r i z a t i o n s  
o f  t h e  so u n d  w a v e s ,  i n  a d d i t i o n  t o  p r e s c r i b i n g  t h e  a c o u s t i c  
r e s p o n s e  t o  any  a r b i t r a r y  e x c i t a t i o n  w i t h  t h e  h e l p  o f  t h e  
t h r e e - d i m e n s i o n a l  c o n v o l u t i o n  (Duhamel) i n t e g r a l  t h e o r e m .
I t  i s  shown h e r e  t h a t  t h e  t e m p o r a l  a n d  s p a t i a l  a t t e n u a ­
t i o n  o f  so u n d  w aves  can  be  o b s e r v e d  d i r e c t l y  f ro m  t h e  t e n s o r  
Green  s f u n c t i o n  i n  t h e  ( k ;T )  an d  (R;to) domains  a s  i n d i c a t e d  
i n  e x p r e s s i o n s  ( 2 . 5 )  a n d  ( 2 . 6 ) ,  r e s p e c t i v e l y .  T em pora l
a t t e n u a t i o n  i n  t h e  t r a n s v e r s e  p a r t  a p p e a r s  i n  t h e  fo rm  o f  
-At T o ?
e  w h e re  = DTk  = pk  / p  w h i c h  i s  d e f i n e d  a s  t h e  t r a n s ­
v e r s e  t e m p o r a l  a t t e n u a t i o n  c o n s t a n t .  The t e m p o r a l  a t t e n u a ­
t i o n  i n  t h e  l o n g i t u d i n a l  p a r t  a p p e a r s  i n  t h e  e x p o n e n t i a l  f a c t o r
- al t
as  e  and  t h e  e f f e c t  o f  t h e  a t t e n u a t i o n  m o d i f i e s  t h e
n a t u r a l  o s c i l l a t i o n  f r e q u e n c y  o f  p r o p a g a t i o n  t h r o u g h  t h e  damp-
2 1 / 2i n g  r a t i o  £ by  t h e  f a c t o r  (1-E, ) w h e re  t h e  l o n g i t u d i n a l
2 2t e m p o r a l  a t t e n u a t i o n  i s  A^ = D-^k = ( 3 ^ + 4 p ) k  / 6 p and t h e  
damping r a t i o  i s  E, = A^/C^k.  T hese  t e m p o r a l  a t t e n u a t i o n  
c o n s t a n t s  o f  e x p r e s s i o n  ( 2 . 5 )  com pare  w i t h  t h o s e  o b t a i n e d  by  
Landau and  L i f s h i t z  [2] u s i n g  e n e r g y  r e l a t i o n s  and  i r r e v e r s i b l e  
th e rm o d y n a m ic s  ( s e e  A p p en d ix  I l g ) .
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The s p a t i a l  a t t e n u a t i o n  c o n s t a n t s  f o r  t h e  t r a n s v e r s e
and l o n g i t u d i n a l  p a r t s  c an  be  o b s e r v e d  d i r e c t l y  f rom  t h e
t e n s o r i a l  G r e e n ' s  f u n c t i o n  i n  t h e  (R;oo) domain ,  e p x r e s s i o n
- yt r  - yl r
( 2 . 6 ) .  They a p p e a r  i n  e x p o n e n t i a l  fo rm  a s  e and  e
1 / 2r e s e p c t i v e l y , w h e re  yt  = (<jj/ 2Dt ) and
[ l + ( 25oo/o)n ) 2 ] 1 / 2 - l
2 [ l + ( 2 Cto/con ) 2 ]
1 / 2
Normal Mode S p e c t r a  ( C y l i n d r i c a l  C o o r d i n a t e  Sys tem)
The p r e c e e d i n g  s e c t i o n  p r e s e n t s  t h e  t e n s o r  G r e e n ' s  
f u n c t i o n  o f  so u n d  waves  i n  a  v i s c o u s  f l u i d  o f  i n f i n i t e  e x t e n t  
i n  t h r e e  d o m a in s .  Once a  b o u n d a r y  e x i s t s  i n  any  s p a t i a l  
d i r e c t i o n  m o d i f i c a t i o n s  t o  t h e  p r e v i o u s  r e s u l t s  m u s t  b e  made.  
For  b o u n d a r y - v a l u e  p r o b l e m s ,  n o r m a l  mode m e th o d s  a r e  p a r t i c ­
u l a r l y  u s e f u l .  Normal  mode s p e c t r a  w i l l  be  d i s c u s s e d  h e r e  i n  
b o t h  r e c t a n g u l a r  ( x ,y , z ; c o )  and  c y l i n d r i c a l  (r,<J>,z;u>) c o o r d i -  
n a t e  s y s t e m s  i n  t h e  s t e a d y - s t a t e  c a s e  ( i . e . ,  (R;u)) d o m a in ) .
E n e rg y  t h a t  i s  i m p a r t e d  t o  a  v i s c o u s  f l u i d  shows i t s e l f  
t o  be  d i s t r i b u t e d  b e t w e e n  p r o p a g a t i o n  and  d i s s i p a t i o n  p r o c e s s e s  
T h i s  e n e r g y  p a r t i t i o n  can  be  p r e d i c t e d  by  e x a m i n in g  t h e  complex  
v a l u e d  k - p o l e s  o f  t h e  o p e r a t o r  ( k ; oj) ] i n  t h e  (k;io) domain  
( s e e  e x p r e s s i o n  ( 2 . 8 b )  b e l o w ) .  The c o m p l e x - v a l u e d  k - p o l e s  
( d e n o t e d  x i n t h e  p r e v i o u s  s e c t i o n )  may be  d e f i n e d  by  ± ( K ^ - i y ^ )
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and ±(K-^- iy^) w h ic h  c o r r e s p o n d  t o  t h e  t r a n s v e r s e  ( n o n - d i l a -  
t i o n a l )  a n d  l o n g i t u d i n a l  ( i r r o t a t i o n a l )  t e r m s ,  r e s p e c t i v e l y .  
The r e a l - p a r t s  ( i . e . ,  Kp and  K^) a r e  a s s o c i a t e d  w i t h  t h e  
p r o p a g a t i o n  o f  e n e r g y  w h i l e  t h e  i m a g i n a r y - p a r t s  ( i . e ,  y,p and  
y^)  a r e  a s s o c i a t e d  w i t h  t h e  a t t e n u a t i o n  o f  e n e r g y  i n  t h e  
s p a t i a l  dom ain .
The t e n s o r  G r e e n ' s  f u n c t i o n  i n  t h e  s t e a d y - s t a t e  (R ; oj) 
domain may b e  r e l a t e d  t o  t h e  (k;oo) domain  v e r s i o n  by  t h e  
i n v e r s e - F o u r i e r  s p a t i a l  t r a n s f o r m  a s :
. . .
Gj m (R;o3) = ( 1 / 2tt ) 3 d 3k  e ‘ i k *RGj in (k;a)) , ( 2 . 8 a )
where  t h e  (k;to) domain v e r s i o n  i s  e v a l u a t e d  a l g e b r a i c a l l y  by 
t h e  r e l a t i o n :
Gjm(k:a)) = - [ L j m(k;a)) ] "1 . ( 2 . 8b)
The c o n t r i b u t i o n  t o  t h e  i n t e g r a l  o f  e x p r e s s i o n  ( 2 . 8 )  
made by  t h e  r e a l - p a r t  o f  a  c o m p l e x - v a l u e d  p o l e  ( C . R . P . )  c a n  
be e x p r e s s e d  e q u i v a l e n t l y  i n  t h e  e i g e n v a l u e - d o m a i n  i n  t e r m s
o f  two o n e - d i m e n s i o n a l  modal G r e e n ' s  f u n c t i o n s ,  g an d  g „ ,° a
and one  c h a r a c t e r i s t i c  G r e e n ' s  f u n c t i o n  g . T h i s  r e p r e s e n t a -z
t i o n  c a n  c o n t a i n  a  F o u r i e r ,  B e s s e l ,  o r  H an k e l  t r a n s f o r m ,  a  z -  
c h a r a c t e r i s t i c  G r e e n ' s  f u n c t i o n  f i r s t  u s e d  by  S om m erfe ld ,  and  
may be  w r i t t e n  i n  g e n e r a l  a s  [ s e e  A p p e n d ix  l a ,  e q u a t i o n  ( v i i ) ]
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( 2 . 9 a )
= I  A*(o)A ( a ' )  J  B*(3)B ( e ' ) g  ( z , z * ; h  ) , ( 2 . 9 b )
y=0  y y V=0  V Z Z
w h ere  C .R .P .  means t h e  c o n t r i b u t i o n  by  t h e  r e a l - p a r t  o f  t h e  
c o m p l e x - v a l u e d  p o l e  ( a , 3 , z )  a r e  t h e  s p a t i a l  c o o r d i n a t e s ,  and  
(h  , h R, h  ) a r e  t h e i r  r e s p e c t i v e  e i g e n v a l u e s .  The c o n t o u r  C
Qt p  Z  Oi
i n  t h e  com plex  h ^ - p l a n e  e n c l o s e s  i n  t h e  p o s i t i v e  s e n s e  a l l  t h e  
s i n g u l a r i t i e s  o f  g^ b u t  no  o t h e r s , w h i l e  t h e  c o n t o u r  CD i n  t h e
Ct p
com plex  h g - p l a n e  e n c l o s e s  i n  t h e  p o s i t i v e  s e n s e  a l l  t h e  s i n g u ­
l a r i t i e s  o f  gg b u t  no o t h e r s  ( s e e  f i g u r e  l a ) . A d d i t i o n a l  
s i n g u l a r i t i e s  i n  t h e  h  a n d / o r  h R p l a n e s  a r i s e  due t o  g ( z , z ' ; h  )
06 p  Z  Z
w h e re  i t  i s  g e n e r a l l y  r e c o g n i z e d  t h a t  t h e r e  e x i s t s  an  e i g e n -
2
v a l u e  d e p e n d e n c e  h  = h_(K ,h  , h Q) w h e re  K i s  t h e  r e a l - p a r t  o f
Z  Z  06 p
t h e  p r e v i o u s l y  m e n t i o n e d  c o m p l e x - p o l e ,  x> i . e . ,  o r  K^. The 
d e t a i l e d  d e p e n d e n c e  o f  h z on  h^ and  h^ b e i n g  d i c t a t e d  by t h e  
p a r t i c u l a r  c o o r d i n a t e  s y s t e m  r e p r e s e n t a t i o n  o f  t h e  a - 3  dom ain .
F o r  e x a m p l e ,  t h e  e i g e n v a l u e  r e l a t i o n  i n  r e c t a n g u l a r  c o o r d i n a t e s  
( x , y , z )  i s  h  = K -  h  -  h Q w h e re  a  = x  an d  3 = y w h i l e  i n  t h e
Z  06 p
o
c y l i n d r i c a l  c o o r d i n a t e s  (r,<j>,z) t h e  r e l a t i o n  i s  h  = K -  h
Z  06
w h ere  a = r  and  3 = <f>.
Upon e v a l u a t i n g  t h e  c o n t o u r  i n t e g r a l  i n  t h e  z - c h a r a c ­
t e r i s t i c  G r e e n ' s  f u n c t i o n  r e p r e s e n t a t i o n  ( e q u a t i o n  2 . 9 a )  i n  
t e r m s  o f  t h e  d i s c r e t e  a n d / o r  c o n t i n u o u s  s p e c t r a  a r i s i n g  f rom  
t h e  p o l e  a n d / o r  b r a n c h  c u t  s i n g u l a r i t i e s ,  r e s p e c t i v e l y ,  o f  ga
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SINGULARITIES 
O F g .
SINGULARITIES OF g a  
(BRANCH C U T )
a  ) h a  -  p l a n e
SINGULARITIES 
O F  g z  -----
SINGULARITIES
( S I M P L E  POLES)
b )  h « ~  p l a n e
F i g u r e  1 C o n t o u r s  and  s i n g u l a r i t i e s  i n  t h e  h a and  p l a n e s
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and  gg and  n o t i n g  t h a t  g z h a s  no  s i n g u l a r i t i e s  i n s i d e  t h e  
c o n t o u r s  an d  C^, one  u n c o v e r s  t h e  Som m erfe ld  r e p r e s e n t a t i o n  
A v a r i e t y  o f  i n t e g r a l  r e p r e s e n t a t i o n s  a r e  a l s o  o b t a i n a b l e ,  
h o w e v e r ,  by  d i f f e r e n t  d e f o r m a t i o n s  o f  t h e  c o n t o u r s  i n  t h e  h a
and  hg  p l a n e s  a s  shown i n  f i g u r e  1 .  The f u n c t i o n s  g^ ,  g^ ,  
a n d  g z a r e  so  d e f i n e d  a s  t o  v a n i s h  r a p i d l y  a s  t h e  v a r i o u s  c o n ­
t o u r s  a p p r o a c h  i n f i n i t y  i n  t h e s e  p l a n e s .
f i g u r e  2 ) ,  one  h a s  t o  d e t e r m i n e  t h e  t h r e e  o n e - d i m e n s i o n a l  
G r e e n ' s  f u n c t i o n  and  d e l t a  f u n c t i o n  r e p r e s e n t a t i o n s  i n  o r d e r  
t o  c o n s t r u c t  t h e  C .R .P .  T hese  a r e  e v a l u a t e d  f ro m  t h e  t h r e e  
s e p a r a t e d  e q u a t i o n s  o f  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  ( 2 . 2 ) 
F o r  t h e  z - c h a r a c t e r i s t i c  d i r e c t i o n  one  h a s  t h e  e i g e n v a l u e  
p r o b l e m  ( s e e  A p p e n d ix  l i e ) :
Then c o n s i d e r i n g  e x p r e s s i o n  ( 2 . 9 a )  an d  r e a l i z i n g  t h a t  s i m i l a r
C o n s i d e r i n g  r e c t a n g u l a r  c o o r d i n a t e s  ( x , y , z )  ( s e e
(-^U- +  h  ) g  ( z , z '  ; h  ) = -8  ( z - z  ' )  , ( 2 . 1 0 a)
dz z z z
w h e re  h z = -  y^  -  , hx  = y ^ ,  an d  h ^  = w i t h  t h e
s o l u t i o n :
- i f i I z - z 1 / i 2 f t  , ( s e e  A p p e n d ix  l b )  ( 2 . 1 0 b )
and  c o r r e s p o n d i n g  d e l t a - f u n c t i o n  ( s e e  A p p en d ix  l a ) ,
00
dft. ( 2 . 1 0 c)
—  00
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F i e l d  P o i n t  
( x , y , z )  = (r,<|>,z ) = (P,<P,9)
F i g u r e  2 D e f i n i t i o n  o f  r e c t a n g u l a r  ( x , y , z ) ,  c y l i n d r i c a l  ( r , t p , z ) ,  
and  s p h e r i c a l  (p,<f>,0 ) c o o r d i n a t e  s y s t e m s
27
e x p r e s s i o n s  h o l d  f o r  t h e  x  and  y c h a r a c t e r i s t i c  d i r e c t i o n s  
due t o  t h e  l i n e a r i t y  o f  t h i s  c o o r d i n a t e  s y s t e m ,  one  may w r i t e  
t h e  F o u r i e r - S o m m e r f e l d  r e p r e s e n t a t i o n  [3] a s :
C .R .P .
. , v 2 2 . 2 N1 /  2 , - i ( K  -y -X ) ' z -2
= ( - 1 / 4ir2 ) dye- i y ( x - x ' )  J dXe- ix C y -y ' )  £
i 2 ( K 2 - y 2 -A2 ) 1 / 2
( 2 . 11)
Any c y c l i c  ( o r  a n t i - c y c l i c )  r o t a t i o n  o f  t h e  x ,  y ,  z v a r i a b l e s
w i l l  r e s u l t  i n  a  r e p r e s e n t a t i o n  o f  i d e n t i c a l  fo rm .  I n  c y l i n d r i
c a l  c o o r d i n a t e s ,  h o w e v e r ,  a  s t r a i g h t  r o t a t i o n  o f  t h e  r ,  <f>, z
v a r i a b l e s  w i l l  n o t  r e s u l t  i n  an  e q u i v a l e n t  r e s u l t  due t o  t h e
g e o m e t r y  o f  t h e  s y s t e m .  D i f f e r e n t  t y p e s  o f  r e p r e s e n t a t i o n s
a r e  r e q u i r e d  f o r  t h e  v a r i o u s  c h a r a c t e r i s t i c  d i r e c t i o n s  and
w i l l  be  d i s c u s s e d  p r e s e n t l y .
C o n s i d e r i n g  c y l i n d r i c a l  c o o r d i n a t e s  (r,<j>,z) ( s e e  f i g u r e
2 ) ,  t h e  p a t h  C^ i n  f i g u r e  l a  can  b e  d e fo rm e d  i n t o  t h e  p a t h ,
e n c l o s i n g  t h e  s i n g u l a r i t i e s  i n  t h e  h  - p l a n e ,  t o  y i e l d  t h e  r -z
c h a r a c t e r i s t i c  G r e e n ' s  f u n c t i o n  r e p r e s e n t a t i o n  a t t r i b u t e d  t o  
L e v i n e  an d  S c h w in g e r  [4] ( s e e  A p p e n d ix  l i e ,  P a r t  C ) :
C .R .P .
= ( - 1 / 4ir2 ) o d h z o d h ^  (<)>, <J>' ; h ^ ^  (z , z ' ; h z ) g r  ( r , r ' ; K.h^ , h z 
Da  CB
( 2 . 1 2 a)
00 00 
= I  <i> ((fOS,. ( ‘f’ ' )  I  Z * ( z ) Z 0 ( z ' ) g  ( r , r ' ; K , v , n )  , ( 2 .1 2 b )
v=0 v v ft=0
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2 2 2w h e re  h 2 = fi , h^ = v , K = hr  +  h z , and  t h e  n o rm a l  mode 
r e p r e s e n t a t i o n  i n  e q u a t i o n  ( 2 . 12b)  h a s  b e e n  o b t a i n e d  upon  
e v a l u a t i n g  t h e  i n t e g r a l s  o v e r  t h e  c o n t o u r s  ( f i g u r e  l b )  Da  and  
Cg i n  e q u a t i o n  ( 2 . 1 2 a ) .  The Z ^ ( z )  d e n o t e s  t h e  e i g e n f u n c t i o n s  
i n  t h e  z - d o m a in  a r i s i n g  f rom  t h e  e i g e n v a l u e  p r o b l e m  a s s o c i a t e d  
w i t h  g , w i t h  h  b e i n g  t h e  c h a r a c t e r i s t i c  e i g e n v a l u e .2 i
A l t e r n a t e l y ,  one  may d e fo rm  c o n t o u r  Cg i n t o  t h e  c o n t o u r  
Dg o f  t h e  h z ~ p la n e  a s  shown i n  f i g u r e  l b  t o  o b t a i n  t h e  <j>-char­
a c t e r i s t i c  G r e e n ' s  f u n c t i o n  r e p r e s e n t a t i o n  a t t r i b u t e d  t o  
K o n t o r o v i c h  a n d  L eb ed ev  [ 5 ] :
C.R.P.
= ( - 1 / 4tt2 ) o dhr  o dhzg z ( z , z '  ; h z ) g r ( r , r ' ; h r , h^)g^((f t , <f>' jh^ )  
Ca Dg
( 2 . 1 3 a )
= |  Z * ( z ) Z ^ ( z ' )  J  R;v(rr)Rv ( r r ' ) g <j)( (j>,<fr';v) ( 2 . 1 3 b )
o r o
The n o rm a l  mode r e p r e s e n t a t i o n  i n  e q u a t i o n  ( 2 . 1 3 b )  i s  d e r i v e d  
by  c o n s i d e r a t i o n s  a s  e x p r e s s e d  a b o v e .
Now, c o n s i d e r i n g  c y l i n d r i c a l  c o o r d i n a t e s ,  one h a s  t o  
exam ine  t h e  o n e - d i m e n s i o n a l  G r e e n ' s  f u n c t i o n  and  d e l t a  f u n c ­
t i o n  r e p r e s e n t a t i o n s  w h ic h  a r e  u s e d  t o  c o n s t r u c t  t h e  v a r i o u s  
C.R.P. r e p r e s e n t a t i o n s  c o r r e s p o n d i n g  t o  e x p r e s s i o n s  ( 2 . 9 ,  12 ,  
a n d  1 3 ) .  F o r  t h e  r a d i a l  r - c h a r a c t e r i s t i c  d i r e c t i o n  one  h a s  
t h e  e i g e n v a l u e  p r o b le m :
r 3 r  " +  h r r ^ r ^ r , r ' : h r , h (j)^  = - f i ( r - r ' )  , ( 2 . 1 4 a )
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w here  = v 2 , h r  = r 2 = K2 -  ft2 , K -> Kp L , and  h z = fi2 . 
The G r e e n ' s  f u n c t i o n  s o l u t i o n  i s :
gr = Ijr-  Jv ( r r ' ) H ^ ( r r ) ;( 2) ( 2 . 14b)
an d  whose  c o r r e s p o n d i n g  d e l t a  f u n c t i o n  h a s  t h r e e  d i f f e r e n t  
r e p r e s e n t a t i o n s .  The f i r s t  two r e p r e s e n t a t i o n s  c o n s i d e r  h r  
a s  t h e  e i g e n v a l u e  an d  one  h a s  t h e  H an k e l  o r  B e s s e l  r e p r e s e n t a ­
t i o n s  r e s p e c t i v e l y  a s :
S ( r - r ' ) / r '  = ( - 1 / 2 * 1 )  <|> dhr gr  = ( 1 / 2 )
o r
6 ( r - r ' ) / r '  = dr rJv ( r r ' ) J v (rr)  .
dr rJv (rr' )H^2 ) (rr)  ,
( 2 . 1 4 c )  
( 2 . 14d)
The t h i r d  d e l t a - f u n c t i o n  r e p r e s e n t a t i o n  c o n s i d e r s  h^ a s  t h e  
e i g e n v a l u e  an d  one  h a s  t h e  K o n t o r o v i c h - L e b e d e v  r e p r e s e n t a t i o n :
r '  f i ( r - r ' )  = ( - 1 / 2 * 1 )  <f d h ^  = ( 1 / 2 )  j  dv v J y ( r r ' )H<2) ( r r )
( 2 . 14e)
- X o o
The e i g e n v a l u e  p r o b l e m  f o r  t h e  a n g u l a r  ( | > - c h a r a c t e r i s t i c  
d i r e c t i o n  i s :
(“ 2" + ^ ^  ^  "  v ^* ( 2 . 1 5 a )
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The G r e e n ’s f u n c t i o n  s o l u t i o n  f o r  a  p e r i o d i c  s y s t e m  i s :
= - c o s  [v (ir- |<j>-(j>' | ) ] /  2v s i n  vir , ( 2 . 1 5 b )
and  t h e  c o r r e s p o n d i n g  d e l t a  f u n c t i o n  i s :
6 (<!>-())1) = ( - 1 / 2-rri) o dh g = ( 1 / t t )  £ e cos  v(<j>-<j>') ,
J 9 <P v=0
( 2 . 1 5 c )
w h e re  ev = 1 f o r  v = 0 an d  2 f o r  a l l  o t h e r  v . Note  t h a t  t h i s  
i n t e g r a t i o n  may b e  p e r f o r m e d  w i t h o u t  c o n s i d e r i n g  gr  s i n c e  t h e  
B e s s e l  f u n c t i o n  h a s  no p o l e s  f ro m  p a r a m e t e r  v .  The G r e e n ' s  
f u n c t i o n  f o r  a  n o n - p e r i o d i c  s y s t e m  i s :
g(j) = e “i v  I ' I / i 2v , ( 2 . 15d)
and  t h e  c o r r e s p o n d i n g  d e l t a  f u n c t i o n  i s :
6(<|>-cf,’ ) = ( l / 2 i r )
The e i g e n v a l u e  p r o b l e m  f o r  t h e  z - c h a r a c t e r i s t i c  
d i r e c t i o n  i s :
2
( - ^  +  h z ) g z ( z , z '  ; h z ) = -6  ( z - z ' )  , h z = S22 , ( 2 . 1 6 )
dz
w h ic h  i s  e x a c t l y  e q u i v a l e n t  t o  e q u a t i o n  ( 2 . 1 0 a ) .  Hence t h e
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s o l u t i o n  an d  c o r r e s p o n d i n g  d e l t a  f u n c t i o n  h a v e  b e e n  p r e s e n t e d  
a l r e a d y  a s  e x p r e s s i o n s  ( 2 . 1 0 b) and  ( 2 . 1 0 c ) ,  r e s p e c t i v e l y .
d i m e n s i o n a l  t r a n s f o r m s  t h a t  o p e r a t e  on t h e i r  r e s p e c t i v e  o n e -  
d i m e n s i o n a l  c h a r a c t e r i s t i c  G r e e n ' s  f u n c t i o n  t o  c o n s t r u c t  t h e  
f o u r  C .R .P .  r e p r e s e n t a t i o n s  i n  t h e  (R;w) s t e a d y - s t a t e  domain .  
The L e v i n e - S c h w i n g e r ,  B e s s e l - S o m m e r f e l d ,  H a n k e l - S o m m e r f e ld ,  
an d  K o n t o r o v i c h - L e b e d e v  r e p r e s e n t a t i o n s  o f  t h e  C .R .P .  a r e  
w r i t t e n  r e s p e c t i v e l y  a s :
One may now sum m arize  t h e  f o u r  c y l i n d r i c a l  tw o-
( - 1 / 4 tr2) [ i  dhaga ] [1 dhBg g]gz
00
9 r= ( 1 / 2tt ) I c cos v ( tjj -(j>')  df2 e
v=0 v J
- i f i ( z - z ' )
s r ( 2 . 1 8 a )
( f r o m  2 . 1 5 c ,  1 0 c ,  14b)
00
= (1 / t t )  I  e c o s  v (<(>—4> *) dr TJ ( T r ’ ) J  ( T r ) g  ( 2 . 1 8 b )
v=0  v 0 v
( f ro m  2 . 1 5 c ,  14d ,  10b)
CO
= ( l / 2 ir) I  e c o s  v (<() -<t>' ) f dr r J .. (T r  ' )H^2  ^ ( T r ) g  ( 2 . 1 8 c )  
v=0  v j v v z
( f ro m  2 . 1 5 c ,  1 4 c ,  10b)
CO
= ( l /4 ir )  dfi e
00 - i o o
( 2 . 18d)
( f ro m  2 . 1 0 c ,  1 4 e ,  15d)
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w h ere  K c o r r e s p o n d s  t o  e i t h e r  KT o r  a s :  ICj, = (pa)/2n ) ^ 2
and
v  -  10
kl "  = 1 1
( l + [ c o ( 3 ? + 4 n ) / 3 p c £ ] 2 ) 1 / 2 + l  
2 ( l + [ c o ( 3 ^ + 4 n ) / 3 p C ^ ] 2 )
1 / 2
The c o n t r i b u t i o n  t o  t h e  i n t e g r a l  o f  e x p r e s s i o n  ( 2 . 8 )  
made by  t h e  i m a g i n a r y  p a r t  ( C . I . P . )  o f  t h e  c o m p l e x - v a l u e d  
e i g e n v a l u e ,  x* t o  t h e  t r a n s v e r s e  and  l o n g i t u d i n a l  p a r t s  can  
b e  p r e s e n t e d  a s  a  t e n s o r i a l  e x p r e s s i o n  i n  t h e  fo rm :
C . I . P .  = qT e YtR and  C . I . P .  = e YljR ( 2 . 1 9 )  \ jm \jm '
w h e re  C . I . P .  means t h e  c o n t r i b u t i o n  by  t h e  i m a g i n a r y - p a r t  o f
t h e  c o m p l e x - v a l u e d  p o l e  o f  J f f  d^k  e “ i R *RG. ( k ; w ) ,  i . e . ,
-0 0  J
e x p r e s s i o n  ( 2 . 8 ) ,  Qjm a r e  t h e  a p p r o p r i a t e  p o l a r i z a t i o n  t e n s o r s  
o f  e x p r e s s i o n  (2 . 6 ) ,  and  t h e  s p a t i a l  a t t e n u a t i o n  c o n s t a n t s  o f
( 2 . 7 )  a r e :  y t  = (p<jo/2ti) ^ 2 and
. 1/2
( l + [ u ) ( 3 c + 4 n ) /3 p C 2 ] 2 ) 1 / 2 - l  
2 ( l + [ t o ( 3 ? + 4 n ) / 3 p C 2 ] 2 )
I n  r e c t a n g u l a r  c o o r d i n a t e s  one  h a s :
R = t ( x - x ' ) 2 +  ( y - y ' ) 2 +  ( z - z ’ ) 2 ] 1 ^2
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I n  c y l i n d r i c a l  c o o r d i n a t e s  one  h a s :
R = [ r 2 +  r ' 2 -  2 r r ' co s  ' )  +  ( z - z ’ ) 2 ] 1 / 2  , 
and  e x p a n d e d  i n  n o r m a l  modes e x p r e s s i o n  ( 2 . 1 9 )  r e a d s  a s :
e " YR = I  e ( - l ) y I  (yR)cos(2 i r i i )  , 
y=0  y y
w h e re  t h e  m o d i f i e d  B e s s e l  f u n c t i o n  i s  d e f i n e d  b y :
I y (x) = e _ i y i r / 2  J y ( i x )  .
Now t h e  g e n e r a l  r e s u l t s  f o r  t h e  t h r e e - d i m e n s i o n a l  t e n s o r  
G r e e n ' s  f u n c t i o n  o f  a  v i s c o u s  f l u i d  i n  t h e  s t e a d y - s t a t e  
domain  a r e  p r e s e n t e d  i n  c y l i n d r i c a l  c o o r d i n a t e s .
From e x p r e s s i o n s  ( 2 . 1 8 a )  an d  ( 2 . 1 9 )  one  c o n s t r u c t s  t h e  
L e v i n e - S c h w i n g e r  r e p r e s e n t a t i o n :
m  00 00
Gi m ( R;a)) = ^ i n / 4lT:L)  ^ e ( - 1 ) y I  ( y t R ) c o s ( 2 i r y )  { £ e c o s  v(<j>-(j>') •
J J y = 0  M M v = 0
dS2e“ l f i ( z “z , ) J v [ ( K 2 -fi2 ) 1 / 2r ' ] H ^ 2) [ (K2 -fi2 ) 1 / 2 r ] }
0
_  00 00
+ (CK /^Tri) I  E ( - l ) y I  (yT R )co s (2 i ry )  { £ e cos  v(4i-4»' )  *
J m y=o y y L v=0
d a e “ lS^ z " z ' ) j  [ (K 2 - n 2 ) 1 /,2r '  [ (K2 -ft2 ) 1 / 2 r ] } ,
I V Li V  L i
0
( 2 . 20)
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w h ere  R2 = r 2 +  r ' 2 - 2 r r '  cos  (<J>-<j>' )  +  ( z - z ' ) 2 f o r  c y l i n d r i c a l  
c o o r d i n a t e s .  From e x p r e s s i o n s  ( 2 . 1 8 b )  and  ( 2 . 1 9 )  one  c o n s t r u c t s  
t h e  B e s s e l - S o m m e r f e l d  r e p r e s e n t a t i o n :
+  (Q^ / 2 i r i )  I  e ( - l ) y I  (yTR)cos(2Try){  I  e cos  v ((}>-(}) *) • 
Jm y=0  y y L v=0
00
• J dr rJv ( r r , )Jv (rr)CKj-r2]"1 /2 exp( - i [K^-r2] 1 / 2 | z - z ' I ) }  .
From e x p r e s s i o n  ( 2 . 1 8 c )  and  ( 2 . 1 9 )  one  c o n s t r u c t s  t h e  H a n k e l - 
Som m erfe ld  r e p r e s e n t a t i o n :
00




From e x p r e s s i o n s  ( 2 . 1 8 d )  and  ( 2 . 1 9 )  one  c o n s t r u c t s  t h e  K o n to ro  
v i c h - L e b e d e v  r e p r e s e n t a t i o n :
00
CO j  t  .  |  .
Gj m (R;a)) = (Qjm/ 87r i )  £ ey ( - l ) yI y (yt R) cos (27rp) { j dfie"l f i ( z " z > •
®  - C O
• |  dv Jv [(K2-n2) 1/ 2r , ]H^2 ) [(K2-n2) 1 /2r]exp(-iv|(^)-((), | ) }
-ICO
oo r • i
+  (Q^m/ 87r i )  I  e ( - l ) y I  (y R)cos(2Try){  dQe"i f i ( z “z >
dv J v C(K^- ^ 2 ) 1 /|,2r ' ]H^2  ^ [ ( K ^ - ^ 2) 1 /,2 r ] e x p ( - i v  | <j>-cf>1 | ) }
■X00 ( 2 . 2 3 )
Note  i n  t h e  f o u r  p r e c e e d i n g  r e p r e s e n t a t i o n s  t h a t  two o f  t h e
2 2 2p a r a m e t e r s  a r e  r e l a t e d  b y :  K = r  + fl an d  h e n c e  t h e  a p p r o ­
p r i a t e  p a r a m e t e r  ( r  o r  0 ) i s  s e l e c t e d  by  t h e  i n t e g r a t i o n  o r  
sum m ation  v a r i a b l e s .
V i s c o e l a s t i c  S o l i d  
T e n s o r  G r e e n ' s  F u n c t i o n  i n  t h e  R e c t a n g u l a r  C o o r d i n a t e  S y s tem
To f a c i l i t a t e  t h e  d e t e r m i n a t i o n  o f  t h e  t e n s o r  G r e e n ' s  
f u n c t i o n  o f  a  v i s c o e l a s t i c  s o l i d  i n  t h e  v a r i o u s  d o m a i n s , i t  i s  
c o n v e n i e n t  t o  f i r s t  e v a l u a t e  i t  i n  t h e  w a v e n u m b e r - f r e q u e n c y  
(k  ;w) domain  w h e re  i t s  s o l u t i o n  i s  a l g e b r a i c .  T h i s  p r o c e s s  
i s  a c c o m p l i s h e d  b e lo w  by d e r i v i n g  t h e  e q u a t i o n  o f  m o t i o n  i n
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i n  t h e  s p a c e - t i m e  (R;T) dom ain ,  t r a n s f o r m i n g  t o  t h e  (k;co) 
d om ain ,  and  t h e n  a l g e b r a i c a l l y  s o l v i n g  f o r  t h e  G r e e n ' s  f u n c t i o n .  
From t h i s  (k;to) domain  r e s u l t ,  t h e  G r e e n ' s  f u n c t i o n  i s  d e t e r -  
m in e d  i n  i t s  ( k ;T )  and  (Rjw) domain  r e p r e s e n t a t i o n s  upon  
u t i l i z a t i o n  o f  t h e  a p p r o p r i a t e  i n v e r s e - F o u r i e r  t e m p o r a l  and  
s p a t i a l  i n t e g r a l - t r a n s f o r m s .
The l i n e a r i z e d  e q u a t i o n  o f  m o t i o n  o f  a  v i s c o e l a s t i c  
s o l i d  i n  t h e  d i s p l a c e m e n t  v e c t o r  f i e l d  u .  w i t h  e x t e r n a l  f o r c i n g  
p e r  u n i t  m ass  f ^  c a n  be  w r i t t e n  i n  t h e  s p a c e - t i m e  ( r ; t )  domain  
a s ;  ( r ; t ) U j ( r ; t )  = f ^ ,  w h e re  t h e  p a r t i a l  d i f f e r e n t i a l
o p e r a t o r  ( s e e  A p p e n d ix  l i d )  i s  w r i t t e n  a s :
L ^ C r j t )  = ' { [ 8 ^ - ( y / p ) 8 2 ] 6 . j - [ ( X + y ) / p ] 3 i 9j } ( 2 . 2 4 )
9 9 9w h e re  9t  = 9 / 9 t  , y an d  X a r e  t h e  Lame p a r a m e t e r s  w h i c h  f o r  
V o i g t  damping may b e  d e f i n e d  by  y = ( y ' + y " 9 t ) and  X = (X '+X "9 t ) ,
8 i s  t h e  L a p l a c i a n ,  i s  t h e  K r o n n e c k e r  d e l t a ,  p i s  t h e
d e n s i t y  o f  t h e  s o l i d ,  and  9^ i s  t h e  s p a t i a l  g r a d i e n t  o p e r a t o r .
The p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  t e n s o r  G r e e n ' s  
f u n c t i o n  Gj m ( R ; T )  i n  t h e  ( R ; T )  domain  i s  g i v e n  w i t h  r e f e r e n c e  
t o  r e l a t i o n  ( 2 . 2 4 )  by  t h e  e x p r e s s i o n ;
Li j ( r ; t ) G j m (R;T) = (R) 6 (T) , ( 2 . 2 5 )
w h e re  R = r  - r ' ,  T =  t  -  t ' ,  ( r ' ; t ' )  and  ( r ; t )  a r e  t h e  l o c a t i o n '  
o f  t h e  i m p u l s i v e  p o i n t  s o u r c e  and  o b s e r v e r  p o i n t  r e s p e c t i v e l y ,
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3
and  6 i s  t h e  p r o d u c t  o f  t h r e e  s p a t i a l  D i r a c  d e l t a  f u n c t i o n s  
(one  f o r  e a c h  c o o r d i n a t e  d i r e c t i o n ) . U s in g  t h e  t e m p o r a l  and  
t h r e e - d i m e n s i o n a l  s p a t i a l  F o u r i e r  t r a n s f o r m s  on e q u a t i o n  ( 2 . 2 5 )  
one  o b t a i n s  t h e  t r a n s f o r m e d  t e n s o r  G r e e n ' s  f u n c t i o n  i n  t h e  
w a v e n u m b e r - f r e q u e n c y  (k;co) domain a s  ( s e e  A p p e n d ix  l i e  f o r  
t h e  d e t a i l s ) :
- p ?  - p 1^
G. (k-oj) = ___________^ ________  +   I®_______
* t t 2 _ i ( l £ ) k 2 u _ ( 1 i l ) k 2  . 2 _ . ( x ; ' ^ ) A _ ( r ± 2 ] j i ) k 2
P P P P
( 2 . 2 6 )
w h e re  t h e  t r a n s v e r s e  (T) and  l o n g i t u d i n a l  (L) com ponen t s  o f  
t h e  r e s p o n s e  a r e  o b s e r v a b l e  a s  d i s t i n c t  t e r m s ,  t h e  p o l a r i z a ­
t i o n  t e n s o r s  P j m p r e s c r i b e  t h e  d i r e c t i o n a l i t y  o f  e a c h  t e r m ,
P?  = 6.  -  ( k . k  / k 2) ,  P^m = k . k  / k 2 , and  k  = | k | , i . e .  t h ejm jm j  m jm j  m ’ 1 1
m a g n i t u d e  o f  t h e  t h r e e - d i m e n s i o n a l  wavenumber v e c t o r .
By a p p l y i n g  t h e  i n v e r s e - F o u r i e r  t e m p o r a l  t r a n s f o r m  t o  
e x p r e s s i o n  ( 2 . 2 6 )  one  o b t a i n s  t h e  r e t a r d e d  t e n s o r  G r e e n ' s  
f u n c t i o n  i n  t h e  w a v e n u m b e r - t im e  ( k ;T )  domain  ( s e e  A p p e n d ix  
H e )  :
Gj m ( k ; T )  = U(T){pTme ^ ^ ( l - ? 2) "1 / 2 s i n U n T ( l - 4 ) 1 / 2T]
+  p j n e ’ ALT“ ^ ( 1 - 5L ) ‘ 1 / 2 s l n i:“ n L ( 1 - ^ > 1' / 2 T ”  ( 2 ' 2 7 >
w h e re  U(T) = 1 when T > 0 an d  0 when T < 0 ,  t h e  t e m p o r a l
2 2 a t t e n u a t i o n  c o n s t a n t s  a r e  AT = y " k  / 2 p and  = (A"+2 y " ) k  / 2 p ,
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t h e  so u n d  wave n a t u r a l  o s c i l l a t i o n  f r e q u e n c i e s  a r e  c o ^
= k ( y ' / p ) ^ 2 and  conL = k [  ( X '+ 2y ' ) / p ] ^ 2 , an d  t h e  damping 
r a t i o s  a r e  £ 2 = y " 2k 2 / 4 y ' p  a n d  = (X " + 2 y " )2k 2 / 4 ( X ' + 2 y ' ) p .
The s p a c e - f r e q u e n c y  (R;oo) domain  r e p r e s e n t a t i o n  o f  t h e  
t e n s o r  G r e e n ' s  f u n c t i o n  o f  a  v i s c o e l a s t i c  s o l i d  i s  o b t a i n e d  
by  a p p l y i n g  t h e  i n v e r s e - F o u r i e r  t h r e e - d i m e n s i o n a l  s p a t i a l  
t r a n s f o r m  t o  e x p r e s s i o n  ( 2 . 2 6 ) ( s e e  A p p e n d ix  l i e ) :
-Yt R - i K TR 
e e______
4irR
( 2 . 2 8 a )
w h e re  R = | R | , t h e  p r o p a g a t i o n  (K) and  s p a t i a l  a t t e n u a t i o n  (y) 
c o n s t a n t s  c o r r e s p o n d  t o  t h e  p o s i t i v e  (+) a n d  n e g a t i v e  ( - )  s i g n s  
r e s p e c t i v e l y  i n  t h e  f o l l o w i n g  e x p r e s s i o n s  (w here  x = K “ ^ Y ) :
G. (R ;u )  = +  \  9 i 9i J
jm y +co y JTn 7  3 m
- y TR - iK T R 
1 e  e
4 -  - e
,.,2 J mto 4irR
k T ’ y t  y *
[ l + ( 2 ?Tco/conT) 2 ] 1 / 2 ± l
1 / 2
2 [ l + ( 2 ?Tco/conT) Z]
, ( 2 . 2 8 b )
KL ’ yL
0) [ l + ( 2 gLo)/conL) 2 ] 1 / 2 ± l  
2[1+(25l<o/conL) 2 ]
1/2
, ( 2 . 2 8 c )
w h e re  CT = y ' / p  ( t r a n s v e r s e  so und  s p e e d )  and  = ( X ' + 2 y ' ) / p
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l o n g i t u d i n a l  so und  s p e e d ) . N o te  t h a t  t h e  m a g n i t u d e  o f  t h e  
p r o p a g a t i o n  (K) c o n s t a n t  i s  a lw a y s  g r e a t e r  t h a n  t h e  a t t e n u a ­
t i o n  (y )  c o n s t a n t .  T h e r e f o r e  t h e  a c o u s t i c  e n e r g y  i n  b o t h  t h e  
t r a n s v e r s e  and  l o n g t i t u d i n a l  modes  p r o p a g a t e  i n  s p a c e  w i t h  
some a t t e n u a t i o n  due t o  t h e  v i s c o u s  p a r a m e t e r s  X" and  y " .
T h i s  b e h a v i o r  c o r r e s p o n d s  t o  l i g h t l y - d a m p e d  h a r m o n i c  v i b r a ­
t i o n s  o f  a  m e c h a n i c a l  s y s t e m .
-y
The s p a c e - t i m e  (R;T) domain r e p r e s e n t a t i o n  o f  t h e  
t e n s o r  G r e e n ' s  f u n c t i o n  may b e  o b t a i n e d  by  a p p l y i n g  e i t h e r  t h e  
i n v e r s e - F o u r i e r  t h r e e - d i m e n s i o n a l  s p a t i a l  t r a n s f o r m  t o  
e x p r e s s i o n  ( 2 . 2 7 )  o r  t h e  i n v e r s e - F o u r i e r  t e m p o r a l  t r a n s f o r m  
t o  e x p r e s s i o n  ( 2 . 2 8 ) .  The r e s u l t  w i l l  n o t  b e  p r e s e n t e d  a t  
t h i s  t i m e .
I n  p r e v i o u s  s t u d i e s , t h e  t e m p o r a l  and  s p a t i a l  a t t e n u a ­
t i o n s  , i f  a c c o u n t e d  f o r  a t  a l l ,  a r e  i n c l u d e d  i n  an  a d - h o c  
f a s h i o n  f o l l o w i n g  t h e  d e t e r m i n a t i o n  o f  t h e  d e t e r m i n i s t i c  
p r o p a g a t i o n  l o s s  r e s u l t .  We t h e r e f o r e  p r e s e n t  t h e  r e s u l t s  
i n v o l v i n g  t h e  wave p r o p e r t i e s  o f  p r o p a g a t i o n  and  a t t e n u a t i o n  
w i t h i n  t h e  f r am ew ork  o f  t h e  G r e e n ' s  f u n c t i o n .  The t e n s o r i a l  
G r e e n ' s  f u n c t i o n  f o r m a l i s m  i s  c o n v e n i e n t  s i n c e  i t  s y s t e m a t i c ­
a l l y  d i s p l a y s  t h e  t r a n s v e r s e  an d  l o n g i t u d i n a l  p o l a r i z a t i o n s  
o f  t h e  sound  w a v e s ,  i n  a d d i t i o n  t o  p r e s c r i b i n g  t h e  a c o u s t i c  
r e s p o n s e  t o  any  a r b i t r a r y  e x c i t a t i o n  w i t h  t h e  h e l p  o f  t h e  
t h r e e - d i m e n s i o n a l  c o n v o l u t i o n  (Duhamel) i n t e g r a l  t h e o r e m  i n  
t h e  (R ;T)  dom ain .
I t  i s  shown h e r e  t h a t  t h e  t e m p o r a l  and  s p a t i a l  a t t e n u a ­
t i o n  o f  so und  waves  c a n  b e  o b s e r v e d  d i r e c t l y  f rom  t h e  t e n s o r
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G r e e n ' s  f u n c t i o n  i n  t h e  ( k ;T )  and  (R ; cd) domains  a s  i n d i c a t e d  
i n  e x p r e s s i o n s  ( 2 . 2 7 )  an d  ( 2 . 2 8 ) ,  r e s p e c t i v e l y .  The t e m p o r a l  
a t t e n u a t i o n  c o n s t a n t s  (A) f o r  b o t h  t r a n s v e r s e  and  l o n g i t u d i n a l
t h e i r  e f f e c t s  a l s o  m o d i f y  t h e  n a t u r a l  o s c i l l a t i o n  f r e q u e n c i e s
damping  r a t i o s  i n  t e r m s  o f  t h e s e  a t t e n u a t i o n  c o n s t a n t s  a s  
£T = (AT/o3nT ) a n d  £L = (AL/ ^ nL) . The d e f i n i t i o n  o f  t h e s e  
t e m p o r a l  a t t e n u a t i o n  c o n s t a n t s  a g r e e  w i t h  t h o s e  o b t a i n e d  by 
Landau  and  L i f s h i t z  [ 6 ] u s i n g  e n e r g y  r e l a t i o n s  and  i r r e v e r s i b l e  
t h e r m o d y n a m i c s .
The s p a t i a l  a t t e n u a t i o n  c o n s t a n t s  f o r  t h e  t r a n s v e r s e  
a nd  l o n g i t u d i n a l  p a r t s  c an  be  o b s e r v e d  d i r e c t l y  f rom  t h e
t e n s o r i a l  G r e e n ' s  f u n c t i o n  i n  t h e  (R;w) dom ain ,  e x p r e s s i o n
-ATp a r t s  a p p e a r  i n  t h e  e x p o n e n t i a l  d e c a y  e x p r e s s i o n  a s  e and
2 1 / 2by  t h e  f a c t o r  (1 -  £ ) ' w h e re  £ i s  t h e  damping r a t i o .  S i n c e  
At  = y " k 2 / 2 p and  A^ = (A"+2 y " ) k 2 / 2 p t h e n  one  can  e x p r e s s  b o t h
( 2 . 2 8 ) .  They a p p e a r  i n  e x p o n e n t i a l  fo rm  a s  e 




[ l + ( 2 £qa)Aon q ) 2 ] 1 / 2 - l
q 2 [ l + ( 2 5qM/ » n q ) 2 ]
q -»■ T and  L
Normal Mode S p e c t r a  ( S p h e r i c a l  C o o r d i n a t e  Sys tem)
The p r e c e e d i n g  s e c t i o n  p r e s e n t s  t h e  t e n s o r  G r e e n ' s  
f u n c t i o n  f o r  so u n d  waves  i n  a  v i s c o e l a s t i c  s o l i d  o f  i n f i n i t e  
e x t e n t  i n  t h r e e  F o u r i e r  d o m a i n s . F o r  b o u n d a r y - v a l u e  p r o b l e m s ,
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n o r m a l  mode m e th o d s  a r e  p a r t i c u l a r l y  u s e f u l .  Normal  mode 
s p e c t r a  w i l l  b e  d i s c u s s e d  h e r e  i n  t h e  s p h e r i c a l  (p,<f>,0 ) 
c o o r d i n a t e  s y s t e m  f o r  t h e  s t e a d y - s t a t e  c a s e ,  i . e . ,  (R;to) 
d o m a in .
The n o r m a l  mode r e p r e s e n t a t i o n s  a l r e a d y  p r e s e n t e d  i n  
t h e  r e c t a n g u l a r  and  c y l i n d r i c a l  s y s t e m s  ( f o r  a  v i s c o u s  f l u i d )  
a r e  s t i l l  v a l i d  f o r  t h e  v i s c o e l a s t i c  s o l i d .  T h i s  means t h a t  
e q u a t i o n s  ( 2 . 8 )  t h r o u g h  ( 2 . 2 3 )  may b e  a p p l i e d  t o  a  v i s c o e l a s t i c  
s o l i d  w i t h  o n l y  t h e  m o d i f i c a t i o n  o f  t h e  p a r a m e t e r s  KT , y ^ ,  K^, 
and  y ^ ,  w h ic h  a r e  e v a l u a t e d  f ro m  a  d i f f e r e n t  g o v e r n i n g  e q u a t i o n .  
The a p p r o p r i a t e  p a r a m e t e r s  a r e  d e f i n e d  f o r  t h e  s o l i d  i n  e q u a ­
t i o n s  ( 2 . 2 8 b  and  2 . 2 8 c ) .  The p r e s e n t a t i o n  f o l l o w i n g  w i l l  be  
i n  t h e  s p h e r i c a l  s y s t e m  an d  may b e  a n a l o g o u s l y  a p p l i e d  t o  a 
v i s c o u s  f l u i d  upon  u t i l i z a t i o n  o f  t h e  a p p r o p r i a t e  K and  y 
p a r a m e t e r s .
I n  t h e  s p h e r i c a l  s y s t e m  t h e r e  a r e  t h r e e  r e p r e s e n t a t i o n s  
o f  t h e  c o n t r i b u t i o n  o f  t h e  r e a l - p a r t  ( C . R . P . )  o f  t h e  c o m p le x ­
v a l u e d  e i g e n v a l u e  x t o  t h e  G r e e n ' s  f u n c t i o n  i n  t h e  s t e a d y -  
s t a t e  dom ain .  T h e s e  r e p r e s e n t a t i o n s  h a v e  b e e n  p r e s e n t e d  a s  
e x p r e s s i o n s  ( 2 . 9 ) ,  ( 2 . 1 2 ) ,  and  ( 2 . 1 3 ) .  To o b t a i n  t h e  n e c e s s a r y  
o n e - d i m e n s i o n a l  G r e e n ' s  f u n c t i o n s  and  d e l t a  f u n c t i o n s  t o  c o n ­
s t r u c t  t h e  C . R . P . , one  l o o k s  a t  t h e  t h r e e  s e p a r a t e d  o n e ­
d i m e n s i o n a l  e i g e n v a l u e  p r o b l e m s  o f  t h e  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n  ( 2 . 2 5 ) .
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F o r  s p h e r i c a l  c o o r d i n a t e s  ( a , 0 , y )  -»■ CP»<f>,©) ( s e e  
F i g u r e  2 ) ,  one h a s  t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  t h e  r a d i a l -  
d i r e c t i o n  ( s e e  A p p e n d ix  l i e ) :
g p( p , p , ;Kq f A) = iKqj £ (KqP' )h^2 ) (KqP) ( 2 . 2 9 a )
6 ( p - p  ) /  “ 1  \  I j u7 = ( 75—s-) (i dh g
. 2  ' 2 m '  p ° p
- l / 2+ i “
= (Kq / 2 ir) J d £ ( 2 £ + l ) j £ (Kq p ' ) h < 2 ) (Kq p) , ( 2 . 2 9 b )
- l / 2 - i »
w h e re  t h e  s p h e r i c a l  H anke l  f u n c t i o n  o f  t h e  f i r s t  k i n d  and  
B e s s e l  f u n c t i o n  a r e  d e f i n e d  by :
h<2> (x)  = (Tr/2x)1 / 2H ^ ) / 2 (x ) ( 2 . 2 9 c )
and
j * ( x )  = (7r / 2x ) 1 / 2J £+1 / 2 (x )  , ( 2 . 29d)
r e s p e c t i v e l y .  The a z i m u t h a l - d i r e c t i o n  r e s u l t s  a r e  i d e n t i c a l  
t o  t h o s e  o f  t h e  c y l i n d r i c a l  c o o r d i n a t e  s y s t e m  and  h a v e  b e e n  
p r e s e n t e d  a s  ( 2 . 1 5 ) .  The p o l a r - d i r e c t i o n  r e s u l t s  a r e :
_ P~y (COS0 ' ) P ”^(-COS0)
g Q( 0 , 0 '  ; £ , v )  = - j -  r ( £ _v+1) s i n  t t ( £ - v )  ( 2 . 3 0 a )
s i n © ' 6 ( 0 - 0 ' )  = (5^ )  <> dh<j,g0
= i  T a , . r ( a + v + i )  p r ( c ° s 9 , ) p r ( - c o s9 )




6 ( 9 - 9 ' )  _ r  1 s f ,, 
s i n  9 1 dh 0g 0
_ i  v r o M n  r ( £ + v + D  p r ( c o s 0 , ) p r ( - c ° s e >
^  ££ q r ( £ - v + l )  s i n  tt( £ - v )
( 2 . 3 0 c )
w h e re  t h e  a s s o c i a t e d  L e g e n d r e  f u n c t i o n  i s  d e n o t e d  P^v a n d  t h e  
gamma f u n c t i o n  by  r .  The t h r e e  d i f f e r e n t  c o n s t r u c t i o n s  o f  t h e  
C .R .P .  a r e  t h e n  p r e s e n t e d  a s :
iK °° a
C . R . P .  -  ^  l o J oev c o s v ( * - f ) ( 2 * + l )  •
P" (C O S0')P “ (-COS0) m
-  s in  tt( £ - v )---------- j £ V ' )h  ^ CKqp) ( 2 *31a)
( f ro m  2 . 1 5 c ,  3 0 c ,  29a)
- l / 2+i°° jL
J d £ ( 2 £ + l ) j £ (Kq p ' ) h P ) (Kq p) I  gv c o sv  ( W )  •
- 1 / 2 -ico v" °
T(£+v+l) P £V( c o se  ’ ) P £V( - c o s 0 )  ^
r(A-v+l)  s i n  ir(£-v) (2.31b)
( f ro m  2 . 2 9 b ,  1 5 c ,  30a)
- l / 2+i°° i°°
d U 2 M ) j , ( K qp')h<2>(Kqp) {  d v v | ^ >
-1/2- ioO CO
P “v ( c o s 0 ' ) P " v ( - c o s 0 ) - i v  14»-4>' I
s in  nrU-v)    <2 ' 31c>
(from 2.29b, 30b, 15c)
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The c o n t r i b u t i o n  t o  t h e  i n t e g r a l  o f  e x p r e s s i o n  ( 2 . 8 )  
made by  t h e  i m a g i n a r y - p a r t  ( C . I . P . )  o f  a  c o m p l e x - v a l u e d  e i g e n ­
v a l u e  x may be  w r i t t e n  i n  t h e  fo rm :
rp “YmR T ~Yt R
C . I . P .  = Qjme 1 and  C . I . P .  = Q ^ e  L , ( 2 . 3 2 )
w h e re  Qjm a r e  t h e  same p o l a r i z a t i o n  t e n s o r s  a s  i n  ( 2 . 6 )  and
t h e  s p a t i a l  a t t e n u a t i o n  c o n s t a n t s  y  h a v e  b e e n  g i v e n  i n
e x p r e s s i o n s  ( 2 . 2 8 b  and  2 . 2 8 c ) .  I n  s p h e r i c a l  c o o r d i n a t e s  one  
h a s :
R = { p 2+ p  ' 2 - 2 p p ' [ c o se  cos  0 ' + s i n 6 s i n 8  ' co s  (cj> —cj> ’ ) ]  } ^ 2 .
( 2 . 3 3 a )
The e x p a n s i o n  o f  ( 2 . 3 2 )  i n  t e r m s  o f  n o r m a l  modes i s :
00
e ' YR = £ ( - l ) y ( 2 y + l ) P ( c o s  2 T r y ) i ( YR) , ( 2 . 3 3 b )
y = 0  y  y
w h e re  P^ i s  t h e  o r d i n a r y  L e g e n d r e  f u n c t i o n  and  t h e  m o d i f i e d  
s p h e r i c a l  B e s s e l  f u n c t i o n  i s  d e f i n e d  by  t h e  r e l a t i o n :
i y (x)  = (Tr/2x)1 / 2 I y (x) = ( i r /2x )  1 / 2 e ” i y i r / 2 J ^ ( i x )  . ( 2 . 3 3 c )
R e c a l l i n g  t h a t  t h e r e  e x i s t  b o t h  t r a n s v e r s e  and  l o n g i ­
t u d i n a l  modes o f  e n e r g y  t r a n s p o r t  i n  a  v i s c o e l a s t i c  s o l i d ,  
one  may c o n b i n e  t h e  c o n t r i b u t i o n s  o f  t h e  r e a l  ( C . R . P . )  and  
i m a g i n a r y  ( C . I . P . )  p a r t s  o f  t h e  c o m p l e x - v a l u e d  p o l e s  o f  
i n t e g r a l  ( 2 . 2 9 )  t o  y i e l d  t h e  g e n e r a l  r e s u l t  f o r  t h e  t h r e e ­
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d i m e n s i o n a l  t e n s o r  G r e e n ' s  f u n c t i o n  o f  a  v i s c o u s  f l u i d  i n  
t h e  s t e a d y - s t a t e  domain .
I n  s p h e r i c a l  c o o r d i n a t e s ,  t h e  t o t a l  t e n s o r i a l  G r e e n ' s  
f u n c t i o n  h a s  t h e  f o l l o w i n g  t h r e e  r e p r e s e n t a t i o n s . From 
e x p r e s s i o n s  ( 2 . 3 3 b  an d  30a)  one  c o n s t r u c t s  t h e  L e g e n d r e - 
L e v i n e - S c h w i n g e r  r e p r e s e n t a t i o n :
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C o n c l u s i o n s
T h i s  c h a p t e r  h a s  l a i d  t h e  g r o u n d  w ork  f o r  a  g e n e r a l  
f i e l d  d e s c r i p t i o n  o f  two v i s c o u s  m e d i a .  I n  p a r t i c u l a r ,  t h e  
f i e l d  o f  a  v i s c o u s  f l u i d  and  v i s c o e l a s t i c  s o l i d  h a s  b e e n  p r e -  
s e n t e d  i n  t h e  v a r i o u s  F o u r i e r  dom ains  (R ; to) , ( k ; T ) ,  and  (R;w) , 
f o r  t h e  r e c t a n g u l a r  c o o r d i n a t e  s y s t e m .  Then t h e  d e s c r i p t i o n  
o f  t h e  f i e l d  i n  t h e  s p a c e - f r e q u e n c y  ( R ; oj) domain  h a s  b e e n  
g e n e r a l i z e d  f o r  any  o r t h o g o n a l  c o o r d i n a t e  s y s t e m .  H e re  t h e  
c y l i n d r i c a l  and  s p h e r i c a l  s y s t e m s  h a v e  b e e n  u s e d  a s  an  e x a m p l e ,  
b u t  t h e  p r o c e d u r e  i s  s i m i l a r  f o r  any  c o o r d i n a t e  s y s t e m .
S i n c e  t h e  f i e l d  f o r  b o t h  t h e  f l u i d  and  s o l i d  i s  a  v e c t o r  
f i e l d ,  t h e  G r e e n ' s  f u n c t i o n  m u s t  b e  a  s e c o n d  o r d e r  t e n s o r  t o  
i n s u r e  a  c o m p l e t e  d e s c r i p t i o n .  The t e n s o r  G r e e n ' s  f u n c t i o n  
makes  a p p a r e n t  t h a t  t h e  a c o u s t i c  e n e r g y  i s  p a r t i t i o n e d  i n t o  
two d i s t i n c t  p o l a r i z a t i o n s ,  ip = ip^ , +  4*^, w h e re  ip r e p r e s e n t s  
t h e  v e l o c i t y  p o t e n t i a l  f o r  t h e  f l u i d ,  ip = V • v ,  and  t h e  d i s ­
p l a c e m e n t  p o t e n t i a l  f o r  t h e  s o l i d ,  u  = Vip. The two p o l a r i z a ­
t i o n s  a r e  c a l l e d  t r a n s v e r s e  and  l o n g i t u d i n a l .  The t r a n s v e r s e  
t e r m s  a r e  r o t a t i o n a l  ( n o n - d i l a t i o n a l , V'Vy = 0 ) m o t i o n s  w h i l e  
t h e  l o n g i t u d i n a l  t e r m s  a r e  d i l a t i o n a l  ( i r r o t a t i o n a l , Vxv^ = o )  
m o t i o n s .  When c o u p l e - s t r e s s e s  a r e  c o n s i d e r e d  [ 8 ] ,  t h e  t r a n s ­
v e r s e  p o l a r i z a t i o n  i t s e l f  h a s  two d i s t i n c t  modes b u t  t h i s  i s  
n o t  o f  i n t e r e s t  h e r e .
The t r a n s v e r s e  mode o f  a  v i s c o u s  f l u i d  i s  f u n d a m e n t a l l y  
d i f f e r e n t  f rom  t h e  r e s t .  I t  i s  a  p u r e l y  d i f f u s i v e  mode, t h a t  
i s ,  e n e r g y  i s  a t t e n u a t e d  w i t h  no  p r o p a g a t i o n ,  i n  t h e  t e m p o r a l
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( k ;T )  domain  an d  i s  a h i g h l y - d a m p e d  p r o p a g a t i o n  mode i n  t h e  
s p a t i a l  (R;to) d o m ain .  On t h e  o t h e r  h a n d ,  t h e  l o n g i t u d i n a l  
mode o f  a  v i s c o u s  f l u i d  and  b o t h  modes o f  t h e  v i s c o e l a s t i c  
s o l i d  e x h i b i t  i d e n t i c a l  s t r u c t u r e s ,  n a m e l y ,  l i g h t l y - d a m p e d  
p r o p a g a t i o n  o f  a c o u s t i c  e n e r g y  i n  b o t h  t i m e  and  s p a c e .  Note  
t h a t  t h e  t e r m s  " h i g h l y - d a m p e d "  an d  " l i g h t l y - d a m p e d "  p r o p a g a t i o n  
come f rom  t h e  m e c h a n i c a l  s y s t e m  a n a l o g y  w i t h  t h e  damped h a rm o n ic  
o s c i l l a t o r  w h ic h  i s  a p p l i c a b l e  t o  t h e  f i e l d  d e s c r i p t i o n  i n  t h e  
( k ;T )  domain  f o r  t e m p o r a l  c o n s i d e r a t i o n s  and  t h e  (R;co) domain  
f o r  s p a t i a l  c o n s i d e r a t i o n s .
I n  t h e  e v a l u a t i o n  o f  t h e  f i e l d  i n  t h e  (lc;T) dom ain ,  an  
i n t e g r a l  a r i s e s  f o r  w h ic h  t h e  oa-poles  a r e  d e f i n e d  by  t h e  
e x p r e s s i o n  to = + iA ,  w h e re  <oncj = , ton  = Ck,
£ = A/con , and  t h e  A ' s  a r e  d e f i n e d  i n  t h e  m a in  t e x t .  As s e e n  
i n  e x p r e s s i o n s  ( 2 . 5 )  an d  ( 2 . 2 7 ) ,  t h e  r e a l - p a r t  o f  t h e  c o m p le x ­
v a l u e d  p o l e  toncj a p p e a r s  i n  t h e  t e m p o r a l  p r o p a g a t i o n  f a c t o r
sin(con(jT) w h i l e  t h e  i m a g i n a r y - p a r t  A a p p e a r s  i n  t h e  t e m p o r a l
-ATa t t e n u a t i o n  f a c t o r  e  . T h i s  i s  a  g e n e r a l  r e s u l t  f o r  b o t h  
f l u i d s  and  s o l i d s ,  e x c e p t  f o r  t h e  t r a n s v e r s e  mode o f  t h e  
v i s c o u s  f l u i d  f o r  w h ic h  c a s e  t h e  p r o p a g a t i o n  f a c t o r  d o e s  n o t  
a p p e a r .
I n  t h e  e v a l u a t i o n  o f  t h e  f i e l d  i n  t h e  (R;to) domain ,  
an  i n t e g r a l  a r i s e s  f o r  w h ic h  t h e  k - p o l e s  a r e  d e f i n e d  by  t h e  
e x p r e s s i o n  k  = ± ( K - i y )  w here  t h e  K ' s  and  y ' s  a r e  d e f i n e d  i n  
t h e  m a in  t e x t .  As s e e n  i n  e x p r e s s i o n s  ( 2 . 6 )  and  ( 2 . 2 8 ) ,  t h e  
r e a l - p a r t  o f  t h e  c o m p l e x - v a l u e d  p o l e  K a p p e a r s  i n  t h e  s p a t i a l
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-iKRp r o p a g a t i o n  f a c t o r  e w h i l e  t h e  i m a g i n a r y - p a r t  y a p p e a r s  
i n  t h e  s p a t i a l  a t t e n u a t i o n  f a c t o r  e _Y^ .  T h i s  i s  a  g e n e r a l  
r e s u l t  f o r  b o t h  f l u i d s  and  s o l i d s  and  i t  i s  a p p a r e n t  t h a t  
K > y i n  e a c h  c a s e .
W i th  t h i s  i n f o r m a t i o n  one  may c o n s i d e r  t h e  p r o p a g a t i o n  
and  a t t e n u a t i o n  a s  s e p a r a t e  p r o c e s s e s  b y  l o o k i n g  a t  t h e  r e a l -  
p a r t  o r  i m a g i n a r y - p a r t  o f  t h e  c o m p l e x - v a l u e d  p o l e s ,  r e s p e c ­
t i v e l y .  From f i g u r e  3 one  s e e s  t h a t  t h i s  i m p l i e s  t h a t  f i g u r e  
3a may b e  s i m p l i f i e d  t o  f i g u r e  3b f o r  c o n s i d e r a t i o n  o f  t h e  
p r o p a g a t i o n  o f  e n e r g y  w h i l e  f i g u r e  3c w o u ld  b e  a p p r o p r i a t e  
f o r  c o n s i d e r a t i o n  o f  t h e  a t t e n u a t i o n  o f  e n e r g y .
The i m a g i n a r y - p a r t  o f  t h e  c o m p l e x - v a l u e d  co-pole i s  t h e
t e m p o r a l  a t t e n u a t i o n  c o n s t a n t  A, w h ic h  i s  d i r e c t l y  f o u n d  i n
—ATt h e  e x p o n e n t i a l  d e c a y  f a c t o r  e o f  t h e  ( k ;T )  domain  d e s c r i p ­
t i o n  o f  t h e  f i e l d .  The G r e e n ' s  f u n c t i o n  m e th o d o lo g y  d e f i n e s  
t h i s  p a r a m e t e r  e x p l i c i t l y  i n  t h e  p r o c e s s  o f  d e r i v i n g  t h e  f i e l d  
i n  t h e  (&;T) d o m ain ,  w h e r e a s  o t h e r  m e t h o d o l o g i e s  t r e a t  t h e  
a t t e n u a t i o n  c o n s t a n t  a s  a  s e p a r a t e  p r o b l e m  t o  w r e s t l e .  The 
s p a t i a l  a t t e n u a t i o n  c o n s t a n t  y i s  t h e  i m a g i n a r y  p a r t  o f  t h e  
c o m p l e x - v a l u e d  k - p o l e s .  I t  i s  a n a l o g o u s l y  f o u n d  e x p l i c i t l y  
d e f i n e d  i n  t h e  e x p o n e n t i a l  d e c a y  f a c t o r  e - ^  upon  e v a l u a t i o n  
o f  t h e  f i e l d  i n  t h e  (R;w) domain  u s i n g  t h e  G r e e n ' s  f u n c t i o n  
m e t h o d o l o g y .  So i n  u s i n g  t h e  G r e e n ' s  f u n c t i o n  t e c h n i q u e s  t h e  
v a r i o u s  a t t e n u a t i o n  c o n s t a n t s  a r e  n a t u r a l l y  e v a l u a t e d  i n  
t h e  p r o c e s s  o f  d e r i v i n g  t h e  f i e l d  i n  t h e  v a r i o u s  F o u r i e r  











F i g u r e  3 S e p a r a t i o n  o f  t h e  r e a l  an d  i m a g i n a r y  co m p o n en t s  
o f  t h e  c o m p l e x - v a l u e d  e i g e n v a l u e s  x i-n  t h e  (k ;w)  domain
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The e v a l u a t i o n  o f  t h e s e  a t t e n u a t i o n  c o n s t a n t s  i s  t r e a t e d  
a s  a  s e p a r a t e  p r o b l e m  b y  L andau  an d  L i f s h i t z .  The a u t h o r s  u s e  
e n e r g y  r e l a t i o n s  an d  i r r e v e r s i b l e  th e rm o d y n a m ic s  t o  e v a l u a t e  
t h e s e  p a r a m e t e r s  f o r  b o t h  t h e r m o - v i s c o u s  f l u i d s  [ 2 ] and  
t h e r m o v i s c o e l a s t i c  s o l i d s  [ 6 ] .  N o te  t h a t  f o r  t h e  v i s c o e l a s t i c  
s o l i d  one  h a s  t h e  d e f i n i t i o n s :  ? =  (X " + 2 y " /3 )  and  q = y " .  The
a u t h o r s  a p p e a r  t o  d e r i v e  t e m p o r a l  a t t e n u a t i o n  c o n s t a n t s  A t h a t  
a g r e e  w i t h  t h i s  s t u d y ,  b u t  t h e n  t h e y  d i v i d e  them  by  t h e  so u n d  
s p e e d  t o  d i m e n s i o n a l l y  y i e l d  a  s p a t i a l  a t t e n u a t i o n  c o n s t a n t  y ,  
t h a t  i s :  y = A/C. The t e m p o r a l  a n d  s p a t i a l  a t t e n u a t i o n  c o n ­
s t a n t s  o f  t h i s  s t u d y  a r e  n o t  r e l a t e d  i n  t h i s  m a n n e r .  A p p en d ix
I l f  su m m ar izes  t h e  G r e e n ' s  f u n c t i o n s  f o r  f i v e  s c a l a r  e q u a t i o n s
^
i n  t h e  f o u r  F o u r i e r  d o m a in s ;  ( k ; w ) , ( k ; T ) ,  ( R ; w ) , and  ( R ; T ) .
The e q u a t i o n s  a r e :  t h e  undamped wave e q u a t i o n ,  t h e  d i f f u s i o n
e q u a t i o n ,  t h e  d i s s i p a t i v e  wave e q u a t i o n ,  t h e  d i s s i p a t i v e  wave 
e q u a t i o n  w i t h  s p a c e - t i m e  c o u p l i n g ,  and  t h e  d i s s i p a t i v e  wave 
e q u a t i o n  w i t h  f r e q u e n c y - d e p e n d e n t  v i s c o s i t y  c o e f f i c i e n t s .
The p u r p o s e  o f  t h i s  summary i s  f o r  c o m p a r i s o n  w i t h  t h e  s c a l a r  
e q u a t i o n s  f o r  t h e  t r a n s v e r s e  and  l o n g i t u d i n a l  modes o f  b o t h  
t h e  v i s c o u s  f l u i d  and  t h e  s o l i d .
S i n c e  t h e  f i e l d  i s  d e s c r i b e d  by  a  s e c o n d - o r d e r  t e n s o r  
G r e e n ' s  f u n c t i o n ,  two s c a l a r  e q u a t i o n s  may be  p r o d u c e d  f rom  
t h e  one  t e n s o r  e q u a t i o n .  T h i s  c a n  be  a c c o m p l i s h e d  due t o  
t h e  f a c t  t h a t  V • v ^  = 0 and  V x v ^  = o an d  t h e  s t e p s  a r e  
o u t l i n e d  i n  P a r t s  F and  G f o r  a  v i s c o u s  f l u i d  and  i n  P a r t s  H 
and  I  f o r  a  v i s c o e l a s t i c  s o l i d  i n  A p p e n d ix  I l f .  The c o n c l u s i o n
52
from  t h e  c o m p a r i s o n  o f  t h e s e  s c a l a r i z e d  e q u a t i o n s  w i t h  t h e  
v a r i o u s  s t a n d a r d  s c a l a r  e q u a t i o n s  i s  t h a t  t h e  t r a n s v e r s e  mode 
o f  a  v i s c o u s  f l u i d  i s  c h a r a c t e r i z e d  by  t h e  d i f f u s i o n  e q u a t i o n  
w h i l e  t h e  l o n g i t u d i n a l  mode o f  a  v i s c o u s  f l u i d  and  b o t h  modes 
o f  a  v i s c o e l a s t i c  s o l i d  a r e  c h a r a c t e r i z e d  by  t h e  d i s s i p a t i v e  
wave e q u a t i o n  w i t h  s p a c e - t i m e  c o u p l i n g .
The m ode l  o f  t h e  f l u i d  and  s o l i d  u s e d  h e r e  t r e a t s  t h e  
v i s c o s i t y  c o e f f i c i e n t s  a s  b e i n g  i n d e p e n d e n t  o f  f r e q u e n c y .
O t h e r  m o d e ls  t r e a t  t h e s e  c o e f f i c i e n t s  a s  f r e q u e n c y - d e p e n d e n t .  
P a r t s  D an d  E o f  A p p e n d ix  I l f  p r e s e n t  t h e  f o u r  domain  r e p r e ­
s e n t a t i o n s  f o r  t h e  f r e q u e n c y - i n d e p e n d e n t  and  f r e q u e n c y - d e p e n d ­
e n t  m o d e l s ,  r e s p e c t i v e l y .  P a r t  E i s  f o u n d  t o  b e  i d e n t i c a l  t o  
P a r t  D i f  t h e  f r e q u e n c y  d e p e n d e n c e  was i n  a  l i n e a r  m a n n e r ,  
t h a t  i s ,  D'(u)=Do3, w h e r e  D'  i s  t h e  D o f  P a r t  E.
One may sum m arize  t h e  f o l l o w i n g  p a r a m e t e r s  i n  a  g e n e r a l  
way b e  t h e  e x p r e s s i o n s .
i )  cod = o)n ( l - C 2 ) 1 / 2
( t e m p o r a l  p r o p a g a t i o n  c o n s t a n t )  
i i )  A = Dk2
i i i )  K * g
( t e m p o r a l  a t t e n u a t i o n  c o n s t a n t )
^  u J [ l + ( 2 ^ / a ) n ) 2 ] 1 / 2+ l | 1 / 2
2 [ l + ( 2 ?o)/con )T ]
( s p a t i a l  p r o p a g a t i o n  c o n s t a n t )
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iv) Y - g .
[ i + ( 2 £W/u> r ]
2 [ l + ( 2 ?co/Wn) 2 ]
( s p a t i a l  a t t e n u a t i o n  c o n s t a n t )
v )  wn  = Ck
( n a t u r a l  f r e q u e n c y )
v i )  % = Dk/C = A/ton
(damping  r a t i o )
w h e re  t h e  p a r a m e t e r s  con , A, D, K, C, and  y e a c h  t a k e  
on s u b s c r i p t s  T o r  L c o r r e s p o n d i n g  t o  t h e  t r a n s v e r s e  o r  l o n g i ­
t u d i n a l  t e r m ,  t h e  r e l a t i o n  to = Ck b e tw e e n  t h e  f r e q u e n c y  and  
wavenumber i s  v a l i d  o n l y  f o r  a  m o n o c h r o m a t i c  so u n d  wave p r o ­
p a g a t i n g  i n  a  medium a t  r e s t ,  and
Now t h a t  t h e  f i e l d  h a s  b e e n  e v a l u a t e d  f o r  v i s c o u s  
f l u i d s  and  v i s c o e l a s t i c  s o l i d s  o f  i n f i n i t e  e x t e n t ,  i t  now 
r e m a i n s  t o  show e x a m p le s  o f  how t h i s  m e th o d o lo g y  may be  em ployed  
f o r  a  b o u n d a r y - v a l u e  p r o b l e m .  T h i s  i s  t h e  s u b j e c t  o f  C h a p t e r  I I I .
V i s c o u s  F l u i d
d t  =  n / p CT = u n d e f i n e d
Dl = (3?+4n)/6p CL = [ ( 3 P / 3 p ) s ] 1 / 2
V i s c o e l a s t i c  S o l i d
Dl  = ( \ ' W ) / 2 p
Dt  = y " / p CT = ( y ' / p ) 1 / 2
CL = [ ( X '+ 2 y 1) / p ] 1 / 2
CHAPTER III
APPLICATIONS--BOUNDARY VALUE PROBLEMS 
FOR SOUND PROPAGATION IN IDEAL FLUIDS
I n t r o d u c t i o n
The i n t e n t  o f  t h i s  c h a p t e r  i s  t o  show by  s e v e r a l  
e x a m p le s  how t o  m o d i f y  t h e  t h e o r y  p r e s e n t e d  i n  C h a p t e r  I I  
f o r  a  medium o f  i n f i n i t e  e x t e n t  t o  s o l v e  a  p r o b l e m  w h e re  t h e  
medium i s  o f  f i n i t e - s i z e ,  t h a t  i s ,  a  b o u n d a r y - v a l u e  p r o b l e m .
S e l e c t e d  f o r  t h i s  p u r p o s e  i s  t h e  s t u d y  o f  u n d e r w a t e r  
s o u n d .  The m o t i v a t i o n  f o r  t h i s  c h o i c e  o f  a  p r o b l e m  came f rom  
t a l k s  w i t h  S a n d e r s  A s s o c i a t e s  o f  N a sh u a ,  New H a m p sh i r e .
S a n d e r s  knew o f  a  c o m p u te r  p r o g r a m  t h a t  m o d e l l e d  so u n d  p r o p a ­
g a t i o n  i n  s h a l l o w  w a t e r  b u t  i t s  r e s u l t s  d i d  n o t  a g r e e  w i t h  
e x p e r i m e n t a l  d a t a .  T h i s  c o m p u te r  p r o g r a m  m ode l  u t i l i z e d  r a y  
o p t i c  t e c h n i q u e s  and  a  s o l i d  b o t t o m  w i t h  e l a s t i c  c o e f f i c i e n t s  
t h a t  w e re  v a r i e d  i n  an  a t t e m p t  t o  m a tc h  t h e  e x p e r i m e n t a l  d a t a .  
S a n d e r s  p a r t i a l l y  f u n d e d  a  p r o j e c t  f o r  t h e  M ec h a n ic s  R e s e a r c h  
L a b o r a t o r y  o f  t h e  U n i v e r s i t y  o f  New H am p sh i r e  t o  d e v e l o p  a  
c o m p u te r  m ode l  b a s e d  on  n o rm a l  mode t h e o r y  and  u t i l i z i n g  a  
s e m i - i n f i n i t e  v i s c o e l a s t i c  s o l i d  b o t t o m  w i t h  t h e  p a r a m e t e r s  
o f  t h e  b o t t o m  t a k e n  f rom  l i t e r a t u r e .  I t  i s  t h i s  model  f o r  an  
i d e a l  f l u i d  t h a t  i s  d e s c r i b e d  i n  a  f o l l o w i n g  s e c t i o n  and  i s  a 
s i m p l i f i e d  m ode l  o f  t h e  v i s c o u s  f l u i d  o f  C h a p t e r  I I .  F i r s t ,
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ho w e v e r ,  some i n t r o d u c t o r y  r e m a r k s  a r e  made on t h e  h i s t o r y  o f  
u n d e r w a t e r  sound  and  two p r e l i m i n a r y  p r o b l e m s  a r e  d i s c u s s e d  
p r i o r  t o  t h e  UNH m o d e l .
B a c k g ro u n d
C o n s i d e r a b l e  i n t e r e s t  h a s  b e e n  e x p r e s s e d  i n  t h e  l i t e r a ­
t u r e  c o n c e r n i n g  t h e  p r o p a g a t i o n  o f  e n e r g y  f ro m  an  a c o u s t i c  
s o u r c e .  A l t h o u g h  u n d e r w a t e r  sound  a s  a  q u a n t i t a t i v e  s u b j e c t  
h a s  i t s  r o o t s  deep  i n  t h e  p a s t ,  i t  may be  s a i d  t o  be  o n l y  
a b o u t  40  y e a r s  o l d .  I t s  m odern  e r a  b e g a n  d u r i n g  W orld  War I I .  
An h i s t o r i c a l  s u r v e y  i s  fo u n d  i n  U r i c k  [ 9 ] .
Of a l l  t h e  fo rm s  o f  r a d i a t i o n ,  so u n d  t r a v e l s  t h r o u g h  
t h e  o c e a n  t h e  b e s t .  I n  t h e  t u r b i d ,  s a l i n e  w a t e r  o f  t h e  o c e a n ,  
b o t h  l i g h t  and  r a d i o  waves  a r e  a t t e n u a t e d  much more  t h a n  t h a t  
fo rm  o f  m e c h a n i c a l  e n e r g y  c a l l e d  so u n d .  The v e l o c i t y  o f  
p r o p a g a t i o n  o f  s m a l l  p r e s s u r e  d i s t u r b a n c e s  i s  known a s  t h e
s p e e d  o f  sound  w h i c h  i s  c o n n e c t e d  t o  t h e  r a t e  o f  ch an g e  o f
o
p r e s s u r e  w i t h  r e s p e c t  t o  d e n s i t y  by  t h e  r e l a t i o n  C = ( 3 P /3 p )  ,b
[ 1 0 ] .
F l u i d  m o t i o n  may be  c l a s s i f i e d  i n t o  v a r i o u s  f i e l d s .
I n  i n c o m p r e s s i b l e  f l u i d  m e c h a n i c s ,  t h e  f l u i d  v e l o c i t i e s  a r e  
s m a l l  com pared  w i t h  t h e  s p e e d  o f  so u n d ,  and  t h e  f r a c t i o n a l  
v a r i a t i o n  i n  d e n s i t y  i s  i n s i g n i f i c a n t ;  h o w e v e r ,  t h e  f r a c t i o n a l  
v a r i a t i o n  i n  p r e s s u r e  and  t e m p e r a t u r e  may be  v e r y  l a r g e .  I n  
c o m p r e s s i b l e  f l u i d  m o t i o n  ( a l s o  known a s  g a s  d y n a m i c s ) , t h e  
f l u i d  v e l o c i t i e s  a r e  a p p r e c i a b l e  com pared  w i t h  t h e  s p e e d  o f  
so u n d ,  and  t h e  f r a c t i o n a l  v a r i a t i o n s  i n  p r e s s u r e ,  t e m p e r a t u r e ,
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and  d e n s i t y  a r e  a l l  o f  s i g n i f i c a n t  m a g n i t u d e .  I n  t h i s  i n v e s t i ­
g a t i o n  a c o u s t i c a l  m o t i o n  i s  o f  i n t e r e s t  and  t h a t  i s  when t h e  
f l u i d  v e l o c i t i e s  a r e  e x t r e m e l y  s m a l l  com pared  t o  t h e  s p e e d  
o f  so u n d ,  w h i l e  t h e  f r a c t i o n a l  v a r i a t i o n s  i n  p r e s s u r e ,  t e m p e r a ­
t u r e ,  and  d e n s i t y  a r e  o f  s i g n i f i c a n t  m a g n i t u d e .  B ec a u se  o f  
t h e s e  e x t r e m e l y  s m a l l  f l u i d  v e l o c i t i e s ,  a c o u s t i c  t h e o r y  i s  
a d e q u a t e l y  d e f i n e d  w i t h  l i n e a r  r e l a t i o n s h i p s .
The c l a s s i c a l  t h e o r y  o f  u n d e r w a t e r  a c o u s t i c s  upon  w h ic h  
m o s t  o f  t h e  f u r t h e r  i n v e s t i g a t i o n s  a r e  b a s e d  was i n t r o d u c e d  
by  P e k e r i s  [ 1 1 ] .  T h i s  w ork  s u c c e s s f u l l y  p r e d i c t e d  b a s i c  d i s ­
p e r s i o n  phenomena t h a t  w e re  o b s e r v e d  i n  r e c o r d s  o f  so und  
g e n e r a t e d  by  e x p l o s i o n s .  F u r r y  [12 ]  e x am in ed  a  r e l a t e d  f i e l d  
by  e x a m i n in g  t h e  p r o p a g a t i o n  o f  e l e c t r o m a g n e t i c  waves  n e a r  
t h e  e a r t h ' s  s u r f a c e  and  was a b l e  t o  u n d e r s t a n d  v a r i o u s  d i f f r a c ­
t i o n  phenom ena .  Marsh  [ 1 3 ]  i n v e s t i g a t e d  g u i d e d  p r o p a g a t i o n  i n  
an  o c e a n  w a v e g u id e  w i t h  a b s o r p t i o n .  T h i s  w ork  was l a t e r  
r e d u c e d  t o  n u m e r i c a l  a l g o r i t h m s  by  P e d e r s o n  and  Gordon [ 1 4 ] .
More w ork  h a s  b e e n  o f f e r e d  by  O f f i c e r  [1 5 ]  and  T o l s t o y  and  
C la y  [ 1 6 ] ,  w h i l e  W ai t  [1 7 ]  and  Badden [1 8 ]  d i s c u s s  t h e  a n a l o g o u s  
a r e a s  f o r  e l e c t r o m a g n e t i c  p r o p a g a t i o n .  The e a r l y  i n v e s t i g a t i o n s  
o f  P e k e r i s ,  F u r r y ,  and  M arsh ,  a s  w e l l  a s  l a t e r  o n e s  by  T o l s t o y  
[ 1 9 ] ,  C a r t e r  [ 2 0 ] ,  and Eby, e t  a l . [ 2 1 ]  a l l  em p loyed  n o rm a l  
mode t h e o r y  t o  d e s c r i b e  a c o u s t i c  p r o p a g a t i o n  i n  t h e  o c e a n .
U n d e r w a te r  sound  p r o b l e m s  i n  t h e  o c e a n  a r e  c o m p l i c a t e d  
by t h e  f a c t  t h a t  t h e  sound  s p e e d  i s  d e p e n d e n t  on d e p t h ,  r a n g e ,  
and  t i m e .  Some m o d e ls  i n c l u d e  r a n g e - d e p e n d e n c y  b u t  o n l y  d e p t h -  
d e p e n d e n c y  i s  c o n s i d e r e d  h e r e .  The r e a s o n  f o r  t h e  v a r i a t i o n
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i n  sound  s p e e d  w i t h  d e p t h  i s  due  t o  a  com bined  e f f e c t  o f  
t e m p e r a t u r e  and  p r e s s u r e .  S o l a r  r a d i a t i o n  h e a t s  t h e  s u r f a c e  
l a y e r  o f  t h e  o c e a n  and  t h e  t e m p e r a t u r e  d e c r e a s e s  b e lo w  due  t o  
t h e  d e c r e a s i n g  i n t e n s i t y  o f  t h e  r a d i a t i o n  p e n e t r a t i n g  t h e  l o w e r  
d e p t h s .  The e x t r e m e  t o p  o f  t h e  o c e a n  may i n  f a c t  be  c o o l e r  
t h a n  t h e  s u r f a c e  l a y e r  due  t o  c o n v e c t i v e  h e a t  t r a n s f e r  f rom  
t h e  w a t e r .  The m a g n i t u d e  o f  t h e  so u n d  s p e e d  f o l l o w s  t h i s  
c h a r a c t e r i s t i c  t e m p e r a t u r e  p a t t e r n  o v e r  t h i s  d e p t h  i n t e r v a l .
A t some p o i n t  t h e  i n c r e a s e  i n  p r e s s u r e  w i t h  d e p t h  o f f s e t s  t h e  
d e c r e a s i n g  t e m p e r a t u r e  and  c a u s e s  t h e  so und  s p e e d  t o  i n c r e a s e  
w i t h  d e p t h .  T h e re  may e x i s t  some i n t e r v a l  o f  d e p t h  i n  t h e  
w a t e r  co lumn t h a t  t h e  so u n d  s p e e d  h a s  a  l o c a l  minimum v a l u e  
w here  t h e  so u n d  may b e  c h a n n e l e d  by  r e f r a c t i o n  and  t r a v e l  
l o n g  d i s t a n c e s  w i t h  v e r y  l i t t l e  a t t e n u a t i o n .  The c l a s s i c  
sound  c h a n n e l  was named t h e  SOFAR (SOund F i x i n g  And R an g in g )  
c h a n n e l  by i t s  d i s c o v e r e r s ,  M. Ewing and  J .  L.  W o rz e l  [ 2 2 ] .
I n  o c e a n  a c o u s t i c s  m o s t  a u t h o r s  a g r e e  t o  r e s t r i c t  
t h e m s e l v e s  t o  a  v a g u e l y  d e f i n e d  b a n d  o f  f r e q u e n c i e s  f  l y i n g  
b e tw e e n  1 h z  and  100 k h z .  A t  t h e  h i g h  f r e q u e n c y  e n d ,  sound  
a b s o r p t i o n  by  s e a  w a t e r  i s  v e r y  h i g h  and  e x p e r i m e n t s  h a v e  
shown t h e  a t t e n u a t i o n  c o n s t a n t  t o  be  p r o p o r t i o n a l  t o  f  [ 2 3 ] .  
E x c e p t  f o r  a  s m a l l  number o f  v e r y  s p e c i a l  a p p l i c a t i o n s ,  s u c h  
a s  a c o u s t i c  image  m a k e r s  and  s i d e - l o o k i n g  s o n a r s ,  w h ic h  a r e  
u s e d  f o r  v e r y  s h o r t - r a n g e  s t u d i e s ,  a p p l i c a t i o n s  o f  sound  
t r a n s m i s s i o n  a r e  l i m i t e d  t o  f r e q u e n c i e s  l e s s  t h a n  a  few t e n s  
o f  k i l o h e r t z .  A t  t h e  low e n d ,  b e lo w  1 h z ,  s u c h  sound  i s  
g e n e r a t e d  by e a r t h q u a k e s  and  v e r y  l a r g e  e x p l o s i o n s  and  f a l l
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i n t o  t h e  f i e l d  o f  s e i s m o l o g y .
A b s o r p t i o n  o f  a c o u s t i c  e n e r g y  i s  due i n  p a r t  t o  s h e a r  
an d  d i l a t i o n a l  v i s c o u s  l o s s e s ,  t o  c h e m i c a l  e f f e c t s  by  means 
o f  a  r e l a x a t i o n - t y p e  m echan ism  w h ic h  e x h i b i t s  a  c h a r a c t e r i s ­
t i c  f r e q u e n c y  and  a m p l i t u d e ,  t o  p r e s s u r e  and  t e m p e r a t u r e  f l u c ­
t u a t i o n s ,  t o  e l e c t r o l y t i c  p r o c e s s e s ,  t o  d i s p e r s i o n  by  a i r  
b u b b l e s  and  b i o l o g i c a l  m a t e r i a l ,  and  t o  l o s s e s  i n  t h e  s e d i m e n t  
b e lo w  t h e  w a t e r  co lumn.  A t t e n u a t i o n  by  h e a t  c o n d u c t i o n  i n  t h e  
w a t e r  i s  n e g l i g i b l e  [2 4 ]  .
I n  a  p e r f e c t  p a r a l l e l - p l a t e  w a v e g u id e  one  e x p e c t s  a
- 1/2r  a m p l i t u d e  f a l l - o f f  w i t h  d i s t a n c e  i n  c y l i n d r i c a l  c o o r d i ­
n a t e s  w h e re  r  i s  r e f e r e n c e d  h o r i z o n t a l l y  due t o  t h e  f a r - f i e l d  
a p p r o x i m a t i o n  o f  t h e  B e s s e l  ( o r  H anke l  f u n c t i o n ) :
v ? 1 / 2
J Q ( r r )  = ( ^ r f )  cos[rr-iT /  4] .
When e x p e r i m e n t a l  f a l l - o f f  i s  f o u n d  t o  be  m a r k e d l y  g r e a t e r  
- 1 / 2t h a n  r  ' t h e n  one  m u s t  l o o k  f o r  a t t e n u a t i o n .  I t  h a s  b e e n  
f o u n d  t h a t  t h e  s u p e r p o s i t i o n  o f  two m echan ism s  a l m o s t  c o m p l e t e l y  
e x p l a i n  t h e  g u i d e d  mode a t t e n u a t i o n .  The f i r s t  i s  t h e  i n c l u s i o n  
o f  a  s m a l l  i m a g i n a r y  component  w i t h  t h e  e i g e n v a l u e  t o  fo rm  a 
c o m p l e x - v a l u e d  e i g e n v a l u e  [2 5 ]  . T h i s  e i g e n v a l u e  h a s  t h e  
g e o m e t r i c a l  i n t e r p r e t a t i o n  o f  a wavenumber t h a t  i s  mode-  
d e p e n d e n t  and  now c o m p l e x - v a l u e d .  The s e c o n d  m echan ism  t o  
a c c o u n t  f o r  a t t e n u a t i o n  i s  t h e  l e a k a g e  o f  e n e r g y  i n t o  t h e  
b o t t o m .  T h i s  i s  due  t o  t h e  f a c t  t h a t  t h e  b o t t o m  h a s  some
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r i g i d i t y  and  c a n  t r a n s m i t  s h e a r  w a v e s . T h i s  b o t t o m  r i g i d i t y  
i s  n e g l e c t e d  when one  t r e a t s  t h e  b o t t o m  a s  a n o t h e r  l i q u i d  
l a y e r  w i t h  a  h i g h e r  so und  s p e e d  a s  was t h e  p r a c t i c e  i n  t h e  
p a s t .
T h e r e  a r e  two d i f f e r e n t  m e th o d s  t o  a t t a c k  t h i s  so und  
p r o p a g a t i o n  p r o b le m :  r a y  o p t i c s  and  n o r m a l  modes .  The
f o r m e r  i s  a  g e o m e t r i c a l  p r o c e d u r e  w h i l e  t h e  l a t t e r  i s  a 
p u r e l y  m a t h e m a t i c a l  o n e .  One c a n  be  o b t a i n e d  f rom  t h e  o t h e r  
by s u i t a b l e  s u m m a t io n s .  A r a y  o p t i c  s o l u t i o n  i s  c h a r a c t e r i z e d  
by  p u l s e s  ( d e l t a  f u n c t i o n s )  a r r i v i n g  a t  some o b s e r v a t i o n  p o i n t  
f ro m  d i f f e r e n t  im age  p o i n t s  a l l  a t  t h e  same t i m e .  T h i s  i s  a  
sum m ation  w i t h  an  i n f i n i t e  number o f  t e r m s  t o  model a  p e r f e c t  
w a v e g u id e  s i n c e  a n  i n f i n i t e  number  o f  image  p o i n t s  a r e  r e q u i r e d  
t o  c o n s t r u c t  t h e  g u i d e .  Some o f  t h e s e  r a y s  may d e s t r u c t i v e l y  
i n t e r f e r e  and  h e n c e  n e e d  n o t  be  c o n s i d e r e d ;  b u t  one  d o e s  n o t  
know w h ic h  o n e s  t h e y  a r e  p r i o r  t o  m ak in g  t h e  c a l c u l a t i o n s .
A n o rm a l  mode s o l u t i o n ,  on  t h e  o t h e r  h a n d ,  i n h e r e n t l y  sums 
t h e  c o n t r i b u t i o n  o f  a l l  r a y s  so t h a t  t h e  u n n e c e s s a r y  r a y s  
a r e  n o t  i n d i v i d u a l l y  and  w a s t e f u l l y  d e a l t  w i t h .
S i n c e  i n  p r a c t i c e  one  a lw a y s  h a s  f i n i t e  b a n d w i d t h  
r e c e i v e r s  and  s i n c e  e a c h  mode o f  a  w a v e g u id e  h a s  a  l o w - f r e q u e n c y
n
c u t - o f f  (w = jj- imr, f o r  p e r f e c t  w a v e g u i d e ,  C = sound  s p e e d ,
H i s  d i s t a n c e  b e tw e e n  t h e  two p a r a l l e l  p l a n e s ,  and  m i s  t h e  
mode n u m b e r ) ,  t h e n  o n l y  a  f i n i t e  number  o f  t e r m s  a r e  n e e d e d .
So t h e  mode p o i n t  o f  v i e w  l e a d s  t o  a f i n i t e  number o f  t e r m s  
i n d e p e n d e n t  o f  r a n g e .  On t h e  o t h e r  h a n d  t h e  r a y  o p t i c  s o l u ­
t i o n  f o r  a  w a v eg u id e  c o n t a i n s  a t  a l l  t i m e s  an  i n f i n i t y  o f
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t e r m s .  A t  s h o r t  r a n g e s  t h o u g h ,  t h e  h i g h e r  o r d e r  im ages  can  
b e  n e g l e c t e d .  At l o n g  r a n g e s ,  t h e  number  o f  t e r m s  t h a t  m u s t  
b e  c o n s i d e r e d  i s  v e r y  l a r g e  and  a s  a  r e s u l t  i s  v e r y  cumbersome 
an d  e x p e n s i v e .  The r a y  s o l u t i o n  i s  a t  i t s  b e s t  f o r  s h o r t  
r a n g e s  and  b r o a d  b a n d w i d t h s ,  w h i l e  t h e  mode s o l u t i o n  i s  
a d v a n t a g e o u s  f o r  l o n g  r a n g e s  and  f i n i t e  b a n d w i d t h s .  The mode 
m e thod  i s  c o n s i d e r e d  h e r e  due t o  t h e  o b v i o u s  a p p l i c a t i o n s  o f  
d e t e c t i n g  lo n g  r a n g e  s i g n a l s  i n  t h e  o c e a n .
The d i s t i n c t i o n  b e tw e e n  deep  and  s h a l l o w  w a t e r  i s  a  
r e l a t i v e  o n e .  I n  g e n e r a l  one  may s a y  t h a t  t h e  w a t e r  i s  
" s h a l l o w "  i f  TH < 10, w h e re  r  i s  t h e  h o r i z o n t a l  wavenumber 
( r - d i r e c t i o n  e i g e n v a l u e )  and  H i s  t h e  h e i g h t  o f  t h e  w a t e r  
co lumn [ 1 6 ] .  Hence one  may c o n s i d e r  h i g h  f r e q u e n c y  s o n a r  i n  
w a t e r  w i t h  p h y s i c a l l y - s h a l l o w  d e p t h  t o  b e  a  " d e e p - w a t e r "  
p r o p a g a t i o n  p r o b l e m .  S i m i l a r l y  e a r t h q u a k e s  i n  p h y s i c a l l y - 
deep  w a t e r  may be  c o n s i d e r e d  a  " s h a l l o w - w a t e r "  p r o b l e m .
S h a l l o w  w a t e r  i m p l i e s  t h a t  t h e  e f f e c t  o f  t h e  b o t t o m  on t h e  
p r o p a g a t i o n  o f  so u n d  may n o t  b e  n e g l e c t e d .
Models  t h a t  i n c l u d e  b o t t o m  p e n e t r a t i o n  o f  a c o u s t i c  
e n e r g y  c o n s i s t  o f  t o t a l l y  and  p a r t i a l l y  r e f l e c t e d  waves  f rom  
a n  i n c i d e n t  wave i m p i n g i n g  on t h e  b o t t o m .  The t o t a l  r e f l e c ­
t i o n s  a r e  a n a l o g o u s  t o  p r o p a g a t i o n  i n  a  p e r f e c t  w a v e g u id e  
f o r  w h ic h  t h e  e i g e n v a l u e s  a r e  d i s c r e t e  and  t h e  e n e r g y  l e v e l s  
a r e  q u a n t i z e d  due  t o  t h e  c o n f i n e m e n t  o f  t h e  e n e r g y .  The 
p a r t i a l  r e f l e c t i o n s  a r e  due  t o  e n e r g y  l e a v i n g  t h e  w a v e g u id e  
and  p e n e t r a t i n g  t h e  b o t t o m  s e d i m e n t .  T h i s  c o r r e s p o n d s  t o
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c o n t i n u o u s  e i g e n v a l u e s  s i n c e  t h e  e n e r g y  i s  n o t  t o t a l l y  c o n f i n e d  
i n  s p a c e  (an  i n f i n i t e  number  o f  modes a r e  p o s s i b l e ) . B o th  
c o n t i n u o u s  and  d i s c r e t e  modes m u s t  b e  c o n s i d e r e d  i n  e v a l u a t i n g  
t h e  n e a r  f i e l d  o f  a  s o u r c e .  On t h e  o t h e r  han d  f o r  l o n g  r a n g e  
i n t e r e s t  o n l y  t h e  d i s c r e t e  modes n e e d  b e  c o n s i d e r e d  b e c a u s e  
t h e  e n e r g y  t r a n s m i t t e d  i n t o -  t h e  b o t t o m  does  n o t  s i g n i f i c a n t l y  
c o n t r i b u t e  t o  l o n g  r a n g e  p r o p a g a t i o n  when com pared  t o  t h e  
e n e r g y  c o n t a i n e d  i n  t h e  d i s c r e t e  m odes .
Am bien t  n o i s e  i n  t h e  d i s g u i s e  o f  n o n a c o u s t i c a l  p r e s s u r e  
f l u c t u a t i o n s ,  f l o w  n o i s e ,  v i b r a t i o n ,  t h e r m a l  n o i s e ,  an d  s u r f a c e  
wave n o i s e  makes  f o r  d i f f i c u l t y  i n  i n t e r p r e t i n g  e x p e r i m e n t a l l y  
c o l l e c t e d  d a t a .  The s i t u a t i o n  n e c e s s i t a t e s  t h e  u s e  o f  s i g n a l  
p r o c e s s i n g  t o  e x t r a c t  t h e  s i g n a l  f rom  t h e  n o i s y  b a c k g r o u n d .
M a t h e m a t i c a l  C o n s i d e r a t i o n s
So now t h e  m a t h e m a t i c a l  d e v e lo p m e n t  o f  t h i s  s t u d y  i s  
p r e s e n t e d  f o r  t h e  m o d e l l i n g  o f  c o m p r e s s i o n a l  so u n d  waves  i n  
an  i d e a l  w a t e r  r e g i o n .  T h i s  m e th o d o lo g y  f o l l o w s  t h a t  o f  
C h a p t e r  I I  b u t  i s  now a p p l i e d  t o  a  medium w h ic h  i s  f i n i t e  
and  n o n - v i s c o u s . T h r e e  s p e c i f i c  b o u n d a r y - v a l u e  p r o b l e m s  a r e  
now c o n s i d e r e d .  The f i r s t  two h a v e  b e e n  s t u d i e s  by L e i b i g e r  
w h i l e  t h e  t h i r d  i s  new and  more  p h y s i c a l l y - r e a l . The n o v e l t y  
o f  t h i s  m ode l  i s  t h a t  i t  t r e a t s  c o m p l e x - v a l u e d  e i g e n v a l u e s ,  
u t i l i z e s  n o r m a l  mode t h e o r y ,  and  c o n s i d e r s  a  v i s c o e l a s t i c  
s o l i d  b o u n d a r y  a t  t h e  b o t t o m  o f  t h e  w a t e r  r e g i o n .
The m a t h e m a t i c a l  t a s k  a t  han d  i s  t o  e v a l u a t e  t h e  t h r e e -  
d i m e n s i o n a l  G r e e n ' s  f u n c t i o n  f o r  t h e  f o l l o w i n g  d i f f e r e n t i a l
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e q u a t i o n  t h a t  m o d e l s  c o m p r e s s i o n a l  sound  wave  p r o p a g a t i o n
■i^ >
p r o p e r t i e s  o f  an  i d e a l  f l u i d  i n  t h e  s t e a d y - s t a t e  ( r ; 00) domain  
( s e e  A p p en d ix  I l i a ) :
o f  o s c i l l a t i o n ,  C (z )  i s  t h e  d e p t h - d e p e n d e n t  a d i a b a t i c  s o u n d -  
s p e e d  p r o f i l e ,  ¥ i s  t h e  d i s p l a c e m e n t  p o t e n t i a l  (u  = d i s p l a c e ­
m en t  v e c t o r  = V'F) i n  t h e  s t e a d y  s t a t e  ( i . e . ,  s p a c e - f r e q u e n c y  
(r; 'oi))  domain ,  V i s  t h e  g r a d i e n t  o p e r a t o r ,  a n d  S i s  a n  a r b i t r a r y  
f o r c i n g  t e r m .  The G r e e n ' s  f u n c t i o n  G i s  d e f i n e d  i n  c y l i n d r i c a l  
c o o r d i n a t e s  ( s e e  f i g u r e  4 ) :
w h e re  6 i s  a  s p a t i a l  D i r a c  d e l t a  f u n c t i o n ,  and  t h e  s o u r c e  and  
o b s e r v a t i o n  p o i n t s  a r e  s p e c i f i e d  i n  c y l i n d r i c a l  c o o r d i n a t e s  
by  r '  = ( r ' , < j > ' , z ' )  and  r  = (r ,<)>,z),  r e s p e c t i v e l y .  One may 
w r i t e  t h e  d i f f e r e n t i a l  o p e r a t o r  e x p l i c i t l y  i n  c y l i n d r i c a l  
c o o r d i n a t e s :
( 3 . 1 )
9
w h e re  V i s  t h e  L a p l a c i a n  o p e r a t o r ,  w i s  t h e  a n g u l a r  f r e q u e n c y
I f  one  a ssu m es  'F(r;aj)  = R ( r )  'K'JO Z (z )  t h e n  t h e  t h r e e  s e p a r a t e d
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x . y . O )  = ( r , $ , 0 )
y Sourcez = z
Field Point
( x , y , z )  = ( r , t(), z)
F i g u r e  4 D iag ram  o f  t h e  r e c t a n g u l a r  and  c y l i n d r i c a l  c o o r d i n a t e  
s y s t e m  show ing  b o t h  t h e  s o u r c e  and  r e c e i v e r  f i e l d  p o i n t s .
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e q u a t i o n s  a r e :
( 3 . 4 a )
[ ~ “T + V2 ]$(c|)) = 0 ,
de
( 3 . 4 b )
( 3 . 4 c )
2 2 2w h ere  r  , v , and  ft a r e  t h e  e i g e n v a l u e s  f o r  t h e  r ,  tj), a n d  z 
d i r e c t i o n s ,  r e s p e c t i v e l y ,  w i t h  t h e  r e l a t i o n s h i p :
(3 .  4d)
C (z )
t h a t  comes d i r e c t l y  f ro m  t h e  s e p a r a t i o n  o f  v a r i a b l e s  t e c h n i q u e .  
F o r  t h e  p u r p o s e  o f  t h i s  i n v e s t i g a t i o n  o f  a  d e p t h - s t r a t i f i e d  
f l u i d  one  h a s  t h e  f o l l o w i n g  b o u n d a r y  c o n d i t i o n s  f o r  t h e  ( 3 . 4 )  
e q u a t i o n s  a b o v e :  R ( r )  s a t i s f i e s  t h e  o u t g o i n g  r a d i a t i o n  c o n d i ­
t i o n ,  $(<!>) and 3$/8cf> a r e  p e r i o d i c ,  and  Z ( z )  s a t i s f i e s  a  
p r e s s u r e  r e l e a s e  c o n d i t i o n  a t  t h e  t o p  o f  t h e  f l u i d  co lumn 
and some b o t t o m  c o n d i t i o n  d e p e n d i n g  upon  t h e  p a r t i c u l a r  
p r o b l e m  b e i n g  c o n s i d e r e d .
The t h r e e - d i m e n s i o n a l  G r e e n ' s  f u n c t i o n  [ s o l u t i o n  t o  
e q u a t i o n  ( 3 . 2 ) ]  may be  s y m b o l i c a l l y  r e p r e s e n t e d  by:
w h e re  R = r  -  r ' .  T h i s  r e p r e s e n t a t i o n  i s  ' s y m b o l i c '  i n  t h e  
s e n s e  t h a t  t h e  d e l t a  f u n c t i o n s  a r e  i n  i n t e g r a l  ( o r  sum m ation)
G(R;w) «— *• S(cf>-<}>')S(z-z')gr ( r , r '  ; r2 ,v2 ;o>) , ( 3 . 5 )
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fo rm  and  so  t h e  e v a l u a t i o n  o f  G i s  n o t  j u s t  a  p r o d u c t  o f  
t h r e e  e x p r e s s i o n s .  T h i s  i s  one  o f  t h r e e  r e p r e s e n t a t i o n s  f o r  
G, c a l l e d  t h e  L e v i n e - S c h w i n g e r  r e p r e s e n t a t i o n .  The o t h e r  
two u s e  t h e  o n e - d i m e n s i o n a l  G r e e n ' s  f u n c t i o n  g i n  t h e  <f> and  
z d i r e c t i o n ,  r e s p e c t i v e l y .  E v a l u a t i n g  t h e  d e l t a  f u n c t i o n s  by 
i n t e g r a t i o n s  o f  t h e  o n e - d i m e n s i o n a l  G r e e n ' s  f u n c t i o n  g o v e r  
t h e i r  r e s p e c t i v e  e i g e n v a l u e ' s  dom ain ,  e q u a t i o n  ( 3 . 5 )  may be  
w r i t t e n  e x p l i c i t l y  a s  ( s e e  A p p e n d ix  l a ) :
- 1
4tt‘
2 . 2 ,G(R; to) = — j  (j> dv g^ (<J>, <|>' ;v ) cj> dft g ^ ( z , z ' ; f i  ) g T. ( r , r , ;T ,v  ) ,
( 3 . 6 )
2 2 2 w h e re  r = [<o/C(z)] -Q . I n  t h i s  e x p r e s s i o n  g^ and  g z a r e
c a l l e d  m oda l  G r e e n ' s  f u n c t i o n s  and  g^ i s  c a l l e d  t h e  c h a r a c t e r ­
i s t i c  G r e e n ' s  f u n c t i o n ;  a l l  t h r e e  a r e  o n e - d i m e n s i o n a l  i n  t h e  
s e n s e  t h a t  e a c h  i s  a  f u n c t i o n  o f  one  s p a t i a l  c o o r d i n a t e  o n l y .  
Th e se  f u n c t i o n s  a r e  e v a l u a t e d  by  t h e  e x p r e s s i o n  ( s e e  A ppend ix  
l b ) :
A+ ( a ) A _ ( a ' )
g ( a , a ' ; h  ) = -------- -------- ---------  , ( 3 . 7 )
a  a  p ( a ' ) A ( a ’ , h a )
w h e re  A+ (a )  i s  s y m b o l i c  f o r  t h e  two l i n e a r l y  i n d e p e n d e n t  
s o l u t i o n s  t o  e a c h  o f  t h e  e q u a t i o n s  ( 3 . 4 ) ,  h  i s  t h e  a p p r o p r i a t e
a
e i g e n v a l u e  f o r  t h e  g i v e n  c o o r d i n a t e  d i r e c t i o n  a ,  +  d e p e n d s  on  
w h e t h e r  a  > a ' ,  A i s  t h e  W ro n s k ia n  o f  t h e  two i n d e p e n d e n t
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s o l u t i o n s :
dA dA,
A = <A+ i t  - A-  s r >  >
and  p ( a )  i s  a  f u n c t i o n  o f  t h e  s t a n d a r d  S t u r m - L i o u v i l l e  e q u a t i o n ,  
n a m e l y :
^  J a  " +  h aw ( a ) ] A (a ) = 0
w h e re b y  c o m p a r i s o n  w i t h  e q u a t i o n  ( 3 . 4 )  shows t h a t :
2 2 p ( r )  = r  q ( r )  = -v / r  h r  = r  w ( r )  = r
P ((f)) = 1 q(4>) = 0 h^ = V2 w(  <))) = 1
p ( z )  = 1 q ( z )  = 0 h  = ^  w (z )  = 1z
( 3 . 8 )
F o r  t h e  c o n s t r u c t i o n  o f  t h e  r a d i a l  c h a r a c t e r i s t i c  
G r e e n ' s  f u n c t i o n  gr  one  may u s e  t h e  f o l l o w i n g  two l i n e a r l y  
i n d e p e n d e n t  s o l u t i o n s  o f  e q u a t i o n  ( 3 . 4 a ) :  t h e  c y l i n d r i c a l
B e s s e l  f u n c t i o n  J v ( F r )  and  t h e  H a n k e l  f u n c t i o n  o f  t h e  s e c o n d  
k i n d  H ^ j ^ ( r r ) .  From ( 3 . 8 )  one  h a s  p ( r ' )  = r 1 and  t h e  
W ro n s k ia n  f o r  t h e s e  two s o l u t i o n s  i s  t a b u l a t e d  a s :  A ( r ' )
= A [ J v ( r r ' ) ,  H ^ ^ ( r r ' ) ]  = - i 2 / i r r ' .  T h e r e f o r e  e q u a t i o n  ( 3 . 7 )  
f o r  t h i s  c a s e  i s :
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= -3jr- J v ( r r ' ) H f ) ( r r )  ,
( 3 . 9 )
r ' ( - i 2 / i r r ' )
w h e re  i s  c h o s e n  t o  b e  e v a l u a t e d  a t  t h e  s o u r c e  p o i n t  r  = r '
w here  ev = 1 f o r  v = 0 and  2 f o r  a l l  o t h e r  v .
The d e p t h  m oda l  G r e e n ' s  f u n c t i o n  g i s  c o n s t r u c t e d  
f rom  t h e  i n d e p e n d e n t  s o l u t i o n s  o f  e q u a t i o n  ( 3 . 4 c ) .  No a n a l y t i c  
s o l u t i o n s  t o  t h i s  e q u a t i o n  e x i s t  f o r  r e a l i s t i c  f u n c t i o n s  C ( z ) .  
T h e r e f o r e  e x a c t  s o l u t i o n s  m u s t  be  e v a l u a t e d  n u m e r i c a l l y  o r  
some a n a l y t i c  a p p r o x i m a t i o n  may b e  u t i l i z e d .  From ( 3 . 8 )  one  
h a s  p ( z ' )  = 1 and  h e n c e  t h e  g e n e r a l  fo rm  o f  g i s :
Zi
s i n c e  l a t e r  one  c o n s i d e r s  r 1 = 0 f o r  c o n v e n i e n c e  and  i sv
u n d e f i n e d  t h e r e .
The a z i m u t h a l  m oda l  G r e e n ' s  f u n c t i o n  g,  f o r  a<P
p e r i o d i c i t y  i s  w r i t t e n  f o r  i n t e g r a l  v a l u e s  o f  v r
><f>' ; v 2) = - c o s [ v  ( i r - |  <j>-(j)' | ) ] / 2 v s in v r r  . ( 3 . 1 0 a )
The c o r r e s p o n d i n g  d e l t a  f u n c t i o n  i s  w r i t t e n :
_ i f  9  1
5 ((f)-4>' )  = °  dv g <j> = tF I oe v c o s v ( <f>-(f) ' )  » ( 3 . 1 0 b )
gz(z,z';ft2) =
-Z+ ( z , £2)Z_(z ' , ft)
+ (3.11a)
A (z  ' , ft)
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w here  t h e  f u n c t i o n  Z_ s a t i s f i e s  t h e  b o t t o m  b o u n d a r y  c o n d i t i o n ,  
Z_j_ s a t i s f i e s  t h e  t o p  b o u n d a r y  c o n d i t i o n ,  and  +  d e p en d s  on 
w h e t h e r  z £ z 1. The c o r r e s p o n d i n g  d e l t a  f u n c t i o n  i s  e v a l u ­
a t e d  by:
6 ( z - z  ' )  = 2 t t i dfi2g ( z , z ' ; ^ )  ; w i t h  ft2 = (w/C ) 2 -  r 2 z
s M  d r ^ g z ( z , z ' ; r ^ )
z i  ( z , r ) z _ ( z ' , r )
*j i |
yf—r- o d r 2 _ z ------------------------ . c o n t o u r  e n c l o s e s  a l l  t h e
A ( z ' , r )  z e r o s  o f  A, i . e . ,  A(T) = 0
- J i
(r2- r 2)z + ( z , r ) _ ( z ' , r )
11 -  + ________
A(z ' , r )
; f o r  s i m p l e  p o l e s  
9 9 o f  A, i . e . ,
r2 + r2 A(rn ) = o
„ z+ ( z , r ) z _ ( z ' , r )
_ I _ z  ±-----------
n = l  — 2 _ [ A ( z '  , r )]
9 ( r2)
; by L ' H o p i t a l ' s  r u l e
= -2 I r.
z± ( ^ r n) z _ ( z ' ; rn )
n = l  n  ^ r [ A ( z ' , D ]
( 3 . 1 1 b )
r rn
Combining  t h e  r e s u l t s  o f  ( 3 . 1 0 b ,  l i b ,  an d  9) i n t o  ( 3 . 5 )  one  
o b t a i n s :
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z ,  ( z , r  ) z  ( z 1,r )-v 00 ~ + '  » n '  x  • n '  / o \
G(R;u)  = i  I  e co sv (<f>-<(.*) £------  ±--------------- r„J„(rnr ' ) H ^ ; ( r nr)
v=0 v n = l  ^ r [ A ( z ' , D ]
n
( 3 . 1 2 a )
Now i f  one  a s su m e s  a z i m u t h a l  symmetry  (v ->■ 0) and  t h e  c o o r d i n a t e  
s y s t e m  i s  r e f e r e n c e d  so t h a t  r ’ = 0,  t h e n  ( 3 . 1 2 a )  r e d u c e s  t o :
G(R;to) i I rnH<2>(rnr) ^  
n _ 1  3T
z + ( o . r n ) z  ( Z ' , r n )
+
[ a (z ',  r) ]
( 3 .1 2 b )
r tn
w h e re  t h e  sum m at ion  i s  o v e r  t h e  z e r o s  o f  A a n d  u s e  h a s  b e e n  
made o f  t h e  f a c t  t h a t :  J Q( 0 ) = 1 • F o r  c o n s i d e r a t i o n  o f  l o n g -
r a n g e  p r o p a g a t i o n ,  one  may a l s o  e x p r e s s  t h e  G r e e n ' s  f u n c t i o n  a s :
-> 9 n 1 / 2
G(R;u)  = i ( ^ )  I r y 2e
n = i 9 r [ a ( z ' ,  r ) ]
n
( 3 . 1 2 c )
w h e re  t h e  f a r - f i e l d  a p p r o x i m a t i o n  f o r  t h e  z e r o t h - o r d e r  H anke l  
f u n c t i o n  h a s  b e e n  u s e d ;
H( 2 ) ( r r ) v ( 2 / n T r )  l / 2 e _1 ( r r "Tr/ 4 )  ; Tr >> 1
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The f i n a l  s t e p  now i s  t o  e v a l u a t e  t h e  f u n c t i o n s  Z+ 
s u c h  t h a t  t h e y  s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s  f o r  a  p a r t i c ­
u l a r  p r o b l e m .
Two P r e l i m i n a r y  P r o b le m s  ( f ro m  t h e  l i t e r a t u r e )
Two p r e l i m i n a r y  p r o b l e m s  s t u d i e d  by  L e i b i g e r  [2 6 ]  w i l l  
now be  p r e s e n t e d  a s  a  l e a d - u p  t o  t h e  s h a l l o w  o c e a n  p r o b l e m ,  
f o r  w h ic h  a n  i d e a l  f l u i d  w i t h  a  so und  p r o f i l e  and  v i s c o e l a s t i c  
s u b b o t t o m  a r e  c o n s i d e r e d .  The f i r s t  p r e l i m i n a r y  p r o b l e m  
a d d r e s s e s  a n  i d e a l  f l u i d  w i t h  a  c o n s t a n t  sound  s p e e d  and  a  
r i g i d  s o l i d  b o t t o m .  The s e c o n d  c o n s i d e r s  a n  i d e a l  f l u i d  w i t h  
a  so u n d  p r o f i l e  a n d  a  b o t t o m  b o u n d a r y  a t  i n f i n i t y .  The f i r s t  
p r o b l e m  h a s  an  e x a c t  s o l u t i o n  w h i l e  t h e  s e c o n d  w i l l  d e p en d  on 
an  a p p r o x i m a t e  s o l u t i o n .  The a p p r o x i m a t i o n  v a l i d  f o r  s u f f i ­
c i e n t l y  h i g h  f r e q u e n c i e s  t h a t  was d e v e l o p e d  i n  c o n j u n c t i o n  
w i t h  g e o m e t r i c a l  o p t i c s  i s  known i n  l i t e r a t u r e  by  t h e  name 
o f  WKB o r  W e n z e l , K r a m e r s , B r i l l o u i n  a p p r o x i m a t i o n s  t o  t h e  
s o l u t i o n s  o f  wave e q u a t i o n s ,  and  w i l l  be  u s e d  h e r e .
P r o b le m  1: I d e a l  F l u i d - - C o n s t a n t  Sound S p e e d - -R ip ; id  S o l i d
Bottom
As a n  i n t r o d u c t i o n  t o  t h e  m e t h o d o l o g y  t h i s  s i m p l e r  
p r o b l e m  i s  c o n s i d e r e d  i n  w h ic h  a s y m p t o t i c  m e th o d s  a r e  n o t  
n e e d e d  f o r  i t s  c o m p le t e  s o l u t i o n .  The r e s u l t s  o b t a i n e d  a r e  
a l s o  u s e f u l  i n  c l a r i f y i n g  d i s c u s s i o n s  o f  t h e  a s y m p t o t i c  
a p p r o x i m a t i o n s  t o  be  d e r i v e d ,  p a r t i c u l a r l y  t h e  p h y s i c a l  
i n t e r p r e t a t i o n s  t o  be  g i v e n  t h e  n o r m a l  modes .
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C o n s i d e r  g u i d e d  p r o p a g a t i o n  o c c u r r i n g  i n  a  homogeneous 
medium, o f  c o n s t a n t  p r o p a g a t i o n  v e l o c i t y  C, b o u n d e d  by  t h e  
s u r f a c e  z = 0 and  a  r i g i d  s o l i d  b o t t o m  a t  t h e  d e p t h  z = H.
The c o r r e s p o n d i n g  e i g e n v a l u e  p r o b l e m  i s  d e f i n e d  by  t h e  f o l l o w ­
i n g  d i f f e r e n t i a l  e q u a t i o n  w i t h  s u i t a b l e  b o u n d a r y  c o n d i t i o n s :
j 2 2 0
LZ = ( - % .  + % )  Z = rzz 
dz CZ
Z(z=0)  = 0 3 § ( z=h) = 0 0 . 1 3 )
w h e re  L i s  t h e  d i f f e r e n t i a l  o p e r a t o r .  T h i s  p r o b l e m  h a s  
r e c e i v e d  c o n s i d e r a b l e  a t t e n t i o n  i n  t h e  l i t e r a t u r e .  Two 
l i n e a r l y  i n d e p e n d e n t  s o l u t i o n s  t o  ( 3 . 1 3 )  a r e :
Z ( z )  = e ± i n z  ,
2
2  to 2w h e re  fi ( r )  = — - r . A l t e r n a t e  s o l u t i o n s  a r e  o b t a i n e d  by  
Cz
a p p r o p r i a t e  l i n e a r  c o m b i n a t i o n s  o f  t h e s e  s o l u t i o n s  and  a r e  t h e
f a m i l i a r  s i n e  and  c o s i n e  f u n c t i o n s  t h a t  r e a d i l y  c o n fo rm  t o  t h e
g i v e n  b o u n d a r y  c o n d i t i o n s .  U s ing  ( 3 . 7 )  w h e re  h e r e  p ( z ' )  = 1
and A ( z ' )  = - f tcos( f tH) ,  t h e  G r e e n ' s  f u n c t i o n  f o r  t h e  o p e r a t o r  
2
( L - f  ) i s  c o n s t r u c t e d  t o  b e :
g z ( z , z ' ; r 2 ) =
- s i n ( ^ z <) c o s [ Q ( H - z >) ]  ( 3 . 1 4 a )
J2cos (QH)
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w h e re  z < o r  z > i s  t h e  l e s s e r  o r  g r e a t e r  o f  z and  z 1, and  t h e  
b o u n d a r y  c o n d i t i o n s  a r e  s a t i s f i e d .  The s p e c t r a l  r e p r e s e n t a ­
t i o n  o f  t h e  d i f f e r e n t i a l  o p e r a t o r  L i s  o b t a i n e d  by  i n t e g r a t i o n
2 2 ° f  ) a b o u t  a  s u i t a b l e  c l o s e d  c o n t o u r  i n  t h e  T - p l a n e ,z
T h i s  e v a l u a t i o n  i s  a c c o m p l i s h e d  by  ( s e e  A p p e n d ix  l a ) :
«<*-*■> -  ^ dft2g z ( z , z ’ ;f22 ) = dr2gz ( z , z ' ; T 2)
( 3 . 1 4 b )
C o n v e r t i n g  t o  an  i n t e g r a t i o n  i n  t h e  T - p l a n e ,  one  c u t s  t h e  
2
T - p l a n e  a l o n g  some a p p r o p r i a t e  r a y  f rom  t h e  o r i g i n  and  
d e f i n e  r  by  t h e  c o n d i t i o n  t h a t :
T2 r e a l ,  > 0  r  = +  | ( r 2 ) 1 / 2 |
T2  r e a l ,  < 0  r  =  - i K r 2 ) 1 / 2 !
2
w h ic h  i n v o l v e s  a n  a r b i t r a r y  c h o i c e  o f  ± i  f o r  T < 0  b u t  d e t e r ­
m in e s  t h e  c o n t o u r  r e q u i r e d  f o r  c o n v e r g e n c e . S i n c e  t h e  e i g e n -  
2
v a l u e s  r a r e  known t o  b e  r e a l - v a l u e d  f o r  t h i s  s e l f - a d j o i n t
p r o b l e m ,  t h e  v a l u e s  o f  r  a p p e a r  on  t h e  p o s i t i v e  r e a l  a x i s  and
n e g a t i v e  i m a g i n a r y  a x i s  o f  t h e  T - p l a n e .  T h e se  v a l u e s  c o r r e -
2sp ond  t o  t h e  p o l e s  o f  g ( z , z ' ; r  ) o r  e q u i v a l e n t l y  t h e  z e r o s  o fz
o
co s ( f iH ) .  R e a l i z i n g  d r  = 2rdT t h e n  t h e  i n t e g r a l  above  becomes 
t h e  f o l l o w i n g  i n  t h e  T - p l a n e :
<5 ( z - z  1) = |  dr r g z ( z , z ' ; r 2 ) (3.14c)
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w here  t h e  c o n t o u r  e n c l o s e s  a l l  t h e  s i n g u l a r i t i e s  o f  g ( z , z ' ; T  )
2I n  a d d i t i o n  t o  t h e  z e r o s  o f  c os ( f tH ) ,  g ( z , z ' ;T ) may p o s s e s s  a
Z
* 2 X /  2s i n g u l a r i t y  a t  t h e  b r a n c h  p o i n t  o f  ft[ = ( ^ 5- -  F ) ] l o c a t e d
+ C on t h e  r e a l  a x i s  a t  r  = . T h i s  s p e c t r a l  r e p r e s e n t a t i o n
2
may be  e v a l u a t e d  by i n t e g r a t i n g  g ( z , z ' ; T  ) o v e r  t h e  c o n t o u rz
shown i n  f i g u r e  5 .  T h i s  i n t e g r a l  r e d u c e s  t o  a  sum m ation  o f  
r e s i d u e s  and  a  p o t e n t i a l  c o n t r i b u t i o n  a r o u n d  t h e  b r a n c h  c u t .  
However t h e  b r a n c h  c u t  i n t e g r a l  does  n o t  c o n t r i b u t e  b e c a u s e  
t h e  i n t e g r a n d  i s  an  e v e n  f u n c t i o n ,  and  s i n c e  t h e  a r g u m e n t  o f  
ft d i f f e r s  by  tt a c r o s s  t h e  c u t ,  t h e  upward  i n t e g r a t i o n  e x a c t l y  
c a n c e l s  t h e  downward i n t e g r a t i o n .  The r e s i d u e  t e r m s  a r i s e  
f rom  t h e  c o n t r i b u t i o n s  o f  t h e  z e r o s  o f  co s ( f tH ) ,  w h ic h  a r e  
e v a l u a t e d  i n  t h i s  m a n n e r :
ftH = (n  -  jj-)ir
o r n ■ {
<g)2 - n 2}
1/ 2 (£)2-[
(n
n  = 1 , 2 , . . .
i 1 / 2
H
-] n  = 1 , 2 ,
t h e r e f o r e
2 r 2
( £ ) M
H
1/2
n =  -1 H
■] - e g ) '
1 / 2
n  “  n o+ 1 ’n o+2.
w here  n Q i s  t h e  l a r g e s t  i n t e g e r  s u c h  t h a t  r  > 0 .  B ecau se
Im
Re
B r a n c h  point
Z e r o e s  of 
c o s  ( l i  H)
B r a n c h  cu t
-CD
F i g u r e  5 D e f i n i t i o n  o f  t h e  r - c o n t o u r
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o f  t h e  two i d e n t i t i e s :
cos {n (rn)[H-z]> = ( - l ) n"^sin[ft(rn)z]
{£Hr)cos[ft(r)H]} ( _ D n+1Hr.n
; f o r  u s e  i n  ( 3 . 1 4 )
iM-r
t h e n  t h e  s p e c t r a l  r e p r e s e n t a t i o n  o f  t h e  o p e r a t o r  L i s  e x p r e s s e d
6 ( z - z  1) = TTl dr rgz ( z , z 1; r2)
l= [2-rri £ T R e s i d u e s ]  
n = l
n
[_sin[f2(rn) z ] s i n [ n ( r Ti) z ' ]
n = l n '
H I s i n [^ ( r n ) z ] s i n [ a ( r Ti) z ' ]n=n +1  o
n '
w h ic h  c o r r e s p o n d s  t o  ( 3 . 1 1 b ) .  The f i n a l  r e s u l t ,  c o r r e s p o n d i n g  
t o  ( 3 . 1 2 b )  i s  w r i t t e n :
n
G(R;oj) = %• I { H ^ ; (rnr ) s i n [ f i ( r n) z ] s i n [ f i ( r n) z ' ]  } 
n=l
r ( 2 )
+ 2 iw  I  {H^2 ^(T r ) s i n [ f i ( T  ) z ] s i n [ ^ ( r  ) z ' ]  ( 3 . 1 5 )
n n=nQ+ l  °  n  n  n
( 2 )
U sing  t h e  f a r - f i e l d  a p p r o x i m a t i o n  f o r  ( r n r ) ° f  ( 3 . 1 2 c )
i t  i s  s e e n  t h a t  t h e  modes w i t h  r e a l  e i g e n v a l u e s  r e p r e s e n t
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waves  p r o p a g a t i n g  o u t w a r d  i n  t h e  r a d i a l  ( h o r i z o n t a l )  d i r e c t i o n  
w i t h  a  p h a s e  v e l o c i t y  0n  = w / r  . The modes w i t h  n e g a t i v e  
i m a g i n a r y  e i g e n v a l u e s  p o s s e s s  no  p r o p a g a t i n g  c h a r a c t e r i s t i c s  
( e x p o n e n t i a l  s p a t i a l  d e c a y ,  e ”Y^ ) .
P r o b le m  2: I d e a l  F l u i d - - S o u n d  P r o f i l e - - N o  Bot tom  B oundary
The p r e c e e d i n g  p r o b l e m  e x e m p l i f i e s  how t h e  p o t e n t i a l
o r  G r e e n ' s  f u n c t i o n  G(R;oj) may be  i n t e r p r e t e d  a s  a  sum m ation
o f  n o r m a l  m odes .  I n  t h i s  p r e s e n t  exam ple  how ever  t h r e e
s e p a r a t e  s u b s e t s  o f  n o r m a l  modes o c c u r  c o r r e s p o n d i n g  t o
2d i f f e r e n t  a n a l y t i c  a p p r o x i m a t i o n s  o f  g ( z . z ' j T  ) o b t a i n e dz
w h ic h  a r e  v a l i d  o v e r  v a r i o u s  i n t e r v a l s  o f  t h e  r e a l  a x i s  i n
t h e  r - p l a n e .  The p h y s i c a l  i n t e r p r e t a t i o n  o f  t h e  n o r m a l  modes
l e a d s  t o  a  p a r t i c u l a r  t y p e  o f  s t a n d i n g  wave f u n c t i o n  i n  t h e
z - c o o r d i n a t e  f o r  e a c h  s u b s e t  o f  n o r m a l  m odes .
I f  one  a ssu m es  t h a t  t h e  so u n d  p r o f i l e  C(z )  h a s  no  z e r o s ,  
2
t h e n  i t  f o l l o w s  t h a t  ft ( z , T) i s  a n  a n a l y t i c  f u n c t i o n  o f  z and
T f o r  a l l  z and  T e x c e p t  t h e  c o r r e s p o n d i n g  p o i n t s  a t  i n f i n i t y .
2
As a r e s u l t ,  g ( z , z ' ;  T ) i s  a ssum ed  t o  o n l y  p o s s e s s  s i m p l e
p o l e  s i n g u l a r i t i e s .  Due t o  t h e  l a c k  o f  b r a n c h  p o i n t  s i n g u l a r -
2
i t i e s  i n  g „ ( z , z ' ; r  ) t h e  t o t a l  s p e c t r u m  i s  d i s c r e t e .  FromZ v
p h y s i c a l  r e a s o n i n g ,  s i n c e  t h e  w a v e g u id e  c o n t a i n s  t h e  t o t a l
e n e r g y  i n s i d e  a  f i n i t e  z - r e g i o n ,  no a t t e n u a t i o n  o f  t h e  o u tw a r d
p r o p a g a t i o n  i s  p o s s i b l e ,  and  c o n s e q u e n t l y  t h e  e i g e n v a l u e s  Tn
2
f o r  t h i s  p r o b l e m  a r e  r e a l - v a l u e d .  The p o l e s  o f  g ( z , z ' ; F  )z
a r e  t h e r e f o r e  l o c a t e d  on  t h e  r e a l  a x i s  o f  t h e  r - p l a n e .
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The p r o b l e m  t h a t  d e f i n e s  t h e  G r e e n ' s  f u n c t i o n  i s  c o n ­
v e n i e n t l y  w r i t t e n  f o r  t h i s  c a s e  a s  [w here  o p e r a t o r  L h a s  b e e n  
d e f i n e d  i n  e q u a t i o n  ( 3 . 1 3 ) ] :
2
( L - r 2 )Z = [ - ^ r  +  ft2 ( z , r ) ] Z ( z )  = 0 
dz
Z (z=0)  = 0 Z(z-*») -»■ 0 ( 3 . 1 6 a )
S i n c e  t h e  so und  s p e e d  v a r i e s  w i t h  d e p t h  i n  a  n o n - r e g u l a r  way, 
t h e  f u n c t i o n  ft ( z , T )  does  n o t  a l l o w  f o r  an  e x a c t  a n a l y t i c a l  
d e s c r i p t i o n  f o r  t h e  s o l u t i o n  Z. The s o l u t i o n  Z m u s t  b e  s o l v e d  
f o r  n u m e r i c a l l y  by  a  d i g i t a l  c o m p u te r  o r  by  some a p p r o x i m a t e  
a n a l y t i c a l  m e th o d .  Here  t h e  l a t t e r  c h o i c e  i s  made and  a p p r o x i ­
m a t i o n  t e c h n i q u e  em ployed  i s  t h a t  due t o  W enze l ,  K ra m e rs ,  and  
B r i l l o u i n  (WKB) [ s e e  A p p e n d ix  I l l b ] . The a p p r o x i m a t e  s o l u ­
t i o n  i s  [ 3 0 ] :
Z ( z )  = fi"1 / 2 [Ae1 ?+Be“ :L?] w h e re  £ = j f t ( z , r ) d z
To c o n v e n i e n t l y  d e f i n e  ft, f i r s t  d e f i n e  t h e  p h a s e  v e l o c i t y  
6 ( T )  =  w / r  and  t h e n  one may w r i t e  e q u i v a l e n t l y :
ft2 ( z , r )  = -  \ )  = r 2 [ ( | ) 2 - l ]  ( 3 .1 6 b )
C 6
S i n c e  r  i s  c o n s i d e r e d  a  com plex  q u a n t i t y ,  t h e r e  i s  a  b r a n c h  
p o i n t  o f  ft i n  t h e  r i g h t  h a l f  o f  t h e  com plex  F - p l a n e  w here
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r = u / C .  See  f i g u r e  6 f o r  t h e  d i a g r a m  d e f i n i n g  f t ( z , r ) .  
A c c o r d i n g  t o  t h i s  c o n v e n t i o n ,  w h e n e v e r  r  i s  r e a l
f t ( z , r )  = + r e e l ) 2 - ! ] 1 / 2 when ft2 > 0
f t ( z , r )  = -  i r [ l —(^-)2 ] 1 / 2 = - i | f t |  when ft2 < 0 .
As shown i n  f i g u r e  7 g i v e n  v a l u e  o f  6 (T) f o r  r e a l  T i n t e r ­
s e c t s  t h e  sound  v e l o c i t y  p r o f i l e  C (z )  i n  a number  o f  p o i n t s  
an d  t h e r e b y  d i v i d e s  t h e  z - o r d i n a t e  i n t o  a  number  o f  i n t e r v a l s  
i n  w h ic h  t h e  s i g n  o f  ft ( z , T )  r e m a i n s  u n c h a n g e d  w i t h i n  e a c h  
i n t e r v a l .  I n  t h e  WKB t e r m i n o l o g y  t h e s e  p o i n t s  o f  i n t e r s e c ­
t i o n  a r e  t u r n i n g  p o i n t s  f o r  t h e  d i f f e r e n t i a l  e q u a t i o n  ( 3 . 1 6 ) .  
F o r  t h e  f i g u r e  shown and  c h o i c e  o f  8 (T) t h e r e  a r e  t h r e e  t u r n ­
i n g  p o i n t s ,  z = an , n  = 1 , 2 , 3  and  a s  a  c o n s e q u e n c e  t h r e e  
r e g i o n s  h a v e  b e e n  d e f i n e d .  I n  e a c h  r e g i o n ,  f u n d a m e n t a l  s o l u ­
t i o n s  t o  e q u a t i o n  ( 3 . 1 6 a )  may b e  w r i t t e n  as  a  l i n e a r  c o m b in a ­
t i o n  o f  two WKB a p p r o x i m a t i o n s .  The a r b i t r a r y  c o n s t a n t s  i n  
e a c h  r e p r e s e n t a t i o n  may b e  a p p r o p r i a t e l y  s e l e c t e d  by  t h e
b r i d g i n g  c o n d i t i o n s  so  t h a t  t h e  e x t e n s i o n  o f  one  r e p r e s e n t a -
2t i o n  a c r o s s  a  t u r n i n g  p o i n t  ft = 0 i s  c o r r e c t .
F i r s t  one  may d e f i n e  v a r i o u s  e x p r e s s i o n s  f o r  r e a l  r
2
o v e r  z - i n t e r v a l s  i n  w h ic h  ft > 0 :
^ ( z . r )  =
a l




f t ( z , T ) d z  ,
a2
53<z,r)  = f t( z , r ) dz
z
B ra n c h  cu t
2 1 / 2F i g u r e  6 D e f i n i t i o n  o f  [fl ( z , r ) ]  , w h e re  t h e  f r a c t i o n s
i n d i c a t e  a r g u m e n ts  o f  Q(z,r)  on  e i t h e r  s i d e  o f  t h e  
b r a n c h  c u t  an d  on t h e  r e a l  a x i s .  B ra n c h  c u t  i s  
l o c a t e d  a t  ^2 = 0 ,  i . e . ,  w h e r e  r  = to/C.
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Z = 2 k —
Region m
22 2(JL)
O s c i l l a t o r y  JO < z < a-
n2 > o \a.2 < z < otg
Damped 
Q2 < 0
a-  ^ < z <
< z < ■»
F i g u r e  7 T h e o r e t i c a l  so u n d  s p e e d  p r o f i l e  w i t h  r  c h o s e n  
t o  show t h r e e  t u r n i n g  p o i n t s  a t  z = a - ,  j  = 1 , 2 , 3
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i n  w h ic h  ^ < 0 :
| n ( z , r ) | d z  , |?2 ( z , r )  | = | n ( z , r ) | d z  ,
U 3 ( z , r )  | = | fi(z , r) | dz .
a.
The g e n e r a l  fo rm  o f  t h e  r e q u i r e d  l i n e a r  c o m b i n a t i o n s  o f  f u n d a ­
m e n t a l  s o l u t i o n s  a r e :
R eg io n  I :
- 1 / 2  ^ ( z . r )  - i 5 1 ( z , r )
n ( z , r )  ' [A1e H-B^e
Z ( z , T )  = ■
e 17T/ 4 | f i ( z , r )  | " 1 /,2 [C1e ^
].
I ^ C z . r )  |
0 <z<an
]» a 1 <z 
( 3 . 1 7 a )
R eg io n  I I :
Z ( z , r )  =
i iT/4i  , , - i / 2 P l ?2^z , r ^l “ | C2 ( z >r ) le ' | J2(z, T) | '  [C2e +D2e ] ,  z <«2
-1 /7  i -?o(z,r)  - i ? 2 ( z , r )





- U 3 ( z , r )
z<a^
Z(z , r)  = ■
+D3e
- |  C3 ( z , r ) |
] ,  a 3 <z
( 3 . 1 7 c )
i n  w h ic h  t h e  (An , Bn , Cn , D ) ,  n  = 1 , 2 , 3  a r e  c o n s t a n t s  t o  be  
r e l a t e d  by t h e  f o l l o w i n g  b r i d g i n g  c o n d i t i o n s  ( s e e  A p p e n d ix  
H i d )  :
n e a r  e a c h  t u r n i n g  p o i n t ,  z = an .
The G r e e n ' s  f u n c t i o n  g i s  c o n s t r u c t e d  f ro m  t h e  f u n d a -° z
m e n t a l  s o l u t i o n s  a b o v e .  One s u c h  s o l u t i o n  i s  d e n o t e d  Z_ and
s a t i s f i e s  t h e  b o u n d a r y  c o n d i t i o n  a t  z = 0 , w h i l e  t h e  o t h e r  i s
d e n o t e d  Z+ and s a t i s f i e s  t h e  r e q u i r e d  c o n d i t i o n  a t  z = ®. The
9 2 2c o n s t r u c t i o n  i s  i n  t h e  fo rm  o f  ( 3 . 1 1 a )  w i t h  ft = [(to/C) - r  ] .
To e x e m p l i f y  t h e  u s e  o f  e x p r e s s i o n  ( 3 . 1 7  an d  1 8 ) ,  t h e  f o l l o w ­
i n g  c a s e  i s  c o n s i d e r e d .  As an  a r b i t r a r y  c h o i c e  one c o n s i d e r s  
h e r e  t h a t  t h e  s o u r c e  l i e s  i n  R eg io n  I  (0  < z 1 < z^ )  o f  F i g u r e  
7 .  The c h o i c e  o f  C = 3 ( 0  w i l l  be  a s  i n  F i g u r e  7 so t h a t  t h e r e  
a r e  t h r e e  t u r n i n g  p o i n t s  z = a , n  = 1 , 2 , 3 .  So one  n e e d s  t o  
e v a l u a t e  Z+ ( z , f )  an d  Z _ ( z ' , 0  s i n c e  z > z ' .
n  = 1 , 2 , 3 ( 3 . 1 8 )
iA.n
2
S u b j e c t  t o  t h e  c o n d i t i o n  t h a t  ft ( z , f )  b e h a v e s  l i n e a r l y  i n  z
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The f u n c t i o n  Z+ ( z , r )  i s  d e t e r m i n e d  a s  f o l l o w s :  From
( 3 . 1 7 c )  i t  i s  c l e a r  t h a t  t o  s a t i s f y  t h e  b o t t o m  b o u n d a r y  
c o n d i t i o n ,  i . e . ,  Z+ (<»,r) ->■ 0,  one  m u s t  h a v e  C3 = 0.  The c h o i c e  
o f  i s  t h e n  a r b i t r a r i l y  c h o s e n  t o  be = e - '7'77^ .  U s in g  t h e  
b r i d g i n g  c o n d i t i o n s  o f  ( 3 . 1 8 ) ,  one  o b t a i n s  ^
and  Bg = 0 + iA^ = e ^ 77^ ,  h e n c e  Z+ ( z , r )  i n  R eg io n  I I I  ( 3 . 1 7 c )  
i s  c o m p l e t e l y  s p e c i f i e d .  The c o e f f i c i e n t s  f o r  R eg io n  I I  a r e  
e v a l u a t e d  by e q u a t i n g  t h e  e x p r e s s i o n  on e i t h e r  s i d e  o f  z = z^  
s i n c e  t h e  s o l u t i o n s  o n l y  ch an g e  a c r o s s  t u r n i n g  p o i n t s .  W i th
t h e  d e f i n i t i o n  £ ( a 2 , a 3 , r )  =
r a. 2
Q( z ,  T)dz  t h e n  i t  f o l l o w s  t h a t :
a 2
S3 ( z , r )  = £(ct2 ,a 3 ,r )  -  52 ( z , r )  .
S u b s t i t u t i o n  o f  t h i s  i n t o  t h e  a p p r o p r i a t e  s o l u t i o n  f o r  R eg io n  
I I I ,  y i e l d s  t h e  A2 and  B2 o f  R eg io n  I I :
~i£  ( a 2 , a 3 > T) in- /4  ~ ’ ^3 ’
A 2 = B 3 e  “ e  e
B2 = A3e
i E, (ot2  > ^ 3  > 1 )  _ i ' j j / 4  ^  ( a 2 > a 3  > T)
One u s e s  t h e  b r i d g i n g  c o n d i t i o n s  ( 3 . 1 8 )  t o  c r o s s  t h e  t u r n i n g  
p o i n t  a 2 t o  e v a l u a t e  C2 and  D2 :
C2  =■ B 2 -  i A 2  = Z e ' ^ ^ c o s  £ ( a 2 , a 3 , r )
,  .  ,  _ i » / 4  - i 5 (“ 2 ’“ 3 ' r >C£ ~ A2 ~ 6 6
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Now t h e  s o l u t i o n  Z^ _ i n  R eg io n  I I  i s  c o m p l e t e l y  s p e c i f i e d .
P r o c e e d i n g  i n t o  R eg io n  I I  s i m i l a r l y ,  o n e  d e f i n e s  | 5(cu ,a«  , r )  
-a2 _  _
| J 2 ( z , r ) | d z  and  t h e n  i t  f o l l o w s  t h a t :
a n
|S2 ( z , r ) |  = U ( a 1 ,a2 , r ) |  - U 1 ( z , r ) |  .
S u b s t i t u t i o n  o f  t h i s  i n t o  t h e  a p p r o p r i a t e  s o l u t i o n  f o r  R eg io n  
I I ,  y i e l d s  t h e  C-^  and  D-^  o f  R eg io n  I  f rom  c o m p a r i s o n  w i t h  
t h e  r e p r e s e n t a t i o n  f o r  z < a 2 o f  R e g i o n  I I .  I t  f o l l o w s  t h a t :
i i r / 4  “ i ? ( 0t2 ’a 3 , r )  - | ? ( a 1 , a 2 , T) |
-iir/4 | ? ( a 1 ,a2 , D
Djl = 2e cos  5(ct2 , a 3 , r ) e
The b r i d g i n g  c o n d i t i o n s  once  a g a i n  a r e  u s e d  t o  y i e l d :
-iir/4 v U ( a i » o i 2 ,r ) |
A-^  = D-^  = 2 e { c o s ? ( a 2 , a 3 , T)e  }
r  r  4. - a  i7T/ 4 r  ■? ( a 2 , a 3 , r ) o “ ^ ( a l ’ 0t2 ’ r )  I 
1 = 1 1 = e ( e  e
| ? ( a ,  , a ? , T ) |
+  2 c o s ? ( a 2 , a 3 , T)e  }
C o n s i s t a n t  w i t h  t h e  h i g h - f r e q u e n c y  a s s u m p t i o n  o f  t h e  WKB 
s o l u t i o n s ,  one  may u s e  t h i s  same a s s u m p t i o n  t o  s t a t e  [ n o t e  
t h a t  r-*» a s  a)->oo] ;
l i m  | 5 ( a ,  , a ? , D  | + °°P->00 J-
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i n  o r d e r  f o r  t h e  f i r s t  t e r m  i n  t h e  above  e x p r e s s i o n  f o r  B-^  t o  
v a n i s h .  I n  t h e  a s y m p t o t i c  s e n s e ,  i t  i s  t h e n  s a f e  t o  n e g l e c t
- | 5 ( a , , a 2 , r ) |
t h e  e x p o n e n t i a l  e  i n  B-^  an d  C-^  w h e n e v e r  c o s ? ( a 2 ,ct3 , T)
^ 0.  F o r  R eg io n s  I  an d  I I  t h e r e  a r e  two a l t e r n a t i v e s  d e p e n d i n g  
on  c o s ? ( a 2 , a g , T ) :
1 ) c o s ? ( a - L, a 2 , T) + 0
R e g io n  I :
_i / o I £ (ot-) , a 2 , r )  |
4 [ n ( z , r ) ]  c o s ? ( a 2 , a 3 , r ) e  cos  [ ?^  ( z , r )  - tt/ 4 ]  ,
z+ ( z , r )  = •
-1 /2  | ? ( a 1 ,a2 , r ) |  - | ? , ( z , r )
2 | n ( z , r ) |  co s? (a2 ,a 3>r )e  1 e 1
( 3 . 1 9 a )
z<ai
z>a.
R e g i o n  I I :
z+ ( z , D  =
i - l / 2  I ^2 | n ( z , r ) |  ' co s? (a2 , a 3 , r ) e





2 ) c o s ^ a ^ a ^ ,  r )  = 0
R e g io n  I :
Z+ ( z , r )  =
- i f r / 4 P , _ i / 2  “ I C ( a i »a 2 > ~ i ? i ( z >r)
e ' [ f l ( z , r ) ]  ' s i n C ( a 2 , a 3 , r ) e  1 e L
' 0 ( r  n  i “ l / 2  ■ l 5 ( a l ’ a 2 , r )  I • v ,  r s l ? l < z ’ r ) s2( z , r ) |  e s i n £ ( a 2 , a g , r ) e
( 3 . 1 9 c )
z < a n
z>ai
R e g io n  I I :
z + ( z , r )  =  ■
- 1 / 2  “ I Co(z > O  |
| n ( z , r ) |  s i n 5 ( a 2 , a 3 , T ) e
2 [ f i ( z ,  r > ]  “ ■L/ 2 c o s [ ? ( a 2 , a 3 , r )  -C2 ( z > T)  - tt/ 4 ]  ,
z<a,
z>a,
( 3 . 19d)
The s o l u t i o n s  i n  R e g io n  I I I  a r e  t h e  same i n  e i t h e r  c a s e :
R e g io n  I I I :
2 [ n ( z , r ) ]  ^ ^ c o s [ ? 2 ( z , T ) - i r / 4 ]  , z<otg
s i - 1 / 2  “ I C2 ( z , r )  I 
( z , f )  | L / e J
( 3 . 19e)
z>a.
F o r  t h e  c o n d i t i o n  CQ < 3 ( r )  < t h e  f u n c t i o n  Z+ h a s  b e e n  f u l l y
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d e f i n e d .  The f u n c t i o n  Z+ i s  t h e  sum o f  a l l  t h e  v a l u e s  
e v a l u a t e d  f rom  t h e  b o t t o m ,  s t e p p i n g - u p  t o  t h e  o b s e r v e r  p o s i t i o n  
z ( c a l c u l a t e d  f ro m  t h e  above  e x p r e s s i o n s  f o r  t h e  v a r i o u s  r e g i o n s ) .
The n e x t  c a s e  t o  c o n s i d e r  i s  3 ( 0  > . To e v a l u a t e  t h e
r e p r e s e n t a t i o n s  o f  t h e  s o l u t i o n s  i n  t h i s  c a s e ,  one  may d i r e c t l y  
u s e  t h e  r e s u l t s  f rom  ab o v e  f o r  R e g io n s  I  and  I I  w i t h  a-^ = =
z ^ .  The f u n c t i o n s  Z+ ( z , 0  may b e  d e t e r m i n e d  by co m p ar in g  
c o e f f i c i e n t s  w i t h  t h e  s o l u t i o n s  i n  R e g io n  I I I  a b o v e ,  s i n c e  i n  
t h i s  c a s e  no t u r n i n g  p o i n t s  e x i s t  i n  R e g i o n s  I  and  I I .  The 
r e s u l t s  a r e :
R eg io n  I :
Z+ (z,T) = 2 [ n ( z , r ) ] " 1 / 2 c o s [ 5 ( z Ji, a 3 , r )+ 5 1 (z,r) -7r/4]
( 3 . 2 0 )
R eg io n  I I :
Z+ (z,T) = 2 [ Q ( z , r ) ] " 1 / 2 c o s [ ? ( z Jl, a 3 , r ) - C 2 (z,r)-Tr/4]
The s o l u t i o n s  Z+ ( z , 0  i n  R e g io n  I I I  a r e  i d e n t i c a l  t o  ( 3 . 1 9 e )  
and t h e  s o l u t i o n s  ( 3 . 2 0 )  a r e  e v a l u a t e d  f rom  i t  s t e p p i n g  up 
f rom t h e  b o t t o m .
F o r  t h e  c a s e  < 3 ( 0  < CQ, one may u s e  oi  ^ = 0 i n  t h e  
e q u a t i o n s  ( 3 . 1 9 )  f o r  e v a l u a t i n g  Z+ . The r e p r e s e n t a t i o n s  
( 3 . 1 9 a )  and  ( 3 . 1 9 c )  a r e  s u p e r f l u o u s  when a-^ = 0 .  T h i s  i s  a 
c o n v e n i e n t  fo rm  ( I I I . 7 d )  s i n c e  t h e  s o l u t i o n s  a r e  c o n t i n u o u s  
i n  T a c r o s s  t h e  p o i n t  3 ( 0  = CQ b e tw e e n  < 3 ( 0  < CQ and
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CG < 3 ( r ) < C£ when cos  5 ( a 2 , c i g , r )  = 0.
The i n t e r v a l  3 ( r )  < i s  t h e  l a s t  one  t o  c o n s i d e r .
The d i f f e r e n t  modes a r i s e  f ro m  t h e  v a r i o u s  number  and  l o c a t i o n s  
2
o f  z e r o s  o f  ft , i . e . ,  t u r n i n g  p o i n t s .  T h e r e  a r e  no t u r n i n g  
p o i n t s  on  t h i s  i n t e r v a l  3 (T) < and  h e n c e  t h e  s o l u t i o n s  a r e  
i n c o n s e q u e n t i a l  and  w i l l  n o t  be  d e r i v e d  h e r e .
Now t h e  a t t e n t i o n  can  b e  s w i t c h e d  t o  t h e  Z _ ( z ' , r )  
s o l u t i o n .  I n  g e n e r a l  t h e  s o l u t i o n s  a r e  fo rm ed  by  s t e p p i n g -  
down from  t h e  t o p  z = 0. At t h e  v e r y  t o p  t h e  b o u n d a r y  c o n ­
d i t i o n  Z_(0,r )  = 0 m u s t  b e  m et  and  t h e n  t h e  b r i d g i n g  c o n d i ­
t i o n s  a l l o w  one t o  c o n t i n u e  t h e  s o l u t i o n  down i n t o  t h e  o t h e r  
r e g i o n s .  Here  th o u g h  we h a v e  t a k e n  t h e  c a s e  t h a t  t h e  s o u r c e  
i s  i n  R eg io n  I ,  so  one  n e e d  o n l y  know Z_ i n  t h e  R e g io n  I .
On t h e  i n t e r v a l  < 3(T)  < C£ , t h e  s o l u t i o n s  Z^_(z , r )  
t h e m s e l v e s  s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s  t o  w i t h i n  a  v e r y  
s m a l l  t e r m  w h e n ev e r  cos  ^ ( c ^ . a ^ . r )  = 0 .  I f  t h e  a p p r o x i m a t i o n  
Z _ ( z , r )  ^  Z+ ( z , T )  i s  made, t h e  f u n c t i o n s  Z+ ( z , T )  a s  p r e v i o u s l y  
d e r i v e d  a r e  a u t o m a t i c a l l y  a p p r o x i m a t e  e i g e n f u n c t i o n s  o f  t h e  
o p e r a t o r  L, an d  t h e  c o n d i t i o n  c o s  ^ ( o ^ . a g . r )  = 0 i s  t h e  e i g e n ­
v a l u e  e q u a t i o n  f rom  w h ic h  v a l u e s  r  = Tn  = 1 , 2 , 3 , . . .  may be
%
d e t e r m i n e d  t o  y i e l d  t h e  m odes .  F o r  t h e  c a s e  cos  ^ ( c ^ . c i g . r )  ^ 0,  
t h e n  t h e  f u n c t i o n  Z _ ( z ,T )  may b e  e v a l u a t e d  f rom  t h e  f i r s t  
e q u a t i o n  o f  ( 3 . 1 7 a ) ,  v a l i d  f o r  z < a-  ^ o f  R e g io n  I ,  t o  b e :
Z_(z ,r )  = [ f t ( z , r ) ] " 1 /2 s i n [ ? 1 ( 0 , r ) - ? 1 ( z 1r) ]  . ( 3 . 2 1 )
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The s o l u t i o n  f o r  z > ct-^  w i l l  n o t  b e  r e q u i r e d  o f  z '  < a-^.
As a r e s u l t  o f  t h e  a p p r o x i m a t i o n s  and  v a r i o u s  c o n s t r u c ­
t i o n s  made i n  t h e  a b o v e ,  t h e r e  a r e  t h r e e  r e s u l t i n g  a p p r o x i m a t e  
fo rm s  f o r  t h e  G r e e n ' s  f u n c t i o n :
1) cos  £(a2 , a 3 ,r)  = 0 , Ck  < B(r) < ( 3 . 2 2 )
9 - z , ( z , r ) z , ( z ' , r )
g ( z , z ' ; r  ) =   ; w h e re  Z 'v Z ,
Z A ( z ’ , D  “  +
w h ere  Z+ i s  t o  b e  o b t a i n e d  f rom  ( 3 . 1 9 c , d , e )  a c c o r d i n g  t o  w h ic h  
r e g i o n  z l i e s . The W ro n s k ia n  i s  e v a l u a t e d  c o n v e n i e n t l y  a t  
z = zk  f rom  t h e  l a s t  e q u a t i o n  o f  ( 3 . 1 9 d )  a n d  f i r s t  e q u a t i o n  o f  
( 3 . 1 9 e )  t o  b e :
A(z^)  = 4 s i n  £ ( a 2 , a 3 , r )  cos  £ ( a 2 , a 3 , r )
2) cos  ? ( a 2 , a 3 , r )  * 0 , CQ < 3 (T) < C£ ( 3 . 2 3 )
-z+ ( z ' , r ) z _ ( z , r ) / A ( z ' , r ) , z<z'  
-z+ ( z , r ) z _ ( z ' , r ) / A ( z ' , r ) , z>z'
g z ( z , z ' ; r2) = •
w h e re  Z_ i s  g i v e n  by  ( 3 . 2 1 )  and  Z+ by ( 3 . 1 9 a , b , e ) .  The Wron­
s k i a n  i s  e v a l u a t e d  c o n v e n i e n t l y  a t  z = 0 t o  be
| £ (a-, , a ? , T) |
A(0) =  4  c os  5 ( a 2 , a 3 > r ) e  c o s [ £ ^ ( 0 ,  T) - tt/ 4 ]
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3) 3( r)  > Cz ( 3 . 2 4 )
F o r  t h i s  c a s e  g i s  c o n s t r u c t e d  a s  i s  ( 3 . 2 3 )  e x c e p t  
t h a t  Z+  i s  e v a l u a t e d  f ro m  ( 3 . 2 0 ) .  The Wronfekian e v a l u a t e d  
a t  z = 0 t h e n  becomes:
4 ( 0 )  = 2 c o s [ 5 ( z £ , a 3 >r ) + 5 1 ( 0 , r ) - T r / 4 ]
Now i t  r e m a i n s  t o  c o n s t r u c t  t h e  d e l t a  f u n c t i o n  f rom  
t h e  a p p r o p r i a t e  G r e e n ' s  f u n c t i o n s  ( 3 . 2 2 , 2 3 ,  o r  24) by  t h e  
i n t e g r a t i o n  ( 3 . 1 4 b ) .  S u i t a b l e  c o n t o u r s  a r e  shown i n  f i g u r e  8 . 
B ra n c h  c u t s  h ave  b e e n  i n c l u d e d  due  t o  t h e  d i s c o n t i n u i t i e s  i n  
[ f l ( z , r ) ]  and  [ f l (z  ' , T) ] w h ic h  o c c u r  i n  Z_|_(z,r) and
Z+ ( z ' , T ) , r e s p e c t i v e l y .  The i n t e g r a t i o n  o f  ( 3 . 1 4 b )  i s  p e r ­
fo rm ed  a r o u n d  t h e  c o n t o u r s  and  b r a n c h  c u t s  o f  f i g u r e  8 . The 
p o l e s  a r i s e  f rom  t h e  z e r o s  o f  t h e  a p p r o p r i a t e  W r o n s k i a n s . 
C o r r e s p o n d i n g  t o  t h e  t h r e e  G r e e n ' s  f u n c t i o n s  c o n s t r u c t e d  i n  
( 3 . 2 2 , 2 3 ,  and  2 4 ) ,  t h e  W ro n s k ia n  z e r o s  a r e  o b t a i n e d  f rom  t h e  
f o l l o w i n g  t h r e e  c o n d i t i o n s :
i
1 ) cos  ^ ( a 2 , a 3 , r )  = 0 o r  ^ ( c ^ . c ^ . r )  = (m-^Oir m = l , 2 , . . . , M
2) c o s [ £ ^ ( 0 ,  T) - tt/ 4]  = 0 o r  £ ^ ( 0 , r )  = (n-^)iT n = l , 2  N
3) c o s [ 5 ( z £ , a 3 , r ) + ? 1 ( 0 , r ) - T r / 4 ] = 0  o r  E, (^ , a 3 , r ) + ^ 1 (0 ,  V) = ( p - ^ i r
P=P0 . . . . . “  ■
H e n c e f o r t h ,  t h e  modes a r i s i n g  f rom  t h e  c o n d i t i o n s  ( 1 ) ,  ( 2 ) ,  and




<uCtf B r a n c h  cu ts
H
C ( 2 )  C ( z ' )
F i g u r e  8 C o n t o u r s  f o r  t h e  d e t e r m i n a t i o n  o f  t h e  modes
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M i n  number  w h e re  M i s  t h e  g r e a t e s t  i n t e g e r  i n  t h e  q u a n t i t y
ir ^ ? ( a 2 >a 3> F ) + l / 2  f o r  t h e  c o n d i t i o n  3 ( r ) = C ^ ,  o r  r = o ) / C ^ .  The
n - t y p e  modes a r e  N i n  number  w h e re  N i s  t h e  g r e a t e s t  i n t e g e r  i n
i t  (0 ,  T ) + l / 4  f o r  S ( r ) = C £ , o r  r = a i / C ^ .  The p - t y p e  modes  a r e
i n f i n i t e  i n  number  w i t h  p Q b e i n g  t h e  l e a s t  i n t e g e r  i n
'fr- 1 [ ? ( z ^ , a 3 . r ) + 5 1 ( 0 , r ) ] + 3 / 4  f o r  B ( D = C £> o r  r = a i / C £ .
The d e n o m i n a t o r  o f  ( 3 . 1 1 b )  may now be  e v a l u a t e d .  U s in g  
2
c o s ? ( a 2 , a 3 , Tm) =0, s i n  ? ( a 2 , a 3 , Tm) =1,  and  L e i b n i z 1 r u l e ,  one  h a s
1 ) 7^jr[A (Z ’ ) ]
ty .3 ? ( ct / j , c t o , r )
■{4sin ? ( a 2 , a 3 >D -
r = r s rm r =r _m
= 4 r m
ra 3<r m>
a 2 < V
I n  a  s i m i l a r  m anner
, n n + l / r  o r , v v j ^ a l ’a 2 , r n )( - 1 )  4 r n c o s ? ( a 2 , a 3 , r n ) e
r = r n
r“l<rn>
ft ^ ( z , T ) dz\ i n /
ra3 < V
3) ^r[A(z')] = . ( - i ) p + 1 2r
r = r
n _^ ( z , r  )d zp
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The a s y m p t o t i c  s p e c t r a l  r e p r e s e n t a t i o n  ( 3 . 1 1 b )  i s  c a l c u l a t e d  
by t h e  t h r e e  s e t s  o f  r e s i d u e  su m m a t io n s ,  u s i n g  Z+ t o  a p p r o x i ­
m a te  Z :
M
6 ( z - z ' )  v I z+ ( z , r m)z+ ( z ' , r  ) 
m=l
a 3<r m>
n _ i ( z , r ) d z
-1
N
+ I 2z+ ( z , r  ) z  ( z \ r  ) 
n = l
4 c o s 5 ( a 2 , a 3 , r n )<
S C a- j^ ag , !^ )
rcti (r )1 v n '
f2_1 ( z , r n )d z
- 1
+ l  z+ ( z , r  ) z + ( z ' , r  ) 
p=p0
a 3 ( I p )
i - i
fi"1 ( z , r p )d z + e ( z , z ' ,rp )
( 3 . 2 5 )
w here  P i s  some f i n i t e  v a l u e  and  e i s  t h e  e r r o r  t e r m  a r i s i n g  
from  t r u n c a t i o n  o f  P < °°, s i n c e  p h y s i c a l l y  C(z )  ■+ °° i s  im p o s ­
s i b l e .  I n  p r a c t i c e  P i s  t a k e n  w h e re  a 3 ( r p ) e x c e e d s  t h e  d e p t h  
o f  t h e  o c e a n  b o t t o m .  F o r  t h e  d i f f e r e n t  t e r m s ,  Z+ ( z , r m) comes 
f rom  ( 3 . 1 9 c , d , e )  w i t h  s i n  £ ( < * £ , ,  Tm) = ( - 1 ) ,  Z+ ( z , T n ) comes 
f rom  ( 3 . 1 9 a , b , e ) ,  and  Z+ ( z , r p ) comes f rom  ( 3 . 2 0 ) .
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E x p r e s s i o n  ( 3 . 2 5 )  c o n t a i n s  no  c o n t r i b u t i o n  f rom  t h e  
b r a n c h  c u t  i n t e g r a t i o n s .  N e a r  t h e  p o i n t s  r = ui/C(z) and  
T = u ) / C ( z ' ) ,  t h e  a s y m p t o t i c  fo rms  d e f i n i n g  Z+ ( z , T )  and  
Z _ ( z , T )  i n  a l l  c a s e s  a r e  n o t  v a l i d  and  m u s t  be  r e p l a c e d  by 
o t h e r  f o r m s .  A l l  r e a l  v a l u e s  o f  z w i t h  f i n i t e  v a l u e s  o f  r  a r e  
o r d i n a r y  p o i n t s  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  ( 3 . 1 3 ) .  T h e r e ­
f o r e  Z+ ( z , T )  and  Z _ ( z , T )  a r e  a n a l y t i c  a t  an d  n e a r  t h e  above  
p o i n t s  on  t h e  r e a l - T  a x i s .  The b r a n c h  c u t  i n t e g r a t i o n s  a r e  
t h e r e f o r e  n o n - c o n t r i b u t i n g  f o r  t h e  same r e a s o n  a s  i n  P ro b lem  
1 o f  t h i s  c h a p t e r .
The WKB s o l u t i o n s  f a i l  n e a r  t u r n i n g  p o i n t s ,  r e q u i r i n g  
a l t e r n a t e  fo rm s  o v e r  s m a l l  i n t e r v a l s  a b o u t  t h e s e  p o i n t s .
One c o u l d  a lw a y s  e v a l u a t e  a  F r o b e n i o u s  s e r i e s  n e a r  s u c h  p o i n t s  
w h ic h  w e re  a n a l y t i c  and  whose  b e h a v i o r  away from  t h e  t u r n i n g  
p o i n t s  c o i n c i d e  w i t h  any  o f  t h e  WKB s o l u t i o n s  u s e d .  O t h e r
m e th o d s  w e r e  d e v e l o p e d  by  L a n g e r  [ 2 7 ] .  I f  i t  i s  a ssum ed  t h a t  
o
ft ( z , r )  i s  l i n e a r  i n  z n e a r  t u r n i n g  p o i n t s ,  a n a l y t i c  s o l u t i o n s
a r e  a v a i l a b l e  i n  t h e  fo rm  o f  B e s s e l  f u n c t i o n s  o f  o r d e r  1 / 3 .
T h i s  m e t h o d o lo g y  i s  w e l l - c o v e r e d  i n  l i t e r a t u r e  [ 2 7 ] ,  so o n l y
one exam ple  w i l l  be  shown h e r e .  C o n s i d e r  t h e  m-mode t y p e
w i t h  z l o c a t e d  n e a r  c ^ ,  t h e  a p p l i c a b l e  s o l u t i o n  o f  ( 3 . 1 3 )  w i t h  
2
ft l i n e a r  i n  z a b o u t  z = 02  i s :
z ( z , r )  = 2 [ 4 £ ( z , r ) / 6 f t ( z , r ) ] 1 / 2 {J1 / 3 [ £ 2 ( z , r ) ] + j _ 1 / 3 [£2 ( z . r ) ] }
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F i g u r e  9 d e p i c t s  t h e  f u n d a m e n t a l  d i f f e r e n c e  b e tw e e n  
t h e  m, n ,  and  p - t y p e  m odes .  The m - t y p e  mode f u n c t i o n s  Z+ ( z , r m) 
f o r  CQ < 0 ( r m) < a r e  c h a r a c t e r i z e d  i n  F i g u r e  9 a .  The 
f u n c t i o n s  a r e  damped e x p o n e n t i a l s  b e lo w  ^ ( I ^ )  and  b e tw e e n
a i ( r m) and  a 2 ( rm)* Above and  b e tw e e n  « 2 ^ r m  ^ anc  ^ a 3 ^ rnP
t h e  f u n c t i o n s  a r e  o s c i l l a t o r y ,  t h e  l a t t e r  r a n g e  h a v i n g  a  
g r e a t e r  a m p l i t u d e .  F o r  t h e  i n t e r v a l  < 3 ( r m) < t h e  m - t y p e  
modes a r e  d i f f e r e n t  f rom  t h a t  i n  F i g u r e  9a  o n l y  i n  t h a t  t h e r e  
i s  no  o s c i l l a t o r y  b e h a v i o r  a t  z = 0 , c o r r e s p o n d i n g  t o  t h e  l a c k  
o f  a  t u r n i n g  p o i n t  i n  R eg io n  I .
F i g u r e  9b d e p i c t s  t h e  n - t y p e  m o d e s . The f u n c t i o n s  
Z+ ( z , r n) a r e  damped e x p o n e n t i a l s  b e lo w  a g ( r n ) and  b e t w e e n  
a-j_(rn ) an d  a 2 ( rn ) ‘ They a r e  o s c i l l a t o r y  above  a ^ ( r n ) and  
b e tw e e n  an<^ a 3 ^r n ^ ’ t *ie f o rm er  r a n g e  h a v i n g  a  g r e a t e r
a m p l i t u d e .  T h e s e  a r e  t h e  s o - c a l l e d  " t r a p p e d "  modes f o r  t h e  
s u r f a c e  d u c t  fo rm ed  i n  R eg io n  I .
I n  f i g u r e  9 c ,  t h e  p - t y p e  modes a r e  d e p i c t e d .  The 
mode f u n c t i o n  Z+ ( z , T p )  a r e  o s c i l l a t o r y  above  ^ ( T p )  an d  damped 
b e lo w  t h i s  h e i g h t .  A g a in  s i g n i f i c a n t  a m p l i t u d e s  a r e  p r e s e n t  
n e a r  t h e  s u r f a c e .
The WKB m e th o d  l o s e s  i t s  v a l i d i t y  a t  low f r e q u e n c y  
(b e lo w  500 Hz) o r  when t h e  t u r n i n g  p o i n t s  a r e  v e r y  c l o s e  
t o g e t h e r .




c) p - t y p et>) n - t y p ea )  m -  t y p e
VOOv
F i g u r e  9 Mode t y p e s  m, n ,  and  p
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F l u i d  L a y e r  w i t h  Sound Speed  P r o f i l e  
and  V i s c o e l a s t i c  S o l i d  Bo t tom
I n t r o d u c t i o n
P r o b le m  1 o f  t h e  p r e v i o u s  s e c t i o n  c o n s i d e r s  s h a l l o w  
w a t e r  w i t h  a  c o n s t a n t  so und  s p e e d  o v e r l y i n g  a r i g i d  s o l i d  
b o u n d a r y .  T h i s  m ode l  n e g l e c t s  t h e  p o t e n t i a l  f o r  t h e  so und  
t o  b e  t r a p p e d  i n t o  a  c h a n n e l  fo rm ed  by  t h e  so u n d  v e l o c i t y  
p r o f i l e .  I t  a l s o  n e g l e c t s  t h e  a t t e n u a t i o n  c a u s e d  by  p a r t i a l  
t r a n s m i s s i o n  i n t o  t h e  b o t t o m  s e d i m e n t .
P r o b le m  2 o f  t h e  p r e v i o u s  s e c t i o n  c o n s i d e r s  deep  w a t e r  
w i t h  a  so u n d  v e l o c i t y  p r o f i l e  w i t h  no b o t t o m .  T h i s  m o d e l  
a c c o u n t s  f o r  t h e  p o t e n t i a l  f o r  c h a n n e l l e d  so u n d  b u t  n e g l e c t s  
t h e  b o t t o m  e f f e c t s .
I n  a n  a t t e m p t  t o  m ode l  t h e  s h a l l o w  w a t e r  so u n d  p r o p a g a ­
t i o n  p r o b l e m  more  r e a l i s t i c a l l y  t h i s  n e x t  s e c t i o n  c o n s i d e r s  
s h a l l o w  w a t e r  w i t h  a  so u n d  v e l o c i t y  p r o f i l e  o v e r l y i n g  a  v i s ­
c o e l a s t i c  s o l i d  b o u n d a r y .  T h i s  model  a c c o u n t s  f o r  b o t h  t h e  
p o t e n t i a l  f o r  c h a n n e l l e d  sound  and a t t e n u a t i o n  by  t h e  v i s ­
c o e l a s t i c  b o t t o m .
I n  t h i s  n e x t  s e c t i o n  p l o t s  o f  t r a n s m i s s i o n  l o s s  a r e  
g e n e r a t e d  by  a  c o m p u te r  p ro g r a m  w i t h  t h i s  l a t t e r  m ode l  f o r  
v a r i o u s  v i s c o e l a s t i c  b o t t o m  t y p e s .  The r e s u l t s  a r e  com pared  
q u a l i t a t i v e l y  w i t h  e x p e r i m e n t a l  d a t a  f rom  t h e  B a l t i c  S e a .
A g a in  t h e  s o l u t i o n  i n v o l v e s  t h e  WKB a p p r o x i m a t i o n  f o r  t h e  
r e a s o n s  a l r e a d y  g i v e n  i n  t h e  p r e v i o u s  s e c t i o n .
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Boundary Conditions
The f u n d a m e n t a l  d i f f e r e n c e  b e tw e e n  t h i s  s e c t i o n  and  
P r o b le m  2 o f  t h e  p r e v i o u s  s e c t i o n  i s  t h e  b o u n d a r y  c o n d i t i o n  
a t  t h e  b o t t o m .  The f o r m e r  p r o b l e m  h a d  t h e  b o u n d a r y  a t  
i n f i n i t y ;  h e n c e  0 was a  c o n v e r g e n c e  c o n d i t i o n .  I n
t h i s  p r e s e n t  p r o b l e m ,  a v i s c o e l a s t i c  b o t t o m  b o u n d a r y  i s  c o n ­
s i d e r e d .  The c o n d i t i o n  i s  t h a t  t h e  n o r m a l  d i s p l a c e m e n t  and  
n o r m a l  s t r e s s  a r e  c o n t i n u o u s  a c r o s s  t h e  i n t e r f a c e  and  s h e a r  
s t r e s s e s  v a n i s h .
The t o p  b o u n d a r y  c o n d i t i o n  i s  t h e  same a s  f o r  t h e  
p r e v i o u s  p r o b l e m  e x c e p t  t h a t  i t  i s  a p p l i e d  i n  a  d i f f e r e n t  
m a n n e r .  The f l u i d - a i r  i n t e r f a c e  a t  t h e  t o p  i s  m o d e le d  a s  a  
" f r e e "  s u r f a c e ,  t h a t  i s ,  t h e  g au g e  p r e s s u r e  v a n i s h e s  (P = 0) 
a nd  c o n s e q u e n t l y  t h e r e  i s  t o t a l  r e f l e c t i o n  h e r e .  T h i s  c o n d i ­
t i o n  m u s t  b e  r e l a t e d  t o  t h e  G r e e n ' s  f u n c t i o n  G ( r , r ' ; o ) ) .  One 
h a s  t h e  d e f i n i t i o n  u  = f o r  t h e  homogeneous  c a s e  a n d  t h e r e ­
f o r e  u  = VG f o r  t h e  i m p u l s e - f o r c e d  c a s e .  The l i n e a r i z e d  
E u l e r  e q u a t i o n  o f  an  i d e a l  f l u i d  i n  t h e  ( r ; t )  domain  r e a d s :
p/ §  + vp - S
d t
A f t e r  t r a n s f o r m i n g  t o  t h e  (r;co) domain  and  s u b s t i t u t i n g
y O -y.
u = VG one obtains V(P-pQ(j G) = o. Considering gauge pressures, 
this expression integrates to:
P = pQto^G(r , r ' ; uj) . ( 3 . 2 6 )
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The p r e s s u r e  r e l e a s e  c o n d i t i o n  (P = 0 )  a t  t h e  t o p  t h e n  i m p l i e s
S i n c e  t h e  e x p o n e n t i a l s  e q u a l  u n i t y  f o r  Z_(z=T;w) one  s e e s  
t h a t  t h e  p r e s c r i b e d  b o u n d a r y  c o n d i t i o n  c a n  b e  e n f o r c e d  w i t h  
[ s e e  A p p e n d ix  I I I c ] :
The s o l u t i o n s  t o  ( 3 . 4 c )  may t h e n  b e  e v a l u a t e d  a t  d e p t h s  b e lo w  
t h e  t o p  u s i n g  t h e  b r i d g i n g  c o n d i t i o n s  ( 3 . 1 8 )  f o r  t h e  c o e f f i ­
c i e n t s  A and  B t o  s t e p  down o v e r  t h e  t u r n i n g  p o i n t  s i n g u l a r i ­
t i e s  .
The b o t t o m  b o u n d a r y  c o n d i t i o n s  r e q u i r e  t h e  c o n t i n u i t y
o f  b o t h  n o r m a l  d i s p l a c e m e n t s  and  n o r m a l  s t r e s s e s  a c r o s s  t h e
i n t e r f a c e  and  t h e  v a n i s h i n g  o f  s h e a r  s t r e s s e s .  I f  one  d e n o t e s
t h e  s u b s c r i p t  " o "  f o r  t h e  i d e a l  f l u i d ,  " 1 " f o r  t h e  s o l i d ,
u s e s  ( 3 . 2 6 )  and  n o t e s  f rom  u  = VG t h a t  u  = 3G /3z ,  t h e n  t h ez
b o u n d a r y  c o n d i t i o n  may b e  s t a t e d  a s  ( a l l  c a s e s  f o r  d e p t h  a t  
b o t t o m  z = B ) :
G ( r - r ' ; to) = 0 .  T h i s  c o n d i t i o n  i s  r e a l i z a b l e  when:
z=T
Z _ ( z= T ; to) = 0 ; T = d e p t h  z a t  t o p .  ( 3 . 2 7 a )
AT = 1 and  BT = - 1  . ( 3 . 2 7 b )
( u z ) o = 3G/9z = ( n z ) ± ( 3 . 2 8 a )
( 3 . 2 8 b )
(3.28c)
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I t  i s  now shown t h a t  b o u n d a r y  c o n d i t i o n s  ( 3 . 2 8 a  and  b) may
be combined  i n t o  a  s i n g l e  s t a t e m e n t  by  s u b s t i t u t i n g  them
i n t o  t h e  d e f i n i t i o n  o f  a c o u s t i c  im p e d a n c e .
The a c o u s t i c  im p ed an ce  I  i s  d e f i n e d  a s :  I  = P / v  ,z
w h e re  P i s  t h e  a c o u s t i c  p r e s s u r e  an d  v g i s  t h e  n o r m a l  v e l o c i t y
a t  t h e  b o u n d a r y  i n t e r f a c e  and  may be  e x p r e s s e d  as  v  = iwuz z
i n  t h e  f r e q u e n c y  dom ain .  The im p ed an ce  may t h e n  b e  d e f i n e d
f o r  t h e  s o l i d  by  s u b s t i t u t i n g  f o r  P u s i n g  t h e  r e l a t i o n :
P = - a  . Combin ing a l l  o f  t h e  a b o v e ,  one  may w r i t e  t h e  z z
im p ed an ce  o f  t h e  s o l i d  a s :
- ( a  ) ,
-  S T °  i u ° 3 G / 3 z )  ' ®Z=B- ( 3 ' 29a)
T h i s  e x p r e s s i o n  ( 3 . 2 9 a )  may be  r e a r r a n g e d  t o  r e a d :
[G - —i — I — ]
p  to 3 z
= 0 , ( 3 . 2 9 b )
z=B
w h ere  B i s  t h e  d e p t h  o f  t h e  b o t t o m .  T h i s  c o n d i t i o n  on 
G (r , r ' ;< jo )  r e d u c e s  t o  a  c o n d i t i o n  on Z+  s i n c e  t h e  o t h e r  
f a c t o r s  o f  ( 3 . 1 2 c )  a r e  n o t  f u n c t i o n s  o f  t h e  d e p t h - v a r i a b l e  
z e x c e p t  f o r  Z_ w h ic h  h a s  b e e n  a c c o u n t e d  f o r  by  t h e  to p  
b o u n d a r y  c o n d i t i o n .  T h i s  c o n d i t i o n  on Z+ o f  ( 3 . 1 7 c )  i s  
i n s u r e d  by t h e  f o l l o w i n g  s e l e c t i o n  o f  t h e  c o e f f i c i e n t s  [ s e e  
A p p en d ix  I l i e ] :
Ag = P0 w M(z=B) -  1 and  Bg = p0 u)Ift (z=B) +  1 .
( 3 . 3 0 a )
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The b o t t o m  im p ed an ce  I ( r , o j )  h a s  b e e n  shown by  S t e w a r t  [2 8 ]  
t o  b e  e v a l u a t e d  a c c o r d i n g  t o :
! ] _ ( ! , to) = -  1P^  [ ( Z r 2 ^ ^ ) 2 - 4 a L l a T1 r 2 ] , ( 3 . 3 0 b )
a L l KT l
w h e re  t h e  s u b s c r i p t  1 d e n o t e s  t h e  p a r a m e t e r s  o f  t h e  b o t t o m
( n o t  f l u i d ) ,  a2 = T2 -K2 , a 2 = T2 -K2 , K2 = pto2 / y ,  k£
2 —  —  —= pto /(X+2 y) , y = y ' + i w y " ,  X = X'+icoX", t h e  s i n g l e  p r i m e s
r e f e r  t o  t h e  o r d i n a r y  Lame p a r a m e t e r s , and  t h e  d o u b l e  p r i m e s  
r e f e r  t o  V o i g t  damping p a r a m e t e r s .  U s in g  t h i s  im p ed an ce  
c o n c e p t ,  any  t y p e  b o t t o m  may b e  s p e c i f i e d  o n c e  t h e  y 1, y " ,
X ' ,  and  X" a r e  d e t e r m i n e d .  The o t h e r  c o e f f i c i e n t s ,  f o r  
r e g i o n s  a bove  t h e  b o t t o m ,  a r e  e v a l u a t e d  f rom  t h e  b r i d g i n g  
c o n d i t i o n s  ( 3 . 1 8 )  t h a t  a l l o w  one  t o  s t e p  o v e r  t u r n i n g  p o i n t s  
i n t o  t h e  n e x t  r e g i o n  a b o v e .
Compute r G e n e r a t e d  P l o t s  o f  T r a n s m i s s i o n  L o s s  V e r s u s  Range
Em ploy ing  t h e  same p r o c e d u r e  d e p i c t e d  i n  P r o b le m  2 o f  
t h e  p r e v i o u s  s e c t i o n  one  may e v a l u a t e  n u m e r i c a l  r e s u l t s  u s i n g  
a  d i g i t a l  c o m p u t e r .  Used h e r e  was t h e  VAX s y s t e m  ( D i g i t a l  
C o r p o r a t i o n )  o f  t h e  H igh  E n e rg y  P h y s i c s  L a b o r a t o r y  o f  H a r v a r d
U n i v e r s i t y ,  M a s s a c h u s e t t s .  The p a r a m e t e r s  f o r  t h e  v i s c o e l a s t i c
b o t t o m  a r e  p u b l i s h e d  by  H a m i l to n  [ 2 9 ] .  The s p e c i f i c  s o u r c e  
d e p t h  and  f r e q u e n c y ,  r e c e i v e r  d e p t h  and  r a n g e ,  and  o c e a n  d e p t h  
and  sound  v e l o c i t y  p r o f i l e  w e re  c h o s e n  so  a s  t o  compare  t h e s e  
t h e o r e t i c a l  r e s u l t s  w i t h  e x p e r i m e n t a l  r e s u l t s  f rom  a r e p o r t
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[3 0 ]  p r o v i d e d  by  S a n d e r s  A s s o c i a t e s  o f  N a sh u a ,  New H am p sh ire .
The n u m e r i c a l  r e s u l t s ,  b e i n g  t r a n s m i s s i o n  l o s s  a s  a  
f u n c t i o n  o f  h o r i z o n t a l  s o u r c e - r e c e i v e r  s e p a r a t i o n  d i s t a n c e ,  
w e re  e v a l u a t e d  i n  t h r e e  s t e p s .  F o r  t h e  f i r s t  s t e p ,  t h e  u s e r  
i n t e r a c t i v e l y  s e l e c t e d  t h e  b o t to m ,  s o u r c e ,  and  r e c e i v e r  
s p e c i f i c s  a n d  t h e  t y p e  o f  p l o t  d e s i r e d .  The s e c o n d  s t e p  
g e n e r a t e d  t h e  e i g e n v a l u e s  and  c o e f f i c i e n t s , w h i l e  t h e  t h i r d  
s t e p  com bined  t h e  d a t a  from  t h e  f i r s t  and  s e c o n d  s t e p s  t o  
c o n s t r u c t  t h e  G r e e n 's  f u n c t i o n  o f  ( 3 .1 2 c )  an d  p l o t  t h e  t r a n s ­
m i s s i o n  l o s s ,  TL:
TL = 10 l o g 1 0 |G($;a>) | . ( 3 .3 1 )
The c o m p u te r  p ro g ra m s  a r e  p r e s e n t e d  i n  t h e  f i n a l  A p p en d ix  o f  
t h i s  d i s s e r t a t i o n .
The i n p u t  d a t a  f o r  t h e  c o m p u te r  s i m u l a t i o n  i s  t a k e n  t o  
m odel t h e  p h y s i c a l  d e s c r i p t i o n  o f  t h e  e x p e r i m e n t a l  s i t e  i n  
t h e  B a l t i c  S ea  ( 1 9 7 4 ) .  The same s o u r c e  f r e q u e n c y  ( 1 .7 k h z )  and  
d e p th  (7 m e t e r s ) ,  r e c e i v e r  d e p t h  ( 1 0 .5  m e t e r s ) ,  h o r i z o n t a l  
r a n g e  (1 t o  9 n a u t i c a l  m i l e s )  a r e  u s e d .  The d i f f e r e n c e  b e tw e e n  
t h e  c o m p u te r  an d  e x p e r i m e n t a l  i n p u t  d a t a  a r e  a s  f o l l o w s . The 
m odel h a s  a  c o n s t a n t  o c e a n  d e p th  w h i l e  t h e  r e a l  d a t a  was 
c o l l e c t e d  o v e r  an  o c e a n  b o t to m  t h a t  v a r i e d  from  17 t o  26 
m e te r s  i n  d e p t h .  The m odel t r e a t s  t h e  s t a t i c  c a s e  w h ere  b o t h  
s o u r c e  an d  r e c e i v e r  a r e  s t a t i o n a r y  w h i l e  t h e  r e a l  d a t a  was 
c o l l e c t e d  w i t h  t h e  s o u r c e  b e in g  tow ed  a t  4 k n o t s  c a u s i n g  t h e  
f r e q u e n c y  o f  t h e  sound  r e c e i v e d  by t h e  m oving  o b s e r v e r  to
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b e :  f  = f Q[ l - ( v / c ) c o s 0 ] , w h e re  0 i s  t h e  a n g l e  b e tw e e n  t h e
v e l o c i t y  o f  t h e  s o u r c e  an d  t h a t  o f  t h e  wave num ber v e c t o r  
and
v  _ 4 k n o t s  _ 2 . 0 5 (m /se c )  _ n n
c 1 4 6 6 ( in /se c )  ~ l'46'6"(m7sec)" “  ° - ° 0 1 4 1  •
T h i s  d o p p l e r  s h i f t  i s  n e g l i g i b l e .  The m odel c o n s i d e r s  a 
c o n s t a n t  b o t to m  c o m p o s i t i o n  w h i l e  t h e  r e a l  t e s t  s i t e  v a r i e d  
fro m  b e i n g  p r i m a r i l y  s i l t  and  c h an g e d  t o  mud and  f i n e  san d  
a t  t h e  s h a l l o w e r  d e p th s  [ s e e  f i g u r e  1 0 ] ,  The m o d e l ' s  so u n d  
v e l o c i t y  p r o f i l e  was a  s e v e n - p a r t  p i e c e w i s e  l i n e a r  a p p r o x i ­
m a t io n  [ f i g u r e  l i b ]  t o  t h e  r e a l  p r o f i l e  [ f i g u r e  11 a ]  o f  
O c to b e r  30 , 1974 .
The m ode l was r u n  f o r  n i n e  d i f f e r e n t  v i s c o e l a s t i c  
b o t to m  t y p e s  r a n g i n g  from  c o a r s e  s a n d  t o  s i l t y - c l a y .  The 
v i s c o e l a s t i c  p a r a m e t e r s  a r e  p u b l i s h e d  by  H a m il to n  [2 9 ]  and  
p r e s e n t e d  i n  T a b le s  1 and  2 . The b o t to m  d e p th  was v a r i e d  
from  17 t o  27 m e te r s  i n  2 m e te r  i n t e r v a l s .  So b e tw e e n  t h e  
v a r i a t i o n  o f  t h e s e  two p a r a m e t e r s  t h e r e  a r e  f o u r t e e n  m o d e ls  
r u n  a s  d iagram m ed i n  T a b le  3 , w h ic h  a l s o  s e r v e s  t h e  p u r p o s e  
o f  d e f i n i n g  t h e  n o t a t i o n  f o r  l a b e l l i n g  t h e  p l o t s .
T r a n s m is s i o n  l o s s  TL ( n o r m a l i z e d  a t  1000 m e t e r s )  i s  
p l o t t e d  on a  s c a l e  o f  0 t o  30 d e c i b e l s  v e r s u s  t h e  h o r i z o n t a l  
r a n g e  o f  t h e  s o u r c e / r e c e i v e r  s e p a r a t i o n  i n  b o t h  m e te r s  and  
n a u t i c a l  m i l e s .  The t r a n s m i s s i o n  l o s s  i s  c a l c u l a t e d  fro m  t h e  
G r e e n 's  f u n c t i o n  ( 3 .1 2 c )  by  t h e  r e l a t i o n  ( 3 . 3 1 ) .  N o te  t h a t
104
a i r - w a t e r




(-1 0 .5 m )
- 2 0 . 5m
-26mMUD AND V  
FINE SAND SILT
12nmi 9nmi
i n t e r f a c e
F i g u r e  10 I n p u t  d a t a
" . . . T h e  w a t e r  d e p t h  i n  t h i s  s h a l l o w  w a t e r  b a s i n  ( o f f  t h e  e a s t ­
e r n  p o i n t  o f  t h e  i s l a n d  Fehm arn) a lo n g  t h e  t r a c k  v a r i e s  fro m  
20.5m  a t  t h e  r e c e i v i n g  a r r a y  t o  a  maximum o f  26m a t  8nmi an d  
th e n  s lo w ly  d e c r e a s e s  t o  a p p r o x i m a t e l y  17m a t  21nmi an d  b ey o n d . 
The b o t to m  t y p e  was p r i m a r i l y  s i l t ,  c h a n g in g  t o  mud an d  f i n e  
sa n d  a t  t h e  s h a l l o w e r  d e p t h s .  The r e c e i v i n g  a r r a y  o f  h y d r o ­
p h o n es  was l o c a t e d  10 .5m  u n d e r w a t e r  d u r i n g  e a c h  e x p e r i m e n t .
One C-W ( c o n t i n u o u s  w ave) s o u r c e ,  a  c a l i b r a t e d  ITC 1022 t r a n s ­
d u c e r ,  was u t i l i z e d  on two o c c a s i o n s ,  30 O c to b e r  and  
4 November 1974.
On 30 O c to b e r  t h e  s o u r c e  f r e q u e n c y  was s e t  a t  1 .7 k h z .  The 
t r a n s d u c e r  was tow ed  a t  a  d e p th  o f  7m w i t h  a  s p e e d  o f  a d v a n c e  
(SOA) o f  a b o u t  4 k n o t s .  M easu rem en ts  made s h o r t l y  b e f o r e  t h e  
e x e r c i s e  i n d i c a t e d  w in d s  n e a r  1 7 k n o ts  and  a  s i g n i f i c a n t  s e a  
wave h e i g h t  (H-^yg) o f  64cm. B ec a u se  t h e  w in d  and  s e a  d i r e c t i o n
w ere  fro m  020°T , t h e  w a v e c r e s t s  w e re  n e a r l y  p a r a l l e l  t o  t h e  
so u n d  p r o p a g a t i o n  d i r e c t i o n .  The v e l o c i t y  p r o f i l e  o b t a i n e d  
p r i o r  t o  t h e  m easu re m e n t  ( f i g u r e  11) i n d i c a t e d  t h a t  t h e  s o u r c e  
was s i t u a t e d  s l i g h t l y  a b o v e  an d  t h e  r e c e i v i n g  h y d ro p h o n e s  w e l l  




a )  E x p e r i m e n t a l l y  m e a s u re d  p r o f i l e
—- i» .—
sotmbsMcoto»*<j 
i < h |  i 4 c a 14*0
-4'
b) P i e c e - w i s e  l i n e a r  a p p r o x im a t io n
F i g u r e  11 Sound s p e e d  p r o f i l e  i n  t h e  B a l t i c  S e a (1 9 7 4 )  
[ s e e  r e f e r e n c e  30]
Table 1 IN-SITU ELASTIC properties of marine sediments*
















Continental terrace (shelf and slope)
Coarse sand -38;6 2.06 1808 6.69 6.70 0.030 12
2. Fine sand 44.8 1.95 1727 5.51 5.35 0.23 35
3. Very fine sand 49.8 1.86 1672 • 5.02 4.95 0.14 27
4. Silty sand 53.8 1.80 • '1642 4.50 4.3 0.26 37
5. Sandy silt 52.5 1.81 1638 4.45 4.2 0.31 • 41
5. Silt 54.2 1.77 1599 4.33 4.2 ' 0.15 29
7. Sand-silt-clay 67.2 1.58 1555 3.59 3.5 • 0.17 33
8. ' Clayey silt 72.6 1.47 • 1522 3.32 : 3.28- 0.060 20
9. Silty clay 75.9 1.43 1496 3.15 3.12 0.038 16
H/ porosity; p, bulk saturated density; c . compressional-wave velocity; L k t bulk modulus; A'
y', Lama's constants; cT, shear-wave velocity.
*
Elastic properties were taken from laboratory values reported by Hamilton (1974a), and corrected 
to in-situ values by the techniques outlined by Hamilton (1971b). Elastic properties arc given 
for a water depth of 31 meters in the San Diego Trough where the water density = 1.025 g/cm3 
and compressional-wave velocity cQ = 1505.37 m/sec.
T a b le  2 i a - s r r u  viscoelastic properties of marine sediments*
V bT X' X" V 1 y"
Sediment Type sec sec dynes/cm2 dyne-sec/cm2 dynes/cm'* dyne-sec/cm2
xlO-4 -4xlO x io10 . x io6 x io 10 x io6
Continental terrace (shelf and slope)
1. Coarse sand 0.010 1.7 6.70 -0.035 0.030 0.051
2. Fine sand .0.010 0.19 5.35 -0.030 0.23 0.045
3. Very fine sand 0.013 0.35 4.95 -0.035 0.14 0.051
4. Silty sand 0.013 0.17 4.3 -0.030 0.26 0.045
5. Sandy silt 0.014 0.17 4.2 -0.035 0.31 0.051
.6. Silt 0.013 0.30 4.2 -0.030 0.15 0.045
7. Sand-silt-clay 0.0020 0.035 3.5 -0.0038 0.17 0.0057
8. Clayey silt 0.0016 0.070 .3.28 -0.0028 0.060 0.0041
9. Silty clay 0.0014 0.083 3.12 -0.0021 0.038 0.0032
b and b , damning coefficients; X' and y', elastic contribution of complex Lame constants;X* x
X" and y", viscous contribution of complex Lame constants.
*  « ’ •
Iri-situ viscous properties were predicted.by the method developed by Hamilton (1972), and





T a b le
CLAY
'SANDY/SILTY 
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SILT /  SILT
v 100% 
\  SILT
B ottom  Type B o ttom  D ep th  ( m e te r s )
( c o m p o s i t i o n ) 17 19 21 23 25 27
COARSE SAND, # 1 123
FINE SAND, 223
VERY FINE SAND, # 3 323
SILTY SAND, # 4 423
SANDY SILT, # 5 517 519 521 523 525 527
SILT, 623
SAND-SILT-CLAY, # 7 723
CLAYEY SILT, *8 823
SILTY CLAY, #g 923
3 Sam ple r u n s  - -  V a r i a b l e  b o t to m  ty p e  an d  d e p t h
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when t h e  t r a n s m i s s i o n  l o s s  TL i s  g r e a t e r  t h a n  30 dB t h e  d a t a  
p o i n t  i s  o f f - t h e - s c a l e  o f  t h e  p l o t  b u t  i s  p r i n t e d  a t  30 dB 
m i s l e a d i n g l y .  Above t h i s  t r a n s m i s s i o n  l o s s  p l o t  i s  a p l o t  o f  
t h e  p h a s e  v e r s u s  r a n g e  w h ere  t h e  p h a s e  i s  p l o t t e d  b e tw e e n  -ir 
and  + tt a n d  h e n c e  i t  can  o n l y  be d e te r m in e d  up t o  a r b i t r a r y  
a d d i t i o n s  o f  2 ir. The p h a s e  i s  o b t a i n e d  s im p ly  by  e v a l u a t i n g  
t h e  a rg u m e n t  o f  t h e  c o m p le x - v a lu e d  G r e e n 's  f u n c t i o n  ( 3 . 1 2 c ) .
The f i r s t  n i n e  p l o t s  a r e  e a c h  w i t h  a  23 m e t e r  o c e a n  
d e p th  a n d  t h e  p a r a m e t e r  b e in g  t e s t e d  i s  t h e  b o t to m  ty p e  ( f i g u r e s  
12a  t h r o u g h  1 2 i )  . The m odel r u n s  a r e  d e n o te d  #123 t o  # 9 2 3 ,  
c o n s i s t e n t  w i t h  t h e  n o t a t i o n  o f  T a b le  3 . The n e x t  s i x  p l o t s  
a r e  e a c h  w i t h  t h e  " s a n d y - s i l t "  b o t to m  ty p e  #5 and  t h e  p a r a ­
m e te r  b e i n g  t e s t e d  i s  t h e  o c e a n  d e p th  ( f i g u r e s  13a th r o u g h  
1 3 f ) . The m odel r u n s  a r e  d e n o te d  #517 t o  # 5 2 7 .  N o te  t h a t  
#523 i s  r e p e a t e d ,  t h a t  i s ,  i t  a p p e a r s  i n  f i g u r e  12e and  13d 
t o  k eep  c o n s i s t e n t  and  c o m p le te  s e q u e n c e s .
The p l o t s  a r e  now p r e s e n t e d  f o l l o w e d  by  a  d i s c u s s i o n  
an d  a  c o m p a r is o n  w i t h  a  s i n g l e  s e t  o f  e x p e r i m e n t a l  d a t a .
D i s c u s s i o n
The m a jo r  s t a t e m e n t  t h a t  may b e  made on v ie w in g  f i g u r e s  
12 i s  t h e  v e r y  s i g n i f i c a n t  e f f e c t  t h a t  t h e  b o t to m  ty p e  h a s  on 
t h e  t r a n s m i s s i o n  l o s s  o v e r  s e v e r a l  n a u t i c a l  m i l e s ,  a  f a c t  
o b s e r v e d  by  M ack en z ie  [3 1 ]  i n  1959 . T h i s  i n d i c a t e s  q u a l i t a ­
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Sandy S i l t
Figure 13f 27 METER DEPTH
1 2 5
u n d e r w a t e r  so u n d  p r o p a g a t i o n  and  t h a t  t h e  d e t e r m i n a t i o n  o f  
t h e  v i s c o e l a s t i c  b o t to m  p a r a m e t e r s  i s  i n d e e d  c r i t i c a l .
The m a jo r  s t a t e m e n t  t o  b e  s a i d  f ro m  f i g u r e s  13 i s  
t h a t  t h e  e f f e c t  o f  i n c r e a s i n g  t h e  d e p t h  i s  t o  a l l o w  m ore 
modes t o  b e  e x c i t e d  and  h e n c e  t h e  t r a n s m i s s i o n  l o s s  d e c r e a s e s .  
The num ber o f  e i g e n v a l u e s  e v a l u a t e d  f o r  a  b o t to m  d e p t h  o f  17 
m e te r s  was 37 an d  i n c r e a s e d  t o  60 f o r  a  d e p t h  o f  27 m e t e r s .
As t h e  b o t to m  g e t s  d e e p e r  i t  h a s  l e s s  o f  an  e f f e c t  on t h e  
a t t e n u a t i o n  o f  e n e r g y  s i n c e  t h e  c o m p r e s s i o n a l  w a v e f r o n t s  
" s e e  t h e  b o t to m "  l e s s  f r e q u e n t l y .  As t h e  b o t to m  d e p t h  was 
i n c r e a s e d  f u r t h e r ,  t h e  s i t u a t i o n  w o u ld  a s y m p t o t i c a l l y  a p p r o a c h  
t h e  l i m i t i n g  c a s e  o f  p r o p a g a t i o n  i n  a  s e m i - i n f i n i t e  f l u i d ,  
t h a t  i s ,  unbou n d ed  b e lo w .
The f o l l o w i n g  summary p a g e s  ( T a b le s  4 an d  5) g i v e  an  
o v e r v ie w  o f  t h e  s e q u e n c e s  o f  d i f f e r e n t  b o t to m  t y p e  an d  
i n c r e a s i n g  b o t to m  d e p t h  ( f ro m  f i g u r e s  12 an d  1 3 ,  r e s p e c t i v e l y ) .  
A m a j o r i t y  o f  t h e  p l o t s  show t h e  t r a n s m i s s i o n  l o s s  t o  d r o p ­
o f f  l i n e a r l y  w i t h  r a n g e .  T h i s  i m p l i e s  an  e x p o n e n t i a l  d e ca y  
o f  t h e  so u n d  p r e s s u r e  f i e l d  w i t h  r a n g e .
The o r d e r i n g  o f  t h e  b o t to m  t y p e  by H a m il to n  seem s t o  
f o l l o w  a  c o n s i s t e n t  d e c r e a s e  i n  t h e  l o n g i t u d i n a l  so u n d  s p e e d  
C^. The p l o t s  ( f i g u r e s  12) s u g g e s t  a  d i f f e r e n t  o r d e r i n g  i f  
one  t r i e d  t o  d e t e r m in e  a  l o g i c a l  p r o g r e s s i o n  i n  t h e i r  s h a p e .  
None o f  t h e  o t h e r  v i s c o e l a s t i c  p a r a m e t e r s  f o l l o w  t h i s  o r d e r ­
in g  e i t h e r .  T h i s  i n d i c a t e s  t h a t  t h e  r e s p o n s e  i s  some com bined  
e f f e c t  o f  t h e  p r o p a g a t i o n  and  dam ping  p a r a m e t e r s .
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T a b le  4 Summary o f  p l o t  s h a p e s  - -  P r o g r e s s i o n  
i n  b o t to m  ty p e
C o n s t a n t :  B o ttom  D ep th  = 23 m e te r s
COARSE SAND (#123) ^  20_
FINE SAND (#223)
T T  I I I  I— I l i— r
i  5 10
RANGE (nmi)
VERY FINE SAND (#323) 
SILTY SAND (#423) 
SANDY SILT (#523) 
SILT (#623) 
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T a b le  5 Summary o f  p l o t  s h a p e s  - -  P r o g r e s s i o n  
i n  b o t to m  d e p th
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Sandy S i l t
1 2 8
The s h a p e  o f  b o t to m  ty p e  #923 i n d i c a t e s  t h a t  t h e r e  i s  
a  m a j o r i t y  o f  e n e r g y  t r a n s m i t t e d  i n t o  t h e  b o t to m  a t  l a r g e  
g r a z i n g  a n g l e s  ( r e f e r e n c e  from  h o r i z o n t a l )  b u t  l i t t l e  e n e r g y  
t r a n s m i t t e d  f o r  s m a l l e r  a n g l e s .  B o ttom  t y p e s  # 3 23 , 823 , an d  
521 i n d i c a t e  some r e s o n a n c e  c o n d i t i o n s  i n  t h e  b o t to m  a n d / o r  
c o n v e rg e n c e  ( o r  shadow) z o n e s  i n  t h e  w a t e r  l a y e r .
C om parison  w i t h  P u b l i s h e d  E x p e r im e n ta l  D a ta
The e x p e r i m e n t a l l y  g e n e r a t e d  t r a n s m i s s i o n  l o s s  p l o t  i s  
p r e s e n t e d  a s  f i g u r e  14 . T h e re  a r e  t h r e e  d a t a  l i n e s  i n  t h i s  
f i g u r e  c o r r e s p o n d i n g  t o  t h r e e  d i f f e r e n t  so u n d  v e l o c i t y  p r o f i l e s  
a p p r o p r i a t e  t o  t h e  c o n d i t i o n s  on t h r e e  d a t a  c o l l e c t i o n  d a t e s  i n  
t h e  f a l l  o f  1974 a t  M e c k le n b u rg e r  Bay o f  t h e  B a l t i c  S e a .  The 
sound  p r o f i l e  u s e d  f o r  t h e  c o m p u te r  s i m u l a t i o n  ( f i g u r e  11) 
was g a t h e r e d  on O c to b e r  3 0 ,  1974 .
The g e n e r a l  t r e n d  o f  f i g u r e  14 i s  f o r  a  30 dB d ro p  
i n  sound  i n t e n s i t y  o v e r  a  h o r i z o n t a l  d i s t a n c e  o f  9 n a u t i c a l  
m i l e s .  T h i s  t r e n d  i s  q u a l i t a t i v e l y  p r e d i c t e d  by  t h e  m o d e l .
The c l o s e s t  a g re e m e n t  w i t h  f i g u r e  14 fro m  t h e  c o m p u te r  p l o t s  
#123 t o  #923 comes fro m  #223 w hose b o t to m  p a r a m e t e r s  came 
from  a s e d im e n t  t h a t  H a m il to n  d e n o te d  " f i n e  s a n d " .
A d i r e c t  q u a n t i t a t i v e  c o m p a r is o n  o f  t h e  m odel w i t h  t h e  
r e a l  d a t a  i s  n o t  c o m p le t e ly  j u s t i f i e d .  The d i f f e r e n c e s  b e tw e e n  
t h e  two a r e  c o n s i d e r a b l e .  F i g u r e  10 d e p i c t s  t h e  b o t to m  c o m p o s i­
t i o n  and  d e p th s  f o r  t h e  r e a l  s i t e  w h i l e  t h e  m odel h ad  a  c o n ­
s t a n t  c o m p o s i t i o n  an d  d e p t h .  The d i r e c t i o n  i n  w h ic h  t h e
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Ctf T ra n sm iss io n  Loss 
K e ck le n b u rg e r Bay 
(n o rm alize d  a t  1 nmi)
90 OCT 74 1700 Hz 
4 NOV 74 1750 Hz 




F i g u r e  14 T r a n s m is s i o n  l o s s  by  m e a s u re m e n t [3 0 ]
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s o u r c e  was tow ed a t  t h e  d a t a  c o l l e c t i o n  s i t e  ( i . e . , to w a rd  o r  
away from  t h e  r e c e i v e r )  may h a v e  made a  s l i g h t  d i f f e r e n c e  i n  
t h e  r e s u l t s  o f  t h e  r e a l  d a t a  when t h i s  e f f e c t  i s  c o u p le d  w i t h  
o c e a n  c u r r e n t s , s u r f a c e  w aves (w h ich  w ere  m e n t io n e d  i n  t h e  
r e p o r t  a s  b e in g  s i g n i f i c a n t ,  f i g u r e  1 0 ) ,  a n d  d i r e c t i o n  o f  t h e  
s lo p e  o f  t h e  b o t to m  s u r f a c e .  A n o th e r  f a c t o r  t h a t  m akes a  
q u a l i t a t i v e  c o m p a r iso n  l e s s  m e a n i n g f u l  i s  t h e  a r b i t r a r i n e s s  
o f  t h e  d e f i n i t i o n  o f  t h e  b o t to m  t y p e .  The " s i l t "  a c c o r d i n g  
t o  t h e  m ode l [H a m il to n ]  may n o t  b e  t h e  same " s i l t "  d e n o te d  by  
t h e  e x p e r i m e n t a l i s t s  [K o e n ig s  and  S c h o l z ] .
I n  c o n c l u s i o n ,  t h e  m odel s i m u l a t i o n  r e s u l t s  f o r  u n d e r ­
w a t e r  so u n d  p r o p a g a t i o n  do n o t  d i s c o u n t  t h e  v a l i d i t y  o f  t h i s  
m o d e l .  F u r t h e r  s t u d y  w ou ld  b e  w a r r a n t e d  t o  i n v e s t i g a t e  t h e  
e f f e c t  o f  t h e  s h a p e  o f  t h e  so u n d  s p e e d  p r o f i l e  on t h e  m o d e l ' s  
p e r f o r m a n c e  g iv e n  a n o t h e r  s e t  o f  e x p e r i m e n t a l  d a t a .
Im p ro v em en ts  c o u ld  b e  made by  i n c l u d i n g  s l o p e d  a n d / o r  
random  b o t to m  s u r f a c e s ,  r a n g e - d e p e n d e n t  sound  s p e e d  p r o f i l e s ,  
and  h a v in g  l e s s - a r b i t r a r i l y  d e f i n e d  b o t to m  t y p e s .
Ray O p t i c s  an d  i t s  R e l a t i o n  t o  Normal Modes
The g o v e r n in g  e q u a t i o n  ( 3 .3 2 a ,  b e lo w ) c a n  o f t e n  b e  
s o l v e d  e x a c t l y  when t h e  v a r i a b l e s  a r e  s e p a r a b l e  i n  some s u i t ­
a b l y  c h o s e n  c o o r d i n a t e  s y s te m  [ 3 2 ] .  F o r  s t r a t i f i e d  m e d ia ,  i n  
w h ic h  C i s  a  f u n c t i o n  o f  one c o o r d i n a t e  ( z ) , t h e  r e c t a n g u l a r  
and c y l i n d r i c a l  c o o r d i n a t e s  h a v e  c o n s i d e r a b l e  u t i l i t y .
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A ssum ing h a rm o n ic  p l a n e  w a v e s ,  t h e  tw o - d im e n s io n a l  
p ro b le m  i n  r e c t a n g u l a r  c o o r d i n a t e s  h a s  t h e  fo rm
a 2 a 2 2
1-2-T + -2-y +  — ]Y = 0 ( 3 .3 2 a )
dx  8z ( T ( z )
w i t h  t h e  s o l u t i o n
Y ( x , z ; t )  = (j,(z ) e " l ( i a x "a)t) ( 3 .3 2 b )
T h is  s o l u t i o n  a ssu m es  w aves p r o p a g a t i n g  i n  t h e  d i r e c t i o n  o f  
i n c r e a s i n g  x  (+  s i g n )  and  d e c r e a s i n g  x  ( -  s i g n )  w i t h  t h e  
p h a s e  v e l o c i t y  $:
3 = io/a ( 3 .3 2 c )
S u b s t i t u t i n g  t h e  g iv e n  s o l u t i o n  i n t o  t h e  d i f f e r e n t i a l  e q u a t i o n  
y i e l d s :
+ ft2 ]<Kz) = 0 ,  ft2 = -S   -  a 2 = a 2 [— --------1]
dz C (z )  CZ(z )
( 3 .3 3 )
T h is  e q u a t i o n  i s  t h e  s e p a r a t e d  s p a c e - f o r m  o f  t h e  wave e q u a t i o n  
and  i s  common t o  many f i e l d s  i n  p h y s i c s  ( o p t i c s ,  a c o u s t i c s ,  
and  quan tum  t h e o r y ) .
I n  t h e  s p e c i a l  c a s e  o f  a  hom ogeneous medium, b o t h  C 
and  ft a r e  c o n s t a n t ,  t h e  s o l u t i o n  i s :  <f>(z) = Ae +  Be
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I f  t h e  s o l u t i o n  <J> i s  s u b s t i t u t e d  i n t o  ¥ t h e n  one  s e e s  t h a t  
t h e  f i r s t  t e r m  c o r r e s p o n d s  t o  waves  t r a v e l i n g  i n  t h e  d i r e c t i o n  
o f  i n c r e a s i n g  z ,  t h a t  i s  p r o p a g a t i n g  downwards a s  i n  f i g u r e  15,  
and  t h a t  t h e  s e c o n d  t e r m  c o r r e s p o n d s  t o  u p - g o i n g  w a v e s .
The r e l a t i o n  o f  ( 3 . 3 3 )  may b e  r e w r i t t e n  a s :
  = k 2 = a 2 +  ft2 , ( 3 . 3 4 )
CZ (z )
w h e re  k ,  t h e  wavenumber i n  t h e  d i r e c t i o n  o f  p r o p a g a t i o n ,  i s  
t h e  m a g n i t u d e  o f  t h e  v e c t o r  S n o r m a l  t o  t h e  s u r f a c e s  o f  c o n ­
s t a n t  p h a s e  o r  wave f r o n t s  k  = | & | . So 5  d e f i n e s  t h e  r a y  
d i r e c t i o n ,  and  a and  ft a r e  i t s  x  an d  z com ponen ts  ( s e e  f i g u r e  
1 5 ) .  The w a v e l e n g t h  i n  t h e  r a y  d i r e c t i o n ,  i . e . ,  t h a t  o f  &, 
i s  X = 2iT/k. I f  t h e  a n g l e  0 i s  b e t w e e n  k  a n d  t h e  v e r t i c a l  
t h e n  one h a s :
a = k  s i n  0 an d  ft = k  c o s  0 ( 3 . 3 5 )
I n  a  homogeneous  medium I  i s  a  c o n s t a n t .  I n  s t r a t i f i e d  m e d ia ,  
h o w e v e r ,  k ,  X, and  ft a r e  f u n c t i o n s  o f  z ,  a n d  a r e m a i n s  c o n ­
s t a n t  by  e q u a t i o n  ( 3 . 3 5 )  a n d  S n e l l ' s  law  ( s e e  A p p e n d ix  I l l e ) :
= c o n s t a n t .  ( 3 . 3 6 )
2When t h e  r a y s  a r e  h o r i z o n t a l ,  a = k  and  by  ( 3 . 3 3 ) ,  ft = 0  
w h ic h  a l s o  i m p l i e s  3 = C(z)  and  0 = i r / 2 .  The c o n d i t i o n
a =  c o n s t a n t
w a v e f r o n t
r a y
turning p o i n t , l i  = 0
F i g u r e  15 The t u r n i n g  p o i n t  f ro m  a  r a y  p o i n t  o f  v i e w .  
(N o te :  a = c o n s t a n t ,  b y  S n e l l ' s  law)
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2
fl = 0 d e f i n e s  a  t u r n i n g  p o i n t  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  
( 3 . 3 3 )  c o r r e s p o n d i n g  t o  a  p o i n t  a t  w h ic h  t h e  r a y s  become 
h o r i z o n t a l .
The s u p e r p o s i t i o n  o f  waves  t r a v e l i n g  i n  o p p o s i t e  
d i r e c t i o n s  w i t h  e q u a l  a m p l i t u d e s  r e s u l t  i n  s t a n d i n g  w a v e s .
So f o r  a  homogeneous  medium, <J> = ^ [ e 1^ 2 4- e -1^ 2 ] = A cos  fiz 
i s  a s t a n d i n g - w a v e  s y s t e m  o b t a i n e d  by  s u p e r p o s i n g  u p -  and  
d o w n - t r a v e l i n g  w a v e s .  S u b s t i t u t i n g  t h i s  r e l a t i o n  f o r  (J> 
i n t o  ( 3 . 3 2 b ) ,  one  f i n d s  t h a t  ¥ r e p r e s e n t s  a wave p a t t e r n  w h ic h  
i s  s t a n d i n g  i n  t h e  z - d i r e c t i o n  y e t  t r a v e l i n g  i n  t h e  x - d i r e c t i o n  
w i t h  t h e  p h a s e  v e l o c i t y  g [ e q u a t i o n  ( 3 . 3 2 c ) ] .  S t a n d i n g  wave 
s o l u t i o n s  a r e  o f t e n  c a l l e d  m odes ,  s i n c e  t h e y  r e p r e s e n t  m o t i o n s
f o r  w h ic h  t h e  w h o le  medium i s  o s c i l l a t i n g  a t  t h e  s i n g l e
f r e q u e n c y  w. C o n v e r s e l y ,  one  may o b t a i n  t r a v e l i n g  waves  by 
s u p e r p o s i n g  modes:  A c o s a x  c o sw t  +  A s i n a x  s i n w t  = A c o s ( a x -c o t )
F o r  t h e  c a s e  o f  a x i a l  symmetry  o f  t h e  medium a b o u t  t h e  
z - a x i s ,  i t  i s  o f t e n  u s e f u l  t o  work  w i t h  t h e  c y l i n d r i c a l  c o o r d ­
i n a t e  s y s t e m .  I n  t h i s  s y s t e m  e q u a t i o n  ( 3 . 3 2 a )  becom es :
a 2 •, j. «2  2 n n \ / 2 .
l - K  + + - - r  + ~ 4 -----IV = 0 ,  r  = (x  +y ) , ( 3 . 3 7 a )
3 r  r  3 r  3z C (z )
w i t h  h a r m o n ic  wave s o l u t i o n s :
V = (f)(z)H^1 ’ 2) ( r r ) e i u t  , ( 3 . 3 7 b )
w h e re  T i s  t h e  h o r i z o n t a l  com ponent  o f  t h e  wave number and
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r ( 1>2) a r e  t ji e  o t h  o r d e r  ( a z i m u t h a l  symmetry)  H anke l  f u n c t i o n s
o f  t h e  f i r s t  and  s e c o n d  k i n d .  T h e s e  a r e  p r o g r e s s i v e  c y l i n d r i ­
c a l  w a v e s .  I t  i s  i m p o r t a n t  t o  n o t i c e  t h a t  t h e  cp (z )  u s e d  i n  
t h i s  s o l u t i o n  i s  i d e n t i c a l  t o  t h a t  o f  e q u a t i o n  ( 3 . 3 3 )  f o r  t h e  
p l a n e - w a v e  c a s e .  A l s o ,  n o t e  t h a t  a l l  e x p r e s s i o n s  ( 3 . 3 2 c )  t o  
( 3 . 3 7 a )  a r e  a g a i n  v a l i d  upon  r e p l a c e m e n t  o f  a by  T.
S t a n d i n g  waves  o r  r a d i a l  modes a r e  o b t a i n e d  upon  s u p e r p o s i n g  
t h e  t w o :
I n  i n f i n i t e  homogeneous  m e d i a ,  s i t u a t i o n s  i n v o l v i n g  
s p h e r i c a l  symmetry  o c c u r  f o r  p o i n t  s o u r c e s .  E q u a t i o n  ( 3 . 3 2 a )  
i s  t h e n
W i th  c o n s i d e r a t i o n  o f  t h e  a s y m p t o t i c  a p p r o x i m a t i o n :
Hq1 ’ 2 ) ( T r )  ~ ( 2 / nTr) l / 2 e+ i ( r r - i r / 4 ) f r  >> 1
one s e e s  f rom  ( 3 . 3 2 b )  t h a t  c o r r e s p o n d s  t o  waves  c o n v e r g i n g
( 2 )t o  t h e  r  = 0 a x i s  w h i l e  '  i s  an  o u tw a r d  t r a v e l i n g  wave .
V = (j ) (z)e" i a ) t [H^1 ) ( r r ) + H (^ 2 ) ( r r ) ]
= 2 <Kz)J0 (rr)e"ia>t
2, 2,  2 s 1 / 2 (3.38a)
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The g e n e r a l  s o l u t i o n  f o r  t h i s  e q u a t i o n  f o r  t h e  s o u r c e  a t  
p = 0 i s :
¥ = i  f ( p + C t )  , ( 3 . 3 8 b )
c o r r e s p o n d i n g  t o  c o n v e r g i n g  an d  d i v e r g i n g  s p h e r i c a l  wave 




1. A h l u w a l i a ,  D .S .  a n d  K e l l e r ,  J . B . ,  Wave P r o p a g a t i o n  and
U n d e r w a te r  A c o u s t i c s , K e l l e r ,  J.T5^ and  P a p a d a k i s ,  J . S .  
( e d i t o r s ) , L e c t u r e  N o te s  i n  P h y s i c s  #70 ,  S p r i n g e r -  
V e r l a g ,  New Y ork ,  1977 ,  C h a p t e r  I I .
2 .  L an d au ,  L .D .  and  L i f s h i t z ,  E .M . ,  F l u i d  M e c h a n i c s , P e r g a -
mon P r e s s ,  New Y ork ,  1959,  p p .  4 7 - 4 9 ,  2 9 8 - 3 0 1 .
3. Som m erfe ld ,  A . ,  P a r t i a l  D i f f e r e n t i a l  E q u a t i o n s  i n  P h y s i c s ,
Academic  P r e s s ,  New York ,  1967, p .  2 l 0 f f .
4 .  L e v i n e ,  H. and  S c h w i n g e r ,  J . , "On t h e  R a d i a t i o n  o f  Sound
f rom  an U n f l a n g e d  C i r c u l a r  P i p e , "  P h y s i c a l  R ev iew ,  V o l .  
73 ,  No. 4 ,  F e b r u a r y  15 ,  1948 ,  p .  392 .
5 .  K o n t o r o v i c h ,  P .  an d  L e b e d e v ,  N . N . , J o u r n a l  o f  P h y s i c s
(Moscow), V o l .  1 ,  1939 ,  p .  229 .
6 .  L an d au ,  L .D .  and  L i f s h i t z ,  E.M. , T h e o ry  o f  E l a s t i c i t y ,
2nd e d . , Pergamon P r e s s ,  New Y ork ,  1970 ,  p p .  1 7 - 2 0 ,
1 0 1 - 1 0 4 ,  1 5 5 - 1 5 9 .
7.  C a r s l a w ,  H .S .  and  J a e g e r ,  J . C . ,  C o n d u c t i o n  o f  H e a t  i n
S o l i d s , 2nd e d . , O x fo rd  U n i v e r s i t y  P r e s s ,  1959 .
8 .  Y i l d i z ,  A . ,  "Wave P r o p a g a t i o n  i n  an E l a s t i c  F i e l d  w i t h
C oup le  S t r e s s e s " ,  J o u r n a l  o f  A p p l i e d  M e c h a n i c s ,  December  
1972 ,  p p .  1 1 4 6 -1 1 4 7 .
9. U r i c k ,  R . J . ,  P r i n c i p l e s  o f  U n d e r w a t e r  Sound f o r  E n g i n e e r s ,
M cG raw -H i l l  Book Company, New YorIT| 1967 ,  p p .  2 - 1 1 .
10. S h a p i r o ,  A . H . , The Dynamics and  Thermodynamics  o f  C o m p re ss -
i b l e  F l u i d  F low ,  V o l .  I ,  The R o n a ld  P r e s s  Company, New 
T 6 ? k ; " T 9 3 T r T p T  45 - 4 9 .
11. P e k e r i s , C . L . ,  " T h e o r y  o f  P r o p a g a t i o n  o f  E x p l o s i v e  Sound
i n  S h a l l o w  W a t e r , "  G e o l o g i c a l  S o c i e t y  o f  A m e r i c a ,
Memoir 27 ,  P r o p a g a t i o n  o f  Sound i n  t h e  Ocean ,  1948.
I b i d , " T h e o ry  o f  P r o p a g a t i o n  o f  Sound i n  a  H a l f s p a c e  o f  
V a r i a b l e  Sound V e l o c i t y , "  J o u r n a l  o f  t h e  A c o u s t i c a l  
S o c i e t y  o f  A m e r i c a ,  V o l .  18 ,  1 9 46 ,  p .  295 .
12 . F u r r y ,  W .H . , The B i l i n e a r  M o d i f i e d - I n d e x  P r o f i l e ,  P r o p a g a ­
t i o n  o f  S h o r t  R ad io  W aves , K e r r ,  D.E.  (ed) , MIT 
R a d i a t i o n  L a b o r a t o r y  S e r i e s , V o l .  13 ,  M cG ra w -H i l l ,  New 
Y ork ,  1951 ,  p p .  1 4 0 - 1 8 0 .
13. M arsh ,  H .W . , T h e o ry  o f  Anomalous P r o p a g a t i o n  o f  A c o u s t i c
Waves i n  t h e  Ocean ,  P h .D .  d i s s e r t a t i o n ,  Brown U n i v e r ­
s i t y ,  1950.
14. P e d e r s e n ,  M.A. and  Gordon ,  D . F . ,  "Normal Mode T h e o ry
A p p l i e d  t o  S h o r t - R a n g e  P r o p a g a t i o n  i n  an  U n d e r w a te r  
A c o u s t i c  S u r f a c e  D u c t , "  J o u r n a l  o f  t h e  A c o u s t i c a l  
S o c i e t y  o f  A m e r i c a ,  V o l .  37 ,  1965 ,  p .  105 .
15.  O f f i c e r ,  C . B . ,  I n t r o d u c t i o n  t o  t h e  T h e o ry  o f  Sound T r a n s ­
m i s s i o n , M cG ra w -H i l l ,  New Y ork ,  1958.
16 .  T o l s t o y ,  I . ,  and  C l a y ,  C . S . ,  Ocean A c o u s t i c s ,  M cG ra w -H i l l ,
New Y ork ,  1966.
17 . W a i t ,  J . R . , E l e c t r o m a g n e t i c  Waves i n  S t r a t i f i e d  M e d i a ,
The M acM il lan  Company, New Y ork ,  1962 .
18. Budden, K . G . , The Wave G u ide  Mode T h e o r y  o f  Wave P r o p a g a ­
t i o n , P r e n t i c e - H a l l , Englewood  C l i f f s ,  NJ,  1962 .
19. T o l s t o y ,  I . ,  "N o te  on t h e  P r o p a g a t i o n  o f  Normal  Modes i n
Inhom ogeneous  M e d i a , "  J o u r n a l  o f  t h e  A c o u s t i c a l  S o c i e t y  
o f  A m e r i c a ,  V o l .  27 ,  1 9 55 ,  p .  274 .
I b i d , "G u id ed  Waves i n  a  F l u i d  w i t h  C o n t i n u o u s l y  V a r i a b l e  
V e l o c i t y  O v e r l y i n g  an  E l a s t i c  S o l i d :  T h e o r y  and  E x p e r i ­
m e n t , "  J o u r n a l  o f  t h e  A c o u s t i c a l  S o c i e t y  o f  A m e r ic a ,
V o l .  32 ,  1960 ,  p .  81 .
20 .  C a r t e r ,  A . H . , M u l t i -M o d e  A c o u s t i c  P r o p a g a t i o n  i n  an  I n ­
homogeneous  Bounded Medium, P h .D .  d i s s e r a t i o n ,  Brown 
U n i v e r s i t y ,  1963 .
21 . Eby,  R . K . , e t  a l . ,  " S t u d y  o f  A c o u s t i c  P r o p a g a t i o n  i n  a
T w o-L ayered  M o d e l , "  J o u r n a l  o f  t h e  A c o u s t i c a l  S o c i e t y  
o f  A m e r i c a ,  V o l .  32 ,  1960 ,  p .  88 .
22 . Ewing, W.M. an d  W o r z e l ,  J . L . ,  G e o l o g i c a l  S o c i e t y  o f
A m e r i c a ,  Memoir 27 ,  1948 .
23 . " P h y s i c s  o f  Sound i n  t h e  S e a , "  p a r t  I ,  T r a n s m i s s i o n ,
N a t i o n a l  R e s e a r c h  C o u n c i l ,  R e s e a r c h  A n a l y s i s  Group,  1946, 
p p .  2 7 - 2 8 ,  105 .
24 .  H e r z f e l d ,  K .F .  and  L i t o v i t z , T . A . , A b s o r p t i o n  and  D i s -
p e r s i o n  o f  U l t r a s o n i c  Waves ,  Academic  P r e s s  I n c . ,  New 
Y ork ,  1959.
25 . K o r n h a u s e r ,  E .T .  an d  R aney ,  W .P . ,  J o u r n a l  o f  t h e  A c o u s t i c a l
S o c i e t y  o f  A m e r i c a ,  V o l .  27 ,  1955 .
140
26. L e i b i g e r ,  G . A . , Wave P r o p a g a t i o n  i n  an  Inhom ogeneous
Medium w i t h  Slow S p a t i a l  V a r i a t i o n ,  P h .D .  d i s s e r t a t i o n ,  
S t e v e n s  I n s t i t u t e  o f  T e c h n o lo g y ,  1968,  p p .  2 5 - 4 6 ,  1 5 3 -1 5 9 .
27. L a n g e r ,  R . E . ,  "On t h e  C o n n e c t i o n  F o r m u la s  and  S o l u t i o n s
o f  t h e  Wave E q u a t i o n , "  P h y s i c a l  R ev iew ,  V o l .  51,  1937,  
p .  669.
I b i d ,  "On t h e  A s y m p t o t i c  S o l u t i o n s  o f  O r d i n a r y  D i f f e r e n t i a l  
E q u a t i o n s  w i t h  a n  A p p l i c a t i o n  t o  t h e  B e s s e l  F u n c t i o n s  o f  
L a r g e  O r d e r , "  T r a n s a c t i o n s  o f  t h e  A m er ican  M a t h e m a t i c a l  
S o c i e t y ,  V o l .  33 ,  1931,  p .  23.
I b i d , "On t h e  A s y m p t o t i c  S o l u t i o n s  o f  O r d i n a r y  D i f f e r e n t i a l  
E q u a t i o n s  w i t h  a n  A p p l i c a t i o n  t o  t h e  B e s s e l  F u n c t i o n s  o f  
L a r g e  Complex O r d e r , "  T r a n s a c t i o n s  o f  t h e  A m er ican  
M a t h e m a t i c a l  S o c i e t y ,  V o l .  34 ,  1932,  p .  447 .
I b i d , "The A s y m p t o t i c  S o l u t i o n s  o f  C e r t a i n  L i n e a r  O r d i ­
n a r y  D i f f e r e n t i a l  E q u a t i o n s  o f  t h e  Second  O r d e r , "  T r a n s ­
a c t i o n s  o f  t h e  A m er ican  M a t h e m a t i c a l  S o c i e t y ,  V o l .  36,  
1934,  p .  90.
28. S t e w a r t ,  G .K . ,  Wave P r o p a g a t i o n  i n  V i s c o e l a s t i c  M ed ia ,
Ph .D .  d i s s e r t a t i o n ,  T h e o r e t i c a l  and  A p p l i e d  M ec h a n ic s  
P ro g ra m ,  U n i v e r s i t y  o f  New H a m p sh i r e ,  i 9 7 6 ,  p p .  1 6 2 -1 7 3 ,  
1 9 5 -1 9 6 .
29.  H a m i l t o n ,  E . L . , e t  a l . ,  J o u r n a l  o f  t h e  A c o u s t i c a l  S o c i e t y
o f  A m e r ic a ,  V o l .  28 ,  No. 1 ,  1956.
H a m i l t o n ,  E . L . , " E l a s t i c  P r o p e r t i e s  o f  M a r i n e  S e d i m e n t s , "  
J o u r n a l  o f  G e o p h y s i c a l  R e s e a r c h ,  V o l .  76 ,  No. 2,  J a n ­
u a r y  10,  1971,  p p .  5 7 9 -6 0 4 .
I b i d , " C o m p ress io n a l -W av e  A t t e n u a t i o n  i n  M a r in e  S e d i m e n t s , "  
G e o p h y s i c s ,  V o l .  37,  No. 4 ,  A u g u s t  1972 ,  pp .  6 2 0 -6 4 6 .
30. K o e n i g s ,  P .D .  and  S c h o l z ,  B . ,  " H o r i z o n t a l  C o h e r e n c e ,
T r a n s m i s s i o n  L o s s ,  and  Am bien t  N o i s e  M ea su rem en t s  i n  
t h e  B a l t i c  S e a , "  N ava l  U n d e r w a t e r  S y s tem s  C e n t e r ,  New 
London L a b o r a t o r y ,  T e c h n i c a l  Memorandum Mo. 3 1 2 - 6 8 - 7 6 ,  
A u g u s t  31 ,  1976, pp .  1 2 - 1 3 ,  4 9 ,  56.
31. M acK enz ie ,  K . V . , " R e f l e c t i o n s  o f  Sound f rom  C o a s t a l
B o t t o m s , "  J o u r n a l  o f  t h e  A c o u s t i c a l  S o c i e t y  o f  A m e r ic a ,  
V o l .  32, No. 2,  F e b r u a r y  1960 ,  p p .  2 2 1 -2 3 1 .
32. M orse ,  P.M. and  F e s h b a c h ,  H . , M ethods  o f  T h e o r e t i c a l
P h y s i c s , P a r t  I ,  M cG raw -H i l l  Book Company, New York ,
1 9 5 3 ,  C h a p t e r  7.
141
33. C u s h in g ,  J . T . ,  A p p l i e d  A n a l y t i c a l  M a t h e m a t i c s  f o r  P h y s i c a l
S c i e n t i s t s ,  J o h n  W i ley  and  S o n s ,  New York ,  1975, p p .  430,  
529 ,  537.
34. B r e k h o v s h i k h ,  L . M . , Waves i n  L a y e r e d  M e d i a , Academic
P r e s s  I n c . ,  New York ,  1960,  p .  290.
35. C o l l a t z ,  L. , E ig en w e r ta u f  g a b e n , m i t  T e c h n i s c h e n  Anwendungen
A k ad em isch e ,  V e r l a g ,  L e i p z i g ,  1949.
36. C la y ,  C . S . ,  J o u r n a l  o f  t h e  A c o u s t i c a l  S o c i e t y  o f  A m e r ic a ,
V o l .  31,  1959, p .  1973.
37. D i N a p o l i ,  F .R .  and  D e a v e n p o r t ,  R . L . , Ocean A c o u s t i c s ,
D eS an to ,  J . A .  ( e d . ) ,  T o p i c s  i n  C u r r e n t  P h y s i c s  S e r i e s ,  
S p r i n g e r - V e r l a g  B e r l i n  H e i d e n b e r g ,  1979, C h a p t e r  3.
38.  Ewing,  W.M., J a r d e t z k y ,  W.S. and  P r e s s ,  F . , E l a s t i c  Waves
i n  L a y e r e d  M e d i a , M cGraw-Hil l  Book Company I n c . ,  New 
York , 1957.
39. I d e ,  J . M . ,  P o s t ,  R .F .  and  F r y ,  W . J . ,  U .S .  N a v a l  R e s e a r c h
L a b o r a t o r y ,  R e p o r t  S -2 1 1 3 ,  1943.
40 . J a c k s o n ,  J . D . ,  C l a s s i c a l  E l e c t r o d y n a m i c s , 2nd e d . , J o h n
W i le y  and Sons"] I n c . ,  New Y ork ,  1975, u p .  62,  8 4 - 8 9 ,  
1 1 9 -1 2 0 .
41 .  Magnuson, A . H . , Sound P r o p a g a t i o n  i n  a  L i q u i d  O v e r l y i n g
a V i s c o e l a s t i c  H a l f s p a c e ,  Ph .D .  d i s s e r t a t i o n ,  T h e o r e t i c a l  
and  A p p l i e d  M e c h a n ic s  P ro g ra m ,  U n i v e r s i t y  o f  New 
H a m p sh i r e ,  1972.
42 . M orse ,  P.M. and  I n g a r d ,  L . V . , T h e o r e t i c a l  A c o u s t i c s ,
M cG raw -H i l l  Book Company, New York , 1968,  p p . 3 1 9 -3 2 2 ,  
3 5 2 -3 5 3 ,  3 6 4 -3 6 6 .
43.  M osbe rg ,  W. and  Y i l d i z ,  M . , "M ean -S q u a re  R e sp o n se  o f  a
T h e r m o v i s c o e l a s t i c  Medium t o  N o n s t a t i o n a r y  Random 
E x c i t a t i o n , "  J o u r n a l  o f  A p p l i e d  M e c h a n i c s ,  V o l .  98,
T r a n s .  ASME, V o l .  43 ,  S e r i e s  E, March 1976,  p p .  1 5 0 -1 5 8 .
44 .  S u n d k v i s t ,  K . , F l u c t u a t i o n s  and  D i s s i p a t i o n s  i n  a T h e r m a l l y
C o n d u c t in g  V i s c o u s  Hydrodynamic  Medium, P h .D .  d i s s e r t a ­
t i o n ,  T h e o r e t i c a l  and  A p p l i e d  M e c h a n ic s  P ro g ra m ,  
U n i v e r s i t y  o f  New H a m p sh i r e ,  1979.
45. T i t c h m a r s h ,  E . C . ,  E i g e n f u n c t i o n  E x p a n s i o n s  A s s o c i a t e d  w i t h
S e c o n d - O r d e r  D i f f e r e n t i a l  E o u a t i o n s ,  O x f o r d , C l a r e n d o n , 
T O I  :-------------------- ‘-------------
46 .  T o l s t o y ,  I . ,  J o u r n a l  o f  t h e  A c o u s t i c a l  S o c i e t y  o f  A m e r ic a ,
V o l .  30,  1958, p .  348.
142
47.  V o i g t ,  W . , T h e o r e t i s c h e  S t u d i e n  u b e r  d i e  E l a s t i c i t  a t s u e r
h a l t n i s s e  d e r  K r y s t a l l e ,  Abh. G e s . W i s s . ,  G o t t i n g e n ,
V o l .  34,  1887.
48 . W a l l a c e ,  P . R . , M a t h e m a t i c a l  A n a l y s i s  o f  P h y s i c a l  P r o b l e m s ,
Ho11 , R i n e h a r F j  and  W i n s t o n ,  I n c . ,  New York ,  1972,  
p p .  3 9 5 -3 9 9 .
49 .  Y i l d i z ,  A . ,  "On t h e  S c i e n c e  and  T e c h n o lo g y  o f  U t i l i z i n g
t h e  Bo t tom  R e s o u r c e s  o f  t h e  C o n t i n e n t a l  S h e l f , "
T e c h n i c a l  R e p o r t  t o  t h e  N a t i o n a l  Sea  G r a n t  O f f i c e ,  1970.
50 .  Y i l d i z ,  A . ,  M e c h a n i c a l  E n g i n e e r i n g  822 L e c t u r e  N o t e s :
Con t inuum  M e c h a n ic s ,  F a l l  Semester, 1977.
I b i d , M e c h a n i c a l  E n g i n e e r i n g  826 L e c t u r e  N o t e s :  T h e o ry  
oT E l a s t i c i t y ,  S p r i n g  S e m e s t e r ,  1979.
I b i d , M e c h a n i c a l  E n g i n e e r i n g  838 L e c t u r e  N o t e s :  T h e o r e ­
t i c a l  A c o u s t i c s ,  F a l l  S e m e s t e r ,  1978.
51 .  Y i l d i z ,  M . , " S p e c t r a l  R e p r e s e n t a t i o n  o f  Wave P r o p a g a t i o n
i n  T h e r m o v i s c o e l a s t i c  Medium,"  J o u r n a l  o f  A p p l i e d  
M e c h a n ic s ,  V o l .  98 ,  T r a n s .  ASME, V o l .  43 ,  S e r i e s  E,
March 1976, p p .  1 7 7 - 1 7 8 .
52. Y i l d i z ,  M . , M e c h a n i c a l  E n g i n e e r i n g  781 L e c t u r e  N o t e s :
M a t h e m a t i c a l  M ethods  i n  E n g i n e e r i n g  S c i e n c e  I ,  F a l l
S e m e s t e r ,  1977 and  1978 .
I b i d , M e c h a n i c a l  E n g i n e e r i n g  882 L e c t u r e  N o t e s :  M a th e ­
m a t i c a l  M ethods  i n  E n g i n e e r i n g  S c i e n c e  I I ,  S p r i n g  
S e m e s t e r ,  1978 an d  1979 .
I b i d , M e c h a n i c a l  E n g i n e e r i n g  727 L e c t u r e  N o t e s :  Advanced
M ec h a n ic s  o f  S o l i d s ,  F a l l  S e m e s t e r ,  1978.
APPENDICES 
(FOR CHAPTER I )
144
APPENDIX l a
D e r i v a t i o n  o f  two r e p r e s e n t a t i o n s  o f  t h e  
o n e - d i m e n s i o n a l  d e l t a  f u n c t i o n  and  c o r r e s p o n d i n g  
t h r e e - d i m e n s i o n a l  G r e e n ' s  f u n c t i o n
A. F i r s t  r e p r e s e n t a t i o n  o f  t h e  d e l t a  f u n c t i o n
Use t h e  c o m p l e t e n e s s  c o n d i t i o n  t o  e x p a n d  t h e  o n e ­
d i m e n s i o n a l  G r e e n ' s  f u n c t i o n  g a s  an  i n f i n i t e  s e r i e s  o f  o r t h o ­
n o rm a l  f u n c t i o n s  Xm w i t h  c o e f f i c i e n t s  a  f x ' : h )  w h e re  x  i s  am m '  ’
c o o r d i n a t e  and  h  i s  t h e  c o r r e s p o n d i n g  e i g e n v a l u e :
M X'X' ;V  ‘  K i< x ' ; W x> (1>m
To e v a l u a t e  t h e  am' s ,  m u l t i p l y  b o t h  s i d e s  o f  ( i )  by  dxw (x)X *(x)  
and  i n t e g r a t e  o v e r  x  (w here  w i s  t h e  w e i g h t  f u n c t i o n  o f  e q u a ­
t i o n  ( i i i )  b e lo w  and  s u p e r s c r i p t  *  d e n o t e s  c o m p l e x - c o n j u g a t e ) :
dxw (x) <|>* (x) gx  ( x , x ' ; h x )
J
00 |» CO
■ 5>m<x ' ;V  d*w(x)X*(x)Xm(x) -  Iam<x ' ; V 6n,n * an (x;Vm m
w here  t h e  l i m i t s  o f  i n t e g r a t i o n  d ep en d  on t h e  o r t h o n o r m a l  s e t
o f  f u n c t i o n s ,  6 i s  t h e  K r o n n e c k e r  d e l t a  and  t h e  o r t h o -  ’ mn
n o r m a l i t y  c o n d i t i o n  h a s  b e e n  i n v o k e d :
5 = d x w (x )X ^ (x )X  (x)  .mn ' n  m
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The c o e f f i c e i n t s  t h e n  can  b e  w r i t t e n :
am(x' ;V  = dxw (x) Xm (x) gx  ( x , x 1 ; h x ) ,
and  when s u b s t i t u t e d  i n t o  e q u a t i o n  ( i )  w i t h  some r e a r r a n g i n g  
y i e l d s :
gx ( x , x ' ; h x ) - dxgx ( x , x ' ; h x ) £w(x)Xm( x ) X ^ (x )  
m
C om par i son  o f  t h i s  w i t h  t h e  i n t e g r a t i o n  p r o p e r t y  o f  t h e  d e l t a  
f u n c t i o n :
f ( x )  = d x f  (x )  6 ( x - x )
t h e n  one  h a s :
0O
6 ( x - x )  = w (x)  ^Xm( x ) X ^ (x )  
m
and i n  t h e  f i n a l  fo rm  ( u s i n g  t h e  e v e n - f u n c t i o n  p r o p e r t y  o f  6)
6 ( x - x 1) / w ( x ' )  = ?Xm( x ) X * ( x ' )  ( i i )
m
B. Second  r e p r e s e n t a t i o n  o f  t h e  d e l t a  f u n c t i o n
The S t u r m - L i o u v i l l e  e q u a t i o n s  a r e  o f  t h e  s t a n d a r d
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form:
^Hx p(^ H x  " q ^  + hmw x^ ^ Xm x^  ^ = 0 i^i:L^
p^Hx “ q^  + V (x)]Sx(x*x,;V  = “<s(x"x') (iv)
S u b s t i t u t i n g  ( i )  and  ( i i )  i n t o  ( i v )  y i e l d s :
j  j  00 “  ,
[S p ( x ) 35?“q ( x ) + h xw ( x ) ^ am( x ' ;h x )Xm(x)  = - w ( x ' ) IXm(x)Xm( x ' )m m
Adding z e r o  i n  t h e  fo rm  [hmw ( x ) - h mw ( x ) ] i n  t h e  b r a c k e t s  on  t h e  
l e f t  s i d e ,  u s i n g  e q u a t i o n  ( i i i ) , and  e q u a t i n g  t e r m s  o f  t h e  
m-summation :
-x!(x')
am(x';V  - Ef ^ T Tx m
S u b s t i t u t i n g  t h i s  i n t o  ( i ) , one  o b t a i n s :
”  K . O O x I t x ' )
m x  m
-d h
M u l t i p l y i n g  b o t h  s i d e s  by  ( and  i n t e g r a t i n g  a r o u n d  a
c l o s e d  c o n t o u r  a b o u t  t h e  s i n g l e  s i m p l e - p o l e  s i n g u l a r i t y  a t  
hx = hm and  r e a l i z i n g  from t h e  r e s i d u e  th e o r e m  t h a t :
dhx
i H r r -  = 2Tri
x m
147
t h e n  one  h a s  t h e  r e s u l t :
2¥T j> dhx S x ( x ’x ' ;h x> = ^Xm(x)Xm( x , )   ^ m
'Combining ( i i )  and  t h i s  l a s t  r e l a t i o n  one  h a s  t h e  f i n a l  r e s u l t
5(r ( x V  = | V X)3C <X,) = i k j  dhx S x ( x ' x ’ ; h x> (v)W(
C. The t h r e e - d i m e n s i o n a l  G r e e n ' s  f u n c t i o n ,  G
A n o t h e r  e x p r e s s i o n  s i m i l a r  t o  (v )  may be  w r i t t e n  f o r  
t h e  y - c o o r d i n a t e  d i r e c t i o n :
’  IYn W Yn (y'> ‘  ITT |  dhySy( y ,y ' :V  • <Vi>
M u l t i p l y i n g  (v)  an d  ( v i )  one  o b t a i n s  t h e  r e l a t i o n s :
= |  d^x®x( x , x I  ;h x^ |  dhy g y ( y , y ' ; h y ) .
( v i i )
A t h r e e - d i m e n s i o n a l  d e l t a  f u n c t i o n  does  n o t  e x i s t  i n  t h e  s e n s e
o f  ( v i i )  s i n c e  t h e  t h i r d  e i g e n v a l u e  i s  n o t  i n d e p e n d e n t  o f
t h e  o t h e r s ,  i . e . ,  h  = h  (h  ,h  ) .  One c a n  p o s t - m u l t i p l y  b o t hz z x y
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s i d e s  o f  ( v i i )  by  g z , h o w e v e r ,  w h ic h  r e s u l t s  i n  a  t w o - d i m e n s i o n a l  
i n t e g r a l  t r a n s f o r m  d e f i n e d  by  i n t e g r a l  r e p r e s e n t a t i o n s  o f  t h e  
d e l t a  f u n c t i o n s :
6 ( x - x 1) 6 ( y - y ' )  ,  , ^  ^ s
w ( x r ) -  ~ w V )  g z ( z ' z ;hx ’V
= 1 |  dhxgx ( x , x ' ; h x ) j  dhy g y ( y , y , ; h y ) g z ( Z , Z , ;h xh y )
( v i i i )
One c a n  now p r o v e  t h a t  t h i s  t r a n s f o r m  ( v i i i )  y i e l d s  t h e  t h r e e -  
d i m e n s i o n a l  G r e e n ' s  f u n c t i o n  i n  t h e  s t e a d y - s t a t e  domain  G ( ^ , to) , 
To do t h i s  l e t  u s  c o n s i d e r  t h e  r e c t a n g u l a r  c o o r d i n a t e  
s y s t e m  f o r  w h ic h  t h e  t r a n s f o r m s  w i l l  b e  r e a d i l y  r e c o g n i z a b l e
as  F o u r i e r  t r a n s f o r m s .  L e t  u s  l o o k  a t  t h e  s c a l a r  undamped
2
wave e q u a t i o n  i n  t h e  s t e a d y - s t a t e  domain ( i . e . ,  K i s  r e a l ­
v a l u e d )  :
(V2+K2 ) G(R;oj) = - S 3 ( r - r 1) = -6 (x-x* ) 6 ( y - y ' ) 6 ( z - z ' ) . ( i x )
The s e p a r a t e d  e q u a t i o n s  f o r  t h i s  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n  ( i x )  a r e  p r e s e n t e d  i n  P a r t  B o f  A p p e n d ix  l i e .
These  t h r e e  e q u a t i o n s  a r e  o f  t h e  same fo rm  an d  f rom  A p p e n d ix  
l b  t h e  c o r r e s p o n d i n g  o n e - d i m e n s i o n a l  G r e e n ' s  f u n c t i o n s  a r e  
w r i t t e n :
o « 1 l‘ lA * I
g ( x , x ' ; y  ) = ------------------  . (x)
x 2iy
The c o r r e s p o n d i n g  d e l t a  f u n c t i o n  i s  e v a l u a t e d  f ro m  (v) t o  b e :
S ( x - x ' )  = ^  f dp e - 1” < * - * ’ > ( x i )
A ss e m b l in g  e x p r e s s i o n  ( v i i i )  f ro m  (x)  and  ( x i )  one  o b t a i n s :
G(R;o)) -  — tt 
4tt
dye - i y ( x - x ' ) dXe~i ^ ^ - y , ^g ( z , z '  ;K2 , y 2 ,X2 ) ,
( x i i )
2 2 2w here  h  = K -  y -  X . T h i s  i s  a p p a r e n t l y  a  t w o - d i m e n s i o n a l  
F o u r i e r  t r a n s f o r m  o f  a  o n e - d i m e n s i o n a l  G r e e n ' s  f u n c t i o n .  To 
p r o v e  t h a t  t h i s  i s  a  c o n s i s t e n t  r e s u l t ,  l e t  u s  s u b s t i t u t e  t h i s  
( x i i )  i n t o  ( i x ) :
9 9 9
1 (  3 4. 3 ' 4. 3 J. v 2 \ y (  y  +   y  +   it +  K  )
4ir 8x 3y2 3z
dye - iy  ( x - x ' ) ' dXe- i U y - y ' )
g z ( Z , Z ' ; K2 , p 2 ,X2 ) = [ d p e - l l , <x - x , ) f  d x e - u < y - y ' ) « ( z - z '
4tt2
w h ic h  r e d u c e s  t o :
(,-^-rr + g (z  , z 1 ; ft^) -  - 6 ( z - z ' )  
d z Z 2
( x i i i )
2 2 2 2 w here  ft = h z = K -  y -  X . T h i s  i s  a  c o n s i s t e n t  d e f i n i t i o n
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f o r  g a n d  so  t h i s  c o m p l e t e s  t h e  p r o o f .
I n  c o n c l u s i o n  i t  h a s  b e e n  p r o v e n  t h a t  i n  t h e  s t e a d y -  
s t a t e  domain  t h e  undamped G r e e n ' s  f u n c t i o n  may b e  e v a l u a t e d  
by:
G(R;oj)
( x i v )
w here  r  = ( a , 3 , y )  i s  w r i t t e n  f o r  a n  a r b i t r a r y  c o o r d i n a t e  
s y s t e m .  I n  r e c t a n g u l a r  c o o r d i n a t e s  t h i s  e x p r e s s i o n  ( x i v )  i s  
a  t w o - d i m e n s i o n a l  F o u r i e r  t r a n s f o r m ,  and  two o t h e r  r e p r e s e n t a ­
t i o n s  may b e  o b t a i n e d  by c y c l i c  r o t a t i o n  o f  t h e  a ,  3,  Y and  
ha , h g ,  h,y v a r i a b l e s .  I n  c y l i n d r i c a l  and  s p h e r i c a l  c o o r d i ­
n a t e s  t h e  t r a n s f o r m s  a r e  no l o n g e r  F o u r i e r  o n e s .  T h e s e  two 
c o o r d i n a t e  s y s t e m s  a r e  i n v e s t i g a t e d  i n  t h e  s e c t i o n s  on v i s c o u s  
f l u i d s  and  s o l i d s ,  r e s p e c t i v e l y ,  o f  t h e  m a in  t e x t .
E x p r e s s i o n  ( x i i )  i s  i d e n t i c a l  t o  ( 2 . 1 1 )  o f  t h e  m a in  
t e x t  when t r e a t i n g  t h e  undamped c a s e .  I n  g e n e r a l  one  may 
have  a  c o m p l e x - v a l u e d  e i g e n v a l u e  [K o f  e x p r e s s i o n  ( i x ) ] ,  c a l l  
i t  x w h e re  x = K ~ iy* T h e r e f o r e  ( x i v )  i s  v a l i d  f o r  t h e  
undamped ( r e a l - v a l u e d  e i g e n v a l u e )  c a s e  y = 0,  b u t  f o r  t h e  
g e n e r a l  c a s e  o f  a  c o m p l e x - v a l u e d  e i g e n v a l u e  y r/  0 t h e n  ( x i v )  
i s  o n l y  t h e  c o n t r i b u t i o n  t o  G(R;w) made by  t h e  r e a l - p a r t  K a s  
d e p i c t e d  i n  ( 2 . 1 1 )  by  t h e  n o t a t i o n  C .R .P .
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APPENDIX lb
D e r i v a t i o n  o f  e x p r e s s i o n  t h a t  c o n s t r u c t s  t h e  
o n e - d i m e n s i o n a l  G r e e n ' s  f u n c t i o n
A. G e n e r a l  S t u r m - L i o u v i l l e  e q u a t i o n ,  w i t h  o p e r a t o r  d e n o t e d  
by L:
L<}>(x) = [ ^ p ( x ) ^ - q ( x ) + h xw(x)](J)(x) = F ( x )
t h e  f u n c t i o n s  u ( x )  and  v ( x )  a r e  two l i n e a r l y  i n d e p e n d e n t  s o l u  
t i o n s  o f  t h e  r e l a t e d  homogeneous  e q u a t i o n :  L u ( x )  = 0 ,
Lv(x)  = 0.
B. O n e - d i m e n s i o n a l  G r e e n ' s  f u n c t i o n  g s a t i s f i e s  t h e  e q u a t i o n
L g ( x , x ' )  = - S ( x - x ' )
L e t :  g _  be  v a l i d  on  t h e  i n t e r v a l  a  < x  < x '  
g+  be  v a l i d  on t h e  i n t e r v a l  x '  < x  < b 
T h a t  i s : Lg_  = 0  a  < x  < x '
Lg = - 6 ( x - x ' )  x  = x '
Lg+ = 0  x '  < x  < b
g(x)
s o u r c e
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C. F u n c t i o n  g s a t i s f i e s  t h e  homogeneous  c o n d i t i o n s  p r e s c r i b e d  
a t  t h e  e n d p o i n t s .
g _  s a t i s f i e s  c o n d i t i o n  a t  x  = a  
g+ s a t i s f i e s  c o n d i t i o n  a t  x  = b
D. F u n c t i o n  g i s  c o n t i n u o u s  a t  x  = x 1 .
g _ ( x ' )  = g+ ( x ’ )
E. The d e r i v a t i v e  o f  g h a s  a  d i s c o n t i n u i t y  o f  m a g n i t u d e
——— a t  x  = x '  due  t o  d e l t a  f u n c t i o n  a t  t h i s  l o c a t i o n :
P(x')
g + < * ' )  -  g l ( x ’ ) = - : ± ~
+ p ( x ' )
w here  p r i m e  on a  f u n c t i o n  i n d i c a t e s  d i f f e r e n t i a t i o n  w . r . t .  x .
P r o o f :  C ^ p ( x ) ^ - q ( x ) + h xw ( x ) ] g ( x )  = -6 ( x - x 1)
I n t e g r a t i n g  o v e r  j u s t  t h e  " jum p"  a t  x  = x 1, w i t h  l i m i t  e 0
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x'+e x'+e
l ime->o dxS P (x >cES( x > -  i j g
d x [ q ( x ) - h xw ( x ) ] g ( x )
x  -e x '  - e
x ' + e
= - l i m  
e-K>
dx 5 ( x - x ' )
x  -e
s i n c e  s e c o n d  t e r m  i s  c o n t i n u o u s  a t  x  = x ' :
x ' + e
i J S [p <5t>a3E8 <*>]_ , - 0 =  -1x  - e
-1g + ( x ' )  -  g _ ( x ' )  = p -^ x i y Q .E .D .
Now l e t  u ( x )  [ o r  v ( x ) ]  b e  a  s o l u t i o n  o f  L u (x )  = 0 [ o r  L u (x )  
= 0] w h ic h  s a t i s f i e s  t h e  homogeneous  c o n d i t i o n  a t  x  = a  
[ o r  x  = b ] . An a r b i t r a r y  c o n s t a n t  t i m e s  t h e s e  f u n c t i o n s  
s t i l l  s o l v e s  t h e  same e q u a t i o n s  h e n c e :
L [ c ^ u ( x ) ]  = 0 ,  L [ c 2v ( x ) ]  = 0
C o n d i t i o n s  B. and  C. a r e  s a t i s f i e d  i f :
g (x) = c^uCx) , a  < x  < x '
g+ (x) = c 2v ( x ) ,  x '  < x  < b
( i )
( i i )
C o n d i t i o n s  D. and  E. w i l l  now d e t e r m i n e  t h e  c-  ^ and  c 2 c o n s t a n t s
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in terms of x':
D. g _ ( x ' )  = g+ ( x ' )  o r  c -^u(x1) -  c 2v ( x ' )  = 0 ( H i )
E. g + ( x ' )  -  g_j_(x') = p ^ p y  o r  - ^ u ' C x ' )  +  c 2v f ( x ’ ) = p '(x~i ) '
A u n i q u e  s o l u t i o n  t o  ( i i i )  an d  ( i v )  e x i s t s  i f  t h e  d e t e r m i n a n t  
o f  t h e  c o e f f i c i e n t s  o f  c^ an d  c 2 does  n o t  v a n i s h
u ( x ' )  - v ( x ' )
- u ' ( x ' )  v 1( x 1)
= u C x ^ v ' C x 1) -  v C x ^ u ' C x 1) = A ( x ' )  f  0
T h i s  d e t e r m i n a n t  A i s  c a l l e d  t h e  W ro n s k ia n  a n d  i t  w i l l  n o t  
v a n i s h  a s  l o n g  a s  u  and  v  a r e  l i n e a r l y  i n d e p e n d e n t .
A b e l ' s f o r m u l a  i s  now p r o v e n  t h a t  a l l o w s  e v a l u a t i o n  o f  
t h e  W ro n s k ia n  A. The s t a t e m e n t s :  L u (x )  = 0 a n d  L v (x )  = 0 
im p ly  t h a t :
E s p ^ ^ qu+hXwu-1 = C(Pu f ) , - ( q - h xw )u ]  = 0 (v)
[ ^ P ( x ) a ~ q v + h xwv] = [ ( p v ' ) ' - ( q - h xw )v]  = 0 ( v i )
Upon m u l t i p l y i n g  (v)  by  - v ,  ( v i )  by  u ,  and  a d d i n g  t h e  two 
one h a s :
u ( p v ' )  1 -  v ( p u ' )  ' = 0 ( v i i )
N o t in g  t h a t :  [ p ( u v 1- v u ' ) ] '  = u ( p v ' ) '  -  v ( p u ' ) '  t h e n
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i n t e g r a t i n g  ( v i i )  one  o b t a i n s :
p ( u v ' - v u ' )  = A = c o n s t a n t  = pA Q .E .D .
Then f o r  x  = x ' one  h a s :
A = p ( x ' ) A ( x ' )  = [ p C u v ' - v u ' ) ] ^ ,  ( v i i i )
S o l v i n g  s y s t e m  (111)  and  ( i v )  : cy = p g ^ f e .-j . =2 = p ( f f i ? ( x ' )
Now s u b s t i t u t e  i n t o  e q u a t i o n s  f o r  g _  and  g+ ; t h a t  i s :  ( i )  and
( i i )
_ -r «\ -  - u ( x ) v ( x ' )
g- Cx' x  '  p ( x ' ) A ( x ' )
g ( x . x ' )  =
cr ( *  v M  =  - U ( X ' ) V ( X )
M x ’x > pXx ) A ( x 1)
o r  s y m b o l i c a l l y :
- u ( x <) v ( x >)
s<x .x '> * p( x ' ) a ( x ')
w here  < an d  > r e f e r  t o  t h e  a r g u m e n t  b e i n g  t h e  l e s s e r  and
g r e a t e r ,  r e s p e c t i v e l y ,  o f  x  and  x 1 on  t h e  i n t e r v a l  u n d e r
c o n s i d e r a t i o n  t h a t  i s :  x < = min  ( x , x ' )  and  x > = max ( x , x ' ) .
The m inus  s i g n  i s  c o n s i s t e n t  w i t h  t h e  m inus  s i g n  i n  f r o n t  o f  
t h e  d e l t a  f u n c t i o n  i n  s t e p  B. o f  t h i s  a p p e n d i x .
a  < x  < x '
x '  < x  < b
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APPENDIX Ila
D e r i v a t i o n  o f  t h e  E q u a t i o n  o f  M o t io n  o f  a  V i s c o u s  F l u i d  
The g e n e r a l  e q u a t i o n  o f  m o t i o n  i s  w r i t t e n  a s :
3 t ( pv i )  = p f i  “ 3j 7ri j  » U )
and t h e  momentum f l u x  d e n s i t y  t e n s o r  f o r  a  v i s c o u s  f l u i d  
i s  g i v e n  a s :
* i j  = P 6 i j  +  pvi Vj - [ ? - ( 2 7 l / 3 ) ] 8 t e M 6i j  " 2 ti 3t e i j  ’ ( i i )  
w here  P i s  p r e s s u r e  and  3 i s  t h e  r a t e  o f  s t r a i n  t e n s o r ,
C 1 J
( 3 j v i + 3 i v j ) / 2 . The s e c o n d  t e r m  o f  ( i i )  i s  n e g l e c t e d  s i n c e  i t  
i s  o f  t h e  s e c o n d  o r d e r  i n  v e l o c i t y  [ 2 ] .  A f t e r  s u b s t i t u t i n g  
f o r  3 . e .  . an d  t a k i n g  t h e  d i v e r g e n c e  8 . ,  e x p r e s s i o n  ( i i )t  l j  J
beco m e s :
9j 7Ti j  = 9i P " ^ “ ^2 n / 3^ 3i 9j v j  " n ( 92vi + 9 i 3j v j )
= 3-jP -  C c + ( n / 3 ) ] 8 i s j v j  -  n32Vi . ( i i i )
L i n e a r i z i n g ,  u s i n g  ( i i )  and  ( i i i ) ,  and  n o t i n g  8.P = ( 3 P / 3 p ) c 3-p
JL b  1
e x p r e s s i o n  ( i )  becom es :
p S ^  = pfjj  ^ -  (C^8i p - [ ^ + ( n / 3 ) ] 3 i 3 j V j - n 3 2v i ) , ( i v )
o
w here  = ( 8 P / 8 p ) g [1 0 ]  f o r  i s e n t r o p i c  a c o u s t i c  c o n s i d e r a t i o n s
R e a r r a n g i n g  t h e  t e r m s  i n  ( i v )  and  d i f f e r e n t i a t i n g  w i t h  r e s p e c t  
t o  t i m e ,  one  o b t a i n s :
p9t v i  “ n 3 t 92vi  +  CL9i 9t p “ £?+ ( Tl / 3 ) ] 3 t 9i 9j v j  = n9 t f i  * ^
Using  t h e  c o n t i n u i t y  e q u a t i o n ,  i . e . ,  3fcp +  P 3 j v j  = 0 ,  r e p l a c e ­
ment o f  3fcp i n  (v )  y i e l d s :
P 3 ^  -  -  p C j r a ^ V j  -  [ ? + ( n / 3 ) ] 3 t;3 i 3 j V j  =  p 3 t f i  .
D i v i d i n g  by  p and  r e g r o u p i n g  t e r m s  t h e n  y i e l d s  t h e  fo rm  f o r  
e x t r a c t i n g  t h e  o p e r a t o r  a s  p r e s e n t e d  by  e x p r e s s i o n  ( 2 . 1 )  o f  
t h e  m a in  t e x t .
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E v a l u a t i o n  o f  t h e  T e n s o r  G reen*s  f u n c t i o n  o f  
a  V i s c o u s  F l u i d  i n  T h r e e  Domains
A. The (ic;ui) Domain
T r a n s f o r m i n g  e q u a t i o n  ( 2 . 2 )  o f  t h e  m a in  t e x t  w i t h  t h e  
o p e r a t o r  d e f i n e d  i n  e x p r e s s i o n  ( 2 . 1 )  f ro m  t h e  ( r ; t )  domain  
i n t o  t h e  (&;io) domain u s i n g  t h e  F o u r i e r  t r a n s f o r m s ,  one  h a s :
L. . (k ;co)G. (k;oo) = , ( i )i j  v ' j m '  ’ '  lm ’ '  '
w here
L y ^ j u )  = (XT- k 2 ) 6i j  +   ^(XL"XT)/XL^k i k j  • ( i:L)
S i n c e  ( i )  i s  p u r e l y  a l g e b r a i c  i t  i s  c l e a r  t h a t :
Gj m (^ ;w) = “Li j " 1 ( ^ ;a))6im = * ( i i i )
w here  L - ^ i s  t h e  i n v e r s e  o p e r a t o r  o f  ( i i )  an d  i s  e v a l u a t e d  
by c o n s i d e r i n g  t h e  i d e n t i t y :
[Lmj -1  (ic;o)) ] [Li j  (&;(!))] = 6 im . ( i v )
To s o l v e  t h i s ,  one  may assum e Lmj ”^(i£;a)) i s  o f  t h e  same
. ^  * | , y,
s t r u c t u r e  a s  L . j ( k ; u ) ) ,  i . e . ,  Lmj  ( k ; to) = ASmj  +  Bkmk.-,  w h e re  
t h e  c o e f f i c i e n t s  A an d  B a r e  e v a l u a t e d  i n  t e r m s  o f  k ,  x-p. a n d 
X^ u s i n g  r e l a t i o n  ( i v ) . The r e s u l t  i s  t h e  G r e e n ' s  f u n c t i o n  
o f  r e l a t i o n  ( i i i )  and  i s  p r e s e n t e d  i n  t h e  m ain  t e x t  a s
expression (2.3).
B. The (&;T) Domain
U s in g  e x p r e s s i o n  ( 2 . 3 )  o f  t h e  m a in  t e x t  and  t h e  f o l l o w ­
in g  d e f i n i t i o n  o f  t h e  i n v e r s e  t e m p o r a l  F o u r i e r  t r a n s f o r m :
dto e ia3tGj m (£;<o) ,
t h e  t e n s o r  G r e e n ' s  f u n c t i o n  i n  t h e  (l£;T) domain  i s  e a s i l y
e v a l u a t e d  by  two c o n t o u r  i n t e g r a t i o n s . The t r a n s v e r s e  t e r m
00
r e s u l t  i s  d e t e r m i n e d  by  t h e  i n t e g r a l :  1^ = (D^,/2iri) dto
X t  —oo
e ^  / ( w - i A ^ ) ,  f o r  w h ic h  a n  a p p r o p r i a t e  c o n t o u r  i s  shown i n  
f i g u r e  A l .  F o r  t h e  c a s e  o f  T > 0 one  may u s e  t h e  r e s i d u e  
th e o r e m  t o  w r i t e :
i z T
T r dz =
itoT _e____
OJ-iAm dto +  l i m  I z I ->«>
i z Tf
dz "  2’ 1 R e s ( 1AT }
- at t
w hich  y i e l d s  t h e  r e s u l t :  1^ = U(T)D^, e . The l o n g i t u d i n a l
t e rm  r e s u l t  i s  d e t e r m i n e d  by  t h e  i n t e g r a l :
I 2 = (DT/2 i r i ) dto t o e ^ ^ /  (to2 -i2A^o)-co2 )
f o r  w h ic h  an a p p r o p r i a t e  c o n t o u r  i s  shown i n  f i g u r e  A2. Fo r  
t h e  c a s e  o f  T > 0 one  may u s e  t h e  r e s i d u e  t h e o r e m  t o  w r i t e :
f i z Tze  -z - i2 A ,  z-uC L n dz = toe
itoT
--------------- 7to - i2 A T to-to L n
dto 4- l i m f ze i z T_  _z|->oo J z  - i2 A ,z - to „  1 L n7 dz
= 2 i r i [ R e s { l} + R e s { 2 } ]  ,
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F i g u r e  A1 




T > 0  (one pole enc losed)
T <  O (no poles enc losed )
C o n to u r s  a p p r o p r i a t e  f o r  e v a l u a t i n g  t h e  t r a n s v e r s e  
Gj m (S ;T)
T > 0  (two poles enclosed)
{"}
T< 0 (no poles enclosed)
C o n t o u r s  a p p r o p r i a t e  f o r  e v a l u a t i n g  t h e  l o n g i t u d i n a l
2 1 / 2
Gjm^k ; T ) w h e re  wd ~ ^
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w here t h e  r e s i d u e s  R es{ l}  and  Res{2} a r e  t h e  c o n t r i b u t i o n s  o f  
t h e  two p o l e s  shown i n  f i g u r e  A 2. The r e s u l t  o f  t h i s  i n t e g r a ­
t i o n  i s :
I 2 = U(T)DTe L {cos[a)n ( l - ? 2 ) 1 / 2T] -  % ( l - ? 2 ) " 1 / 2 s in [o )n ( l - ? 2 ) 1 / 2T] } .
The com bined  r e s u l t  i s  t h e  t e n s o r  G r e e n 's  f u n c t i o n  i n  t h e  (&;T) 
domain and  i s  p r e s e n t e d  a s  e x p r e s s i o n  ( 2 .5 )  o f  t h e  m a in  t e x t .
C. The (&;a)) Domain
U s in g  e x p r e s s i o n  ( 2 . 3 )  o f  t h e  m a in  t e x t  an d  t h e  f o l l o w ­
in g  d e f i n i t i o n  o f  t h e  i n v e r s e  F o u r i e r  t h r e e - d i m e n s i o n a l  s p a t i a l  
t r a n s f o r m :
Gjm (£;co) = ( 1 / 2 tt)  3 d 3& e “ i k *SGjin (£;a>) ,
t h e  t e n s o r  G r e e n 's  f u n c t i o n  Gjm($;a)) i s  e a s i l y  e v a l u a t e d  by 
two t y p e s  o f  c o n t o u r  i n t e g r a t i o n s .  The f i r s t  t e r m  o f  t h e  
t r a n s v e r s e  p a r t  c o n v e r t s  t o  s p h e r i c a l  c o o r d i n a t e s  r e a d i l y  
and r e d u c e s  t o  t h e  s i n g l e  i n t e g r a l :
I 3 = (1 / 2tt)3 | | J  d3& e"i k ' R/ ( k 2- x| )
= ( 1 / i4 fr2R) dk k e ik R / ( k 2 - x£)
f o r  w h ic h  an  a p p r o p r i a t e  c o n t o u r  i s  shown i n  f i g u r e  A3 w h ere  
t h e  f o l l o w i n g  d e f i n i t i o n  h a s  b e e n  e s t a b l i s h e d :  x^  = “ i-T-p-
F ig u r e  A3 C o n to u r  a p p r o p r i a t e  f o r  e v a l u a t i n g  t h e  f i r s t  te rm  
o f  t h e  t r a n s v e r s e  p a r t  o f  G. ( S ; ( j ) ;  n o t e :  = y^ .
Im {k j-
R > 0  (one  pole e n c l o s e d )
R e
-C O  - K
-  X
F ig u r e  A4 C o n to u r  a p p r o p r i a t e  f o r  e v a l u a t i n g  t h e  s e c o n d  te rm  
o f  t h e  t r a n s v e r s e  p a r t  and  t h e  l o n g i t u d i n a l  p a r t  o f  G. (S.; oj) 
n o t e :  KL > Yl  w h i l e  = y-j .
One may u s e  t h e  r e s i d u e  th e o re m  t o  w r i t e :
z e " iz R  _ ?  k e " ik R  . I  z e ~ iz RJ (z-xT) (z+xT) Z " J (k-xT) (k+xT) dk + i ^ i ^ J  (z-xT) (z+xT) dz
= 2 ir i  Res{-Xm}X
-Yt R -iKmR
w hich  y i e l d s  t h e  r e s u l t :  Ig  = e e / 4 ttR. The l o n g i t u ­
d i n a l  t e r m  and  s e c o n d  t e r m  o f  t h e  t r a n s v e r s e  p a r t  a r e  b o t h  o f  
t h e  same fo rm  and  c o n v e r t  t o  s p h e r i c a l  c o o r d i n a t e s  a s :
3 3 it - i k ‘ R / ,2 /1 .2  2yI 4 = ( 1 / 2 ir) d J k  e  ^ /k ^ C k ^ -x ^ )
- i k R , ,  , , 2  2>= (l/i4TT^R) dk e  / k ( k  -X ) ,
— CO
f o r  w h ic h  an  a p p r o p r i a t e  c o n t o u r  i s  g i v e n  i n  f i g u r e  A4. One 
may u s e  t h e  r e s i d u e  th e o re m  t o  w r i t e :
r f e " 1KK . 1  e
j z(z-x) (z+x)dz _ J k(k-x) (k+x)dk + S j  z(z-x) (z+x)dz
— 00 > I
= 2 Tri R e s ( - x )
w here  t h e  r e s i d u e  c o n t r i b u t i o n  o f  t h e  p o l e  a t  t h e  o r i g i n  h a s  
b een  n e g l e c t e d  due t o  h i n d s i g h t  b e c a u s e  i t  r e s u l t s  i n  a  c o n ­
s t a n t  te rm  t h a t  v a n i s h e s  when o p e r a t e d  on by  t h e  s p a t i a l  
o p e r a t o r s  o f  Qjm. The r e s u l t  o f  t h i s  i n t e g r a t i o n  i s :
1/ = e -YRe - ^KR/ 47rR x^, w h e re  x = K -  i y .  The com bined  r e s u l t
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i s  t h e  t e n s o r  G r e e n ' s  f u n c t i o n  i n  t h e  (R;w) dom ain  and  i s  
p r e s e n t e d  a s  e x p r e s s i o n  ( 2 . 6 ) o f  t h e  m a in  t e x t .
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The s e p a r a t e d  wave e q u a t i o n  ( i n  t h r e e  c o o r d i n a t e  s y s te m s )  
a p p r o p r i a t e  t o  t h e  c o n s t r u c t i o n  o f  t h e  v a r i o u s  C .R .P .  r e p r e ­
s e n t a t i o n s  .
2 2A. I n  g e n e r a l  c o o r d i n a t e s :  (V +K )¥  = 0 , w h e re  K i s
H, H
d e f i n e d  i n  p a r t  E b e lo w .
B. I n  r e c t a n g u l a r  c o o r d i n a t e s :  ^ C x . y ^ )  = X (x )Y (y )Z (z )
0 , hx  = y 2 ;
0 , hy = X2 ;
0 , h z = n 2 ;
2 2 2 2 
Kq = V + A + n •
N ote : The h ' s  a r e  t h e  d i f f e r e n t  e i g e n v a l u e s .
C. I n  c y l i n d r i c a l  c o o r d i n a t e s :  ¥(r,<J>,z) = R ( r )  $(<j>)Z(z)
^3r r  Hr ” ~v" + h r ) R ( r )  = 0 , h r  = r 2 ;
o • h * “  v 2 >
o , hz = fi2;
( “ T  +  =
H2
( — jr +  h z ) Z ( z )  = 
dz
j 2
( - ^ 7  +  hx ) X<X> dx x
(S 7  + V Y(y)
A2




2 2 ?  Kq = + c r
D. In  s p h e r i c a l  c o o r d i n a t e s :  4 '(p ,(j),0) = R (p )$ (d >)0 ( 0 )
<a? »2 & + V *  - V R<»> -  0 • h p = Kq ’
W  + V * ( t )  = 0 ' h+ " v2;
(a l s i n  M - i ^ 0 + h 0 s i n 0 ) 0 ( 0 ) = o  « ^  = n 2 ;
2
and n  = £ (£ + 1 ) f o r  c o n v e r g e n c e  o f  t h e  s o l u t i o n .
E. The Kq may b e  v a r i o u s  e x p r e s s i o n s  d e p e n d in g  on t h e  p ro b le m ,  
i )  f o r  t h e  undam ped wave e q u a t i o n :
Kq -»■ Kq = m/C, C = sound  s p e e d ,  f o r  ex am p le ;  
i i )  f o r  t h e  t r a n s v e r s e  mode o f  a  v i s c o u s  f l u i d  
[ s e e  e q u a t i o n  ( 2 . 7 a ) ] :
^  KT = (poj/2ri) ^ 2 , P = f l u i d  d e n s i t y ,  
q = s h e a r  v i s c o s i t y ;
i i i )  f o r  t h e  l o n g i t u d i n a l  mode o f  a  v i s c o u s  f l u i d  
[ s e e  e q u a t i o n  ( 2 . 7 b ) ] :
1/ 2
Kq -  -  £
( l+ [w (3 ? ;+ 4 q ) /3 p C 2 ] 2 ) 1 / 2  + l
2 ( l+ [ io (3 s + 4 r i ) /3 p C 2 ] 2 ) J
= c o m p r e s s io n a l  sound  s p e e d ,  c, = b u l k  v i s c o s i t y ;
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i v )  f o r  t h e  t r a n s v e r s e  mode o f  a  v i s c o e l a s t i c  s o l i d  
[ s e e  e q u a t i o n  ( 2 .2 8 b ) ]
K + Km =
,1 / 2
0)
f [1+ (g ; ) 2(|>2] l / 2 +1
2[l+(jj-r)20)2]
1/2
Crj, =  ( y ' / p )  ( t r a n s v e r s e  so u n d  s p e e d ) ,  y '  = Lame 
p a r a m e t e r ,  y"  = t h e  c o r r e s p o n d i n g  V o ig t  dam ping 
p a r a m e t e r ;
v )  f o r  t h e  l o n g i t u d i n a l  mode o f  a  v i s c o e l a s t i c  s o l i d  
[ s e e  e q u a t i o n  ( 2 . 2 8 c ) ] :
K + Kt = r  q L C
oo
P1 , / X " + 2 y '\2  2 i H 2 t , 
[ 1+ ( x ' + 2 i i ' > “  ] +1
o n  , ,X " + 2 y '\ 2  2 n
2 [ 1+ ( r Tw - ) “  ]
1/2
= [ (X *+2y ' ) / p ] ^ 2 ( l o n g i t u d i n a l  so u n d  s p e e d ) ,  
X' = Lame p a r a m e t e r ,  X" = t h e  c o r r e s p o n d i n g  
V o ig t  dam ping p a r a m e t e r .
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The g e n e r a l  e q u a t i o n  o f  m o t io n  o f  a s o l i d  i s  w r i t t e n :
*  p f * +  V k i  ■ ( i )
and t h e  i s o t r o p i c  e q u a t i o n  o f  s t a t e  i s  g iv e n  a s :
yk£ Ek£mnemn Ek£mn^mun ’
w here  i s  t h e  s t r e s s  t e n s o r ,  i s  t h e  g e n e r a l i z e d
Y oung 's  m o d u lu s ,  e i s  t h e  s t r a i n  t e n s o r  t h a t  i s  d e f i n e dmn
by: = [ 9_u +3 u  + (3  u „ ) (3 u 0) ] / 2 , b u t  i s  u s e d  h e r e  i n  i t sJ mn m n  n m  m £  n £
l i n e a r  i s o t r o p i c  fo rm  a s : e_ = 3 u  w i t h  u  d e n o t i n g  t h er mn m n  n  °
d i s p l a c e m e n t  v e c t o r .  The i s o t r o p i c  e x p a n s io n  o f  E ^ ^  t h a t  
u t i l i z e s  t h e  s y m m e tr ie s  o f  t h e  f i e l d  may b e  w r i t t e n  [ 6 ] :
Ek£mn = X6k £ 6mn +  y ^<Sk n (S£m+<Skm'S £n^ ’
w here  X and  y a r e  t h e  w e l l  known Lame p a r a m e t e r s .  S u b s t i t u ­
t i n g  ( i i i )  i n t o  ( i i ) , l e a v e  one  w i t h  :
“  XSk t 3nun  + '
w hereupon  t a k i n g  t h e  d i v e r g e n c e  one h a s :
V t l  = XV n un + >“< V -kV ^St5 ' (iv>
- <X+P> V n un +
170
S u b s t i t u t i n g  ( i v )  i n t o  ( i )  an d  a s s u m in g  c o n s t a n t  d e n s i t y  p, 
one h a s :
[(P3 -^P32)«to - a+M> V n ]un = pfi '
w hich  a f t e r  d i v i d i n g  by  p i s  i n  an  a p p r o p r i a t e  fo rm  f o r  
e x t r a c t i n g  t h e  o p e r a t o r  a s  p r e s e n t e d  by  e x p r e s s i o n  ( 2 .2 4 )  
o f  t h e  m a in  t e x t .
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APPENDIX H e
E v a l u a t i o n  o f  t h e  T e n s o r  G r e e n 's  f u n c t i o n  o f  
a  V i s c o e l a s t i c  S o l i d  i n  T h re e  Domains
A. The (ic;ai) Domain
T r a n s f o r m in g  e q u a t i o n  ( 2 .2 5 )  o f  t h e  m a in  t e x t  w i t h  t h e  
o p e r a t o r  d e f i n e d  i n  e x p r e s s i o n  ( 2 .2 4 )  from  t h e  ( r ; t )  domain 
i n t o  t h e  (k ;w ) dom ain u s i n g  t h e  F o u r i e r  t r a n s f o r m s ,  one  h a s :
c o e f f i c i e n t s  A and  B a r e  e v a l u a t e d  i n  te rm s  o f  K, x-p» anc^
( i )
w here L ^ O c j io )  = { [ ( y '+ itoy"  
P
•)k2 - u 2 ] +  [ (X '+y  1 )+ ia )  (X"+u")
P
( i i )
S in c e  ( i )  i s  p u r e l y  a l g e b r a i c  i t  i s  c l e a r  t h a t :
( i i i )
w here  L- '*' i s  t h e  i n v e r s e  o p e r a t o r  o f  ( i i )  an d  i s  e v a l u a t e d  by  
c o n s i d e r i n g  t h e  i d e n t i t y :
( i v )
To s o l v e  t h i s ,  one  may assum e (lc; w) i s  o f  t h e  same s t r u c ­
t u r e  a s  L j j  (ic;w) , i . e . ,  Lmj (&; co) = A6mj  + Bkmk^ , w h ere  t h e
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u s in g  r e l a t i o n  ( i v ) . The r e s u l t  i s  t h e  G r e e n ' s  f u n c t i o n  o f  
r e l a t i o n  ( i i i )  and  i s  p r e s e n t e d  i n  t h e  m a in  t e x t  a s  e x p r e s s i o n  
( 2 .2 6 )  .
B. The (lc;T) Domain
U sin g  e x p r e s s i o n  ( 2 .2 6 )  o f  t h e  m ain  t e x t  and  t h e  f o l l o w ­
in g  d e f i n i t i o n  o f  t h e  i n v e r s e  t e m p o r a l  F o u r i e r  t r a n s f o r m :
t h e  t e n s o r  G r e e n 's  f u n c t i o n  i n  t h e  (k ;T )  dom ain  i s  e a s i l y  
e v a l u a t e d  by  two c o n t o u r  i n t e g r a t i o n s . I n  e a c h  o f  t h e  f o l l o w ­
in g  p a r t s  (B. an d  C . ) ,  w h ere  t h e  i n t e g r a t i o n s  f o r  t h e  t r a n s v e r s e  
(T) and  l o n g i t u d i n a l  (L) p a r t s  a r e  o f  i d e n t i c a l  fo rm , b o t h  
w i l l  be  r e p r e s e n t e d  u s i n g  a  s u b s c r i p t  q t o  s i g n i f y  e i t h e r  T 
o r  L. B o th  te rm s  th e n  r e d u c e  t o  e v a l u a t i n g  an  i n t e g r a l  o f  
th e  fo rm :
f o r  w h ich  an  a p p r o p r i a t e  c o n t o u r  i s  shown i n  f i g u r e  A 5. F o r  
th e  c a s e  o f  T > 0 one  may u s e  t h e  r e s i d u e  th e o re m  t o  w r i t e :
00
Gjm Oc;T) = (1/2-rr) j da) e ia ) tGjm (£;cd) ,
— CO
00






dco + l im  
| z | -»■»
— 00
= 2 ir i [R es  {1}+R es{2}] ,
I m
T > 0  (two poles enclosed)
X —  X
Re-CO
T <  0  (no poles enc losed)
F ig u r e  A5 C o n to u rs  a p p r o p r i a t e  f o r  e v a l u a t i n g  b o t h  te rm s  o f  
Gjm (£ ;T )  w h ere  Wdq = wn q ( l - 5 ^ ) 1 / 2 .
Im {k j-
R >0 {one pole enclosed)
X ---------------------------V -
R e
-CO  — K. - e
-  yn
F ig u r e  A6 C o n to u r  a p p r o p r i a t e  f o r  e v a l u a t i n g  b o t h  te rm s  o f  
Gj m($ ;(o ) ;  n o t e :  Kq > y q .
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w here  t h e  r e s i d u e s  R e s{ l}  an d  Res{2} a r e  t h e  c o n t r i b u t i o n s  
o f  t h e  two p o l e s  shown i n  f i g u r e  A5. The r e s u l t  o f  t h i s  
i n t e g r a t i o n  i s :
The com bined  r e s u l t  i s  t h e  t e n s o r  G r e e n 's  f u n c t i o n  i n  t h e  (k ;T )  
domain and  i s  p r e s e n t e d  a s  e x p r e s s i o n  ( 2 .2 7 )  o f  t h e  m ain  t e x t .
C. The (R ; to) Domain
U sing  e x p r e s s i o n  ( 2 .2 6 )  o f  t h e  m ain  t e x t  an d  t h e  f o l l o w ­
in g  d e f i n i t i o n  o f  t h e  i n v e r s e  F o u r i e r  t h r e e - d i m e n s i o n a l  
s p a t i a l  t r a n s f o r m :
two ty p e s  o f  c o n t o u r  i n t e g r a t i o n s .  The f i r s t  t e r m  o f  t h e  
t r a n s v e r s e  p a r t  c o n v e r t s  t o  s p h e r i c a l  c o o r d i n a t e s  r e a d i l y  
and r e d u c e s  t o  t h e  s i n g l e  i n t e g r a l :
00
Gjm ( * ;w) = (1/27r)
—00
t h e  t e n s o r  G r e e n 's  f u n c t i o n  Gjm(i£;u)) i s  e a s i l y  e v a l u a t e d  by
I 2 = -  ( l / 2 ir) 3 | J
00
- i £ . £e






f o r  w h ic h  an  a p p r o p r i a t e  c o n to u r  i s  shown i n  f i g u r e  A6 , e x c e p t  
t h a t  t h e r e  i s  no  p o l e  a t  t h e  o r i g i n .  One may u s e  t h e  r e s i d u e  
th e o re m  t o  w r i t e :
ze - i z R •dz =
k e ^ R  
(k 'X 'j1) (k+X'j')
- i z R
■dk +  l im  /jv t — — \ / ,— r-dz 
| z | - m »  J (z-XT) (z+XT)
= 2 ir i  Res
2 2w here  x-j- = / ( y '+ i w y " )  w h ic h  y i e l d s  t h e  r e s u l t :  1^  =
O 2 —YrnR —iKmR
(-Xt / id ) e  e / 4 ttR w h e re  x^ = KT- i y T . The l o n g i t u d i n a l
te rm  and  s e c o n d  te rm  o f  t h e  t r a n s v e r s e  p a r t  a r e  b o t h  o f  t h e  
same fo rm  and  c o n v e r t  t o  s p h e r i c a l  c o o r d i n a t e s  a s :
I 3 ~2
■X,
w ( 2 tt) '
[ f [ d 3£ e “i k '^ /k2 (k2 - x^) = 2 ( dk e~ikR/k (k 2- x2) ,
J 1 i At: 1 1
w here  x2 i s  d e f i n e d  ab o v e  an d  x2 = p(i)2 / [ X '+ 2y '+ i to (X "+ 2y " ) ] .
An a p p r o p r i a t e  c o n t o u r  i s  g iv e n  i n  f i g u r e  A6 . One may u s e  t h e  
r e s i d u e  th e o re m  t o  w r i t e :
*
- i z R
6
z ( z - X q ) ( z + X q )
dz =
- ik R  
k (k -X q )(k + X q )
.- i z R
dk  + l im  /f» z ( z "  W z+Y Sdz 
| z | ->-00 ■* Xq/ v Xq/
= 2 i t i  Res{~Xq}
w here  t h e  r e s i d u e  c o n t r i b u t i o n  o f  t h e  p o l e  a t  t h e  o r i g i n  h a s  
been  n e g l e c t e d  due t o  h i n d s i g h t  b e c a u s e  i t  r e s u l t s  i n  a  c o n s t a n t
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te rm  t h a t  v a n i s h e s  when o p e r a t e d  on by  t h e  s p a t i a l  o p e r a t o r s .  
The r e s u l t  o f  t h i s  i n t e g r a t i o n  i s :  = e -YRe ’"'*'K'R/4TrRw^,
w here  y = K -  i y .  The com bined  r e s u l t  i s  t h e  t e n s o r  G r e e n 's  
f u n c t i o n  i n  t h e  ( £ ; to) dom ain  and  i s  p r e s e n t e d  a s  e x p r e s s i o n  
(2 .2 8 )  o f  t h e  m ain  t e x t .
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APPENDIX Ilf
Summary o f  G r e e n 's  f u n c t i o n s  f o r  f i v e  s c a l a r  e q u a t i o n s  
( P a r t s  A ,B ,C ,D  an d  E) an d  c o m p a r iso n  t o  t h e  t r a n s v e r s e  an d  
l o n g i t u d i n a l  p a r t s  o f  t h e  t e n s o r  G r e e n 's  f u n c t i o n  o f  a  v i s c o u s  
f l u i d  ( P a r t s  F and  G) an d  v i s c o e l a s t i c  s o l i d  ( P a r t s  H an d  I ) .
A. Undamped Wave E q u a t i o n : [ 32 - ( 1 / C 2 ) 9 2 ] f ^  = 0
G ( £ ; u>) = l / ( k 2 - X2 ) , X = to/C ;
G (5 ;T ) = U ( T ) (C /k ) s in (C k T )  ;
G($;to) = e " lKR/4irR , R =  \ t \  ;
G ($ ;T ) = 6 (T -R /C ) / 4ttR
B. D i f f u s i o n  E q u a t i o n : [9 2 - ( l / D ) 3 t ] f 2 = 0
G (£ ;u )  = l / ( k 2 - X2 ) , X2 = - i u / D  ;
G(&;T) = U(T)D e “AT , A = Dk2 ;
G(£;oj) = e " ^ R/4irR , y = i r  = (to/D) 1 / 2e i 7r/ 4
G (S;T) = U (T )" 1 /,2 (4 irT )“ 3 / 2e " R2^ DT.
C. D i s s i p a t i v e  Wave E q u a t i o n : [ 92 - ( 2 / D ) 9 fc- ( 1 / C 2 ) 9 2 ] f ^  = 0
G (£ ;u )  = l / ( k 2 - X2 ) , x 2 = 1 / [DC2 (Daj2+ i2 C 2 a)) ] ;
G(&;T) = U ( T ) D [ ? ( l - ? 2 ) 1 / 2 ] " 1e “ATsin [aJn ( l - ? 2 ) 1 / 2T] ,
A = ?o)n  , £ = C/Dk , an d  ion  = Ck ;
G ( ^ ; oj) = e~YRe""^RR/4TrR , x = K -  i y  and
K i s  t h e  p o s i t i v e  (+) s i g n  an d  y i s  t h e  
n e g a t i v e  s i g n  o f  t h e  e x p r e s s i o n :
K, Y 0)
[ l+ ( 2 ? 0 3 n / 0 ) ) 2 ] 1 / 2 + l
1/2
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G (S;T) = U (T )[C e “AT/ 47rR ]{6 (CT-R)
+  U(CT-R)CRD"1 [R2 - ( C T ) 2 ] “ 1 / 2J 1 (CD"1 [R2 - ( C T )2 ] 1 ^2 )}
( s e e  [ 3 3 ] )  .
D. D i s s i p a t i v e  Wave E q u a t io n  w i t h  S p ace-T im e  C o u p l i n g : 
[ 9 2+ (2D /C 2 ) 3 t 32 - ( l / C 2 ) 9 2 ] f 4 = 0
G(&;<o) = X2 /X()(k2 -X2 ) » Xq = “ /G and  X2 = w2 / ( C 2+i2D L<jj) 
G(lc;T) = U ( T ) D [ ? ( l - ? 2 ) 1 / 2 ] " 1e " ATsin [o )n ( l - C 2 ) 1 / 2T] ,
A = £ton  , £ = Dk/C , an d  con  = Ck ;
G ($ ;u )  = x2 e “YRe “iKR/ 47rRK2 , x = K -  i y  and
K i s  t h e  p o s i t i v e  (+) s i g n  an d  y i s  t h e
n e g a t i v e  ( - )  s i g n  o f  t h e  e x p r e s s i o n :
t r  03K, y — > ^  ■
[ l + ( 2 £u)/u)n ) 2 ] 1 /2 + l
2 [ l + ( 25u)/o)n ) z ]
1 / 2
= U(T) ( C / i 47r2 R)
-DTk2+ ik R s i n { C T |-1 _ ( D k / c ) 2 - j l / 2 k}  
[ l - ( D k / C ) 2 ] 1 / 2
dk-
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E . D i s s i p a t i v e  Wave E q u a t io n  w i t h  F r e q u e n c y -D e p e n d e n t  V i s c o s i t y  
C o e f f i c i e n t s :
[ 3 2+ i(2 D /C 2 ) 9 2 - ( l / C 2 ) 3 ^ ] f 5 = 0 w h e re  D = D(w)
G(£;w) = X2 /X § (k 2 -X2 ) , Xq = “ /C an d  X2 = to2 / ( C 2+i2D ) ; 
G(S;T) = (x 2 / 2 ) e  A 1^1 , w h e re  i s  t h e  p o s i t i v e  (+)
s i g n  and  y i s  t h e  n e g a t i v e  ( - )  s i g n  o f  t h e  e x p r e s s i o n :
t o , ,  A
k2r 2 1 /2  
( ^ r - ) I
2D 21 1 / 2l+ (2 § >  J ±1 1/2
-1  -yR -iKRA  • A
G (ft;w) = [ l+ i ( 2 £ ) w ]  e " ' e4 ttR , x = K ~ i-Y > w h ere  K
i s  t h e  p o s i t i v e  (+) s i g n  and  y i s  t h e  n e g a t i v e  ( - )  s i g n  
o f  t h e  e x p r e s s i o n :
f [ l + ( 2 5 / W ) 2 ] 1 / 2 + l  
k> y — 2 ------- T~~~
C 2 [ l + ( 2 £/u> ) 2 ]
and  £ = Dk un  = Ck ;
G(ft;T) = ( l / i 87r2R ) / ” dk k x 2 e “A IT I e _ i  (kR_(i3d IT I )
— CO
u>d = to^(k) and  A = A(k) .
w here
F. The c u r l  o f  t h e  t e n s o r  o p e r a t o r  o f  a v i s c o u s  f l u i d
^ e x p r e s s i o n  ( 2 . 1 ) o f  t h e  m ain  t e x t )  d i r e c t l y  r e l a t e s  t h e  
t r a n s v e r s e  mode t o  d i f f u s i o n  e q u a t i o n :
I n  v e c t o r  n o t a t i o n ,  t h e  c u r l  o f  t h e  hom ogeneous fo rm
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of expression (2.1) is:
2
Vx{ [- iT - ( n/p)  ^ . v 2 ] v - ( c £ + [ ( 3 ? + n ) / 3 p ] ^ ) V ( V . v ) }  = 0 
81
C o n s id e r  t h e  f o l l o w i n g :
v  = v,p +  V, ( v e l o c i t y  v e c t o r  s e p a r a t e d  i n t o  t r a n s v e r s e  
and  l o n g i t u d i n a l  co m p o n en ts ,  r e s D e c t i v e l y )
~y
V x v ,  = 0  ( t h e  l o n g i t u d i n a l  mode i s  i r r o t a t i o n a l )
V x V'J' = 0 ( a n  i d e n t i t y  f o r  any  s c a l a r  *0 
t h e n  t h e  ab o v e  e x p r e s s i o n  r e d u c e s  t o :
2
( - ^  -  ° T ^  v2) ( vxvt ) = o , DT = n/p 
31
w h ic h  r e a r r a n g e s  a f t e r  an  i n t e g r a t i o n  w i t h  r e s p e c t  t o  t im e  
t o :
[V2 - ( 1 / D t ) ^ ] ( V x£ t ) = 0
A c o m p a r is o n  o f  t h i s  e q u a t i o n  t o  t h e  d i f f u s i o n  
e q u a t i o n  o f  P a r t  B o f  t h i s  a p p e n d ix  c l e a r l y  d i s p l a y s  
t h e  d i f f u s i v e  c h a r a c t e r i s t i c  o f  t h e  t r a n s v e r s e  mode.
F u r t h e r  a g re e m e n t  i s  shown on c o m p ar in g  t h e  r e s u l t s  o f  
P a r t  B w i t h  t h e  t r a n s v e r s e  te rm s  o f  e q u a t i o n s  ( 2 . 3 ,  4 ,  5 ,
6 , an d  7) o f  t h e  m a in  t e x t .
G. The d i v e r g e n c e  o f  t h e  t e n s o r  o p e r a t o r  o f  a  v i s c o u s  f l u i d  
d i r e c t l y  r e l a t e s  t h e  l o n g i t u d i n a l  mode t o  a  d i s s i p a t i v e  
wave e q u a t i o n  w i t h  s p a c e - t i m e  c o u p l i n g :
I n  v e c t o r  n o t a t i o n ,  t h e  d i v e r g e n c e  o f  t h e  hom ogeneous 
fo rm  o f  e x p r e s s i o n  ( 2 . 1 ) o f  t h e  m ain  t e x t  i s :
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2
( n / p ) ^  v 2 ] v -  ( c 2 + [ ( 3 ? + n ) / 3 P ] ^ - ) v ( v - v ) }  = o
81
Consider the following:
v  = v™ + v ,  ( t r a n s v e r s e  an d  l o n g i t u d i n a l  co m p o n en ts ,  
r e s p e c t i v e l y )
- y
V • v T = 0 ( t h e  t r a n s v e r s e  mode i s  n o n - d i l a t i o n a l )
t h e n  t h e  ab o v e  e x p r e s s i o n  r e d u c e s  t o :
2
[-^-j- ( n / p ) ^ -  v 2 ] ( v --Vj)-(c2+ [ ( 3 ? + n ) / 3 p ] - ^ - ) v 2 ( v * v ^ )  = o
8 t
2
[ n + ( c + n / 3 ) ] p - 1 ^  v 2 -c£v2 }(v-vl ) = o
81
w i t h  = (3 ? + 4 r i) /6 p  , t h i s  r e a r r a n g e s  t o :
2
[V2+(2Dl /C 2 )V2 ^  -  ( 1 /C 2 ) l j r ] ( V - v L ) = 0
91
A c o m p a r iso n  o f  t h i s  e q u a t i o n  t o  t h e  d i s s i p a t i v e  wave 
e q u a t i o n  w i t h  s p a c e - t i m e  c o u p l i n g  o f  P a r t  D o f  t h i s  
a p p e n d ix  c l e a r l y  d i s p l a y s  t h e  l i g h t l y - d a m p e d  c h a r a c t e r ­
i s t i c  o f  t h e  l o n g i t u d i n a l  mode. F u r t h e r  a g re e m e n t  i s  
shown on co m p ar in g  t h e  r e s u l t s  o f  P a r t  D w i t h  t h e  l o n g i ­
t u d i n a l  te rm s  o f  e q u a t i o n s  ( 2 . 3 ,  4 ,  5 ,  6 , and  7) o f  t h e  
m ain  t e x t .
H. The c u r l  o f  t h e  t e n s o r  o p e r a t o r  o f  a  v i s c o e l a s t i c  s o l i d  
( e x p r e s s io n  ( 2 .2 4 )  o f  t h e  m a in  t e x t )  d i r e c t l y  r e l a t e s  t h e  
t r a n s v e r s e  mode t o  d i s s i p a t i v e  w a v e - e q u a t i o n  w i t h  s p a c e ­
t im e  c o u p l i n g : -
I n  v e c t o r  n o t a t i o n ,  t h e  c u r l  o f  t h e  hom ogeneous fo rm
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of expression (2.24) is:
( J ) v 2 ] u -  ( ^ ) V ( V - u ) }  = 0 
3 t z p p
C o n s id e r  t h e  f o l l o w i n g :
( d i s p l a c e m e n t  v e c t o r  s e p a r a t e d  i n t o  
t r a n s v e r s e  and  l o n g i t u d i n a l  compo­
n e n t s  , r e s p e c t i v e l y )
( t h e  l o n g i t u d i n a l  mode i s  i r r o t a t i o n a l )
(a n  i d e n t i t y  f o r  any  s c a l a r  ¥)
(e x p a n d  Lame p a r a m e t e r  t o  i n c l u d e  
V o ig t  dam ping)
t h e n  t h e  above  e x p r e s s i o n  r e d u c e s  t o :
3 2  y ' + y " 4  o[ 3 _ (--------- Lt) v 2 ] ( v > + s = 0 ^
3 t  P
w h ic h  a f t e r  m u l t i p l y i n g  by  ( - p / p ' )  r e a r r a n g e s  t o :
2
[V2+(2Dt /C 2 )V2 _ ( l / C 2) - ^ - ]  (VxuT) = 0 ;
31
w h e re  DT = y " /2 p  an d  CT = ( y ' / p ) ^ ^ .  A c o m p a r iso n  o f  
t h i s  e q u a t i o n  w i t h  t h a t  o f  t h e  d i s s i p a t i v e  wave e q u a t i o n  
w i t h  s p a c e - t i m e  c o u p l i n g  ( P a r t  D o f  t h i s  a p p e n d ix )  c l e a r l y  
d i s p l a y s  t h e  l i g h t l y - d a m p e d  c h a r a c t e r i s t i c  o f  t h e  t r a n s v e r s e  
mode o f  a  v i s c o e l a s t i c  s o l i d  ( e q u a t i o n s  2 . 2 6 ,  27 ,  an d  2 8 ) .
u  = U j +  ^
V x ^  = 0
V x VT = 0
y ■> y 1 +  y "  A .
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I .  The d i v e r g e n c e  o f  t h e  t e n s o r  o p e r a t o r  o f  a  v i s c o e l a s t i c  
s o l i d  d i r e c t l y  r e l a t e s  t h e  l o n g i t u d i n a l  mode t o  a  d i s s i ­
p a t i v e  wave e q u a t i o n  w i t h  s p a c e - t i m e  c o u p l i n g :
I n  v e c t o r  n o t a t i o n ,  t h e  d i v e r g e n c e  o f  t h e  hom ogeneous 
fo rm  o f  e x p r e s s i o n  ( 2 . 2 4 )  o f  t h e  m ain  t e x t  i s :
V * { [ - i L -  (£)v2]u - (^)V(V-u) = 0 .
31 P p
C o n s id e r  t h e  f o l l o w i n g :
u  = u „  +  tL ( t r a n s v e r s e  an d  l o n g i t u d i n a l  compo­
n e n t s ,  r e s p e c t i v e l y )
V • u „  = 0 ( t h e  t r a n s v e r s e  mode i s  n o n -
d i l a t i o n a l )
g
X X 1 +  X" (e x p a n d  Lame p a r a m e t e r  t o  i n c l u d e
V o ig t  dam ping)
t h e n  t h e  ab o v e  e x p r e s s i o n  r e d u c e s  t o :
a2 i i ' + u " 4  ,  + „
C - T - -  ( ------ S - 2 £ ’> 7 h < 7 - S J ) -  C------------------ 5--------------— ] 7 2 ( V - U . )  -  0
31 ^
[ ^ - ( ^ ) V 2 i - ( ^ l ) v h ( V . S L ) = 0
w h ic h  a f t e r  m u l t i p l y i n g  by  - ( X ' + 2 v i ' ) / p  r e a r r a n g e s  t o :
[V2+ ( 2 i y c £ ) V 2 i t  -  -  0 ,
w h ere  DL = ( X " + 2 y " ) / 2 p  an d  CL = [ ( X ' + 2 y  ' ) /  p ]  . A com­
p a r i s o n  o f  t h i s  e q u a t i o n  w i t h  t h a t  o f  t h e  d i s s i p a t i v e  wave
2
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e q u a t i o n  w i t h  s p a c e - t i m e  c o u p l i n g  ( P a r t  D o f  t h i s  a p p e n d ix )  
c l e a r l y  d i s p l a y s  t h e  l i g h t l y - d a m p e d  c h a r a c t e r i s t i c  o f  
t h e  l o n g i t u d i n a l  mode o f  a  v i s c o e l a s t i c  s o l i d  ( e q u a t i o n s  
2 .2 6 ,  2 7 ,  and  2 8 ) .
APPENDIX Ilg
L andau  an d  L i f s h i t z  [ 2 , 6 ]  c a l c u l a t e  t h e  r a t e  o f  d i s s i ­
p a t i o n  o f  m e c h a n ic a l  e n e r g y ,  i . e . ,  9Emech / 3 t > by  u s i n g  t h e  
f o l l o w i n g  a rg u m e n t .  I n  p a s s i n g  fro m  a  g iv e n  n o n - e q u i l i b r i u m  
s t a t e  t o  one  o f  th e rm o d y n am ic  e q u i l i b r i u m  t h e  maximum 
amount o f  w ork  t h a t  c an  b e  done  i s  j u s t  t h e  m e c h a n ic a l  e n e r g y ,  
Emech* E en ce 9Em e c h /9 t  e<^ u a ^ t o  ” ( 3E/ 8s )  ( 3 s / 3 t )  w h ere  
Emech = E0 ~ E ( s )* a t t e n u a t i o n  c o n s t a n t  i s  t h e n  e v a l u a t e d
to  b e :
A = l<9Emech/ 8t > l / (2<E>) ’
w here  < > d e n o te s  t e m p o r a l  a v e r a g i n g  an d  | | d e n o te s  t h e
" m a g n i tu d e  o f "  t h e  a rg u m e n t .
L a n d au  a n d  L i f s h i t z  e v a l u a t e  t h e  t e m p o r a l  a t t e n u a t i o n  
c o n s t a n t  f o r  so u n d  w aves i n  a  v i s c o u s  f l u i d  [ 2 ,  p .  300] w h ic h  
a g r e e s  w i t h  t h e  l o n g i t u d i n a l  ( c o m p r e s s i o n a l )  a t t e n u a t i o n  c o n -
9
s t a n t  d e t e r m in e d  i n  t h i s  i n v e s t i g a t i o n  (A-  ^ = D^k ) o b t a i n e d  
d i r e c t l y  from  t h e  e x p o n e n t i a l  d e c a y  f a c t o r  o f  t h e  l o n g i t u d i n a l  
p a r t  o f  t h e  (&;T) dom ain t e n s o r  G r e e n ' s  f u n c t i o n ,  e x p r e s s i o n  
( 2 . 5 ) .  S i m i l a r l y  L andau  and  L i f s h i t z  c a l c u l a t e  t h e  t r a n s v e r s e  
A^ and  l o n g i t u d i n a l  A^ t e m p o r a l  a t t e n u a t i o n  c o n s t a n t  f o r  an  
e l a s t i c  s o l i d  [ 6 , p .  157] w h ic h  e x p r e s s i o n  ( 2 .2 7 )  r e d u c e s  t o  
[ n o t e :  d e f i n i t i o n s  £ = (X "+ 2 y " /3 )  and  n = y " ] .
The o n ly  d i s c r e p a n c y  b e tw e e n  t h i s  s t u d y  and  L an d au  and  
L i f s h i t z  i s  t h a t  t h e  l a t t e r  c a l l s  t h i s  a t t e n u a t i o n  te rm  a
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s p a t i a l  one  by  d i v i d i n g  A by  t h e  sound  s p e e d  f o r  d i m e n s io n a l  
r e a s o n s ,  t h a t  i s :  e -AT v s .  e “AR/c _ e ~YR. T h is  s t u d y  f i n d s
no su ch  s im p le  r e l a t i o n  b e tw ee n  t h e  t e m p o r a l  A and  s p a t i a l  y 
a t t e n u a t i o n  c o n s t a n t s .
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APPENDIX Ilia
D e r i v a t i o n  o f  t h e  e q u a t i o n  o f  m o t io n  f o r  an  i d e a l  f l u i d  
E u le r  e q u a t i o n :  3t (pv) + VP = p f  ( i )
E q u a t io n  o f  s t a t e :  dP = (3 P /3 p )  dp , ( ) = i s e n t r o p i c
b  S
p a r t i a l  d e r i v a t i v eO
For a c o u s t i c  p u r p o s e s :  VP = C Vp ( i i )
2
w here C = (3 P /8 p )  = a d i a b a t i c  c o m p r e s s i o n a l  so u n d  s p e e d  [1 0 ]o
C o n t i n u i t y  e q u a t i o n :  3fcp + pQ(V*v) = 0 ( i i i )
S u b s t i t u t e  ( i i )  i n t o  ( i ) , l i n e a r i z e ,  and  d i f f e r e n t i a t e  w . r . t .  
t im e :
P o ^ v  +  C2 V3t p = po 3t f  ( i v )  •
S u b s t i t u t e  ( i i i )  i n t o  ( i v ) , d i v i d e  by  pD, a n d  l e t  v  = 3t u :
3 t ( 3 t u )  -  C2 V [V -(3 t S ) ]  = 3 t f  (v )
I n t e g r a t e  (v )  w . r . t .  t im e :  32u  -  C2 V(V*u) = f
L e t  u  = VY an d  f  = -V(C2 S ) ;  V and  S a r e  p o t e n t i a l s :
V(32 y-C 2 V2 '{') = -V(C2 S)
I n t e g r a t e  (3-D) s p a t i a l l y :  ( 3 2 -C2 V2 )'t' = -C2 S
2
D iv id e  by  (-C  ) and  t a k e  t e m p o r a l  F o u r i e r  t r a n s f o r m :
[V2+(w/C)2]¥(r;oj) = S(r;u) (vi)
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D e r i v a t i o n  o f  t h e  WKB s o l u t i o n  and  v a l i d i t y  c r i t e r i o n  [1 6 ]
A. The WKB s o l u t i o n :
The b a s i c  e q u a t i o n :
-^-7 - +  Q2 Z = 0 ( i )
dz
w here
n 2 = (to/C) 2 -  T2 ( i i )
I f
Z = p e i s  , ( i i i )
w i th  p and  s f u n c t i o n s  t o  be  e v a l u a t e d .  Then
Zz = (p z+ i p s z ) e l s  ;
w here  s u b s c r i p t  z d e n o te s  p a r t i a l  d i f f e r e n t i a t i o n  i n  t h i s  
A ppendix  o n ly
Zzz  = t ( P z z “P sz ) + i ( 2 pz s z+ p s z z ) ] e
S u b s t i t u t i o n  o f  t h e s e  i n t o  ( i ) , d i v i s i o n  by  e i s , and  s e p a r a ­
t i o n  i n t o  r e a l  and  im a g in a r y  p a r t s  y i e l d s :
R e a l :  pzz  -  p ( s 2 -f22 ) = 0 ( i v )
I m a g in a r y :  p s zz  +  2 Pz s z = 0 (v )
S o lv in g  ( v ) , w i t h  t  = s r
s - 2 p t  zz  _ Kz _ z
-2w here  -2  ln p  = l n t  +  In (A  ) ,  t h e  l a s t  t e r m  i s  an  i n t e g r a t i o n  
c o n s t a n t
p -  A t ’ 1 ' 2 -  A s '-1 ' 2z (V i)
D iv id e  ( i v )  by  p an d  i n t r o d u c e  t h e  s t a n d a r d  a p p r o x im a t io n  
t h a t :
1 zz
j ?  p
«  1 ( v i i )
From ( i v )  t h e n :
s z = +p an d  s = + |  n ( z ) dz +  s. ( v i i i )
Note t h a t  i n  ( i i i ) :  s = s (T r+ f iz -w t)  h e n c e  Z i s  a  p r o g r e s s i v e
p la n e  wave s o l u t i o n ,  t h e n  from  ( i i i ) ,  ( v i ) , and  ( v i i i )  one  
h a s  t h e  two WKB s o l u t i o n s :
,z
Z+ = e i s  <\i An_1^ 2e
+ i f  f i(z)  3 zQ dz
( i x )
A b e in g  com plex  v a l u e d .
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B. The v a l i d i t y  c r i t e r i o n  o f  WKB s o l u t i o n ;
From ( v i )  an d  ( v i i i )  : p = Aft - 1/2 pz “  ~ r Hz (ln f i)
_ Ah - 1 / 2 ,  d ,  n v 2 An - l / 2  d
zz — 'w-( in n )  dz
Then ( v i i )  b e c o m e s :
1 d / i -n N  1 1 / <1, 0 *2
T  7 T ^   ^ " 1  72^ 3z  ^n dz n
«  l (x )
In  a  medium o f  s lo w ly  v a r y i n g  n ,  one may make t h e  s e c o n d  
a p p r o x im a t io n  t h a t  n v a r i e s  l i n e a r l y  w i t h  d e p t h  ( n  ^  a z ) .
T h i s  a s s u m p t io n  i s  e q u i v a l e n t  t o  t a k i n g  t h e  f i r s t  t e r m  
o f  a  T a y l o r  e x p a n s i o n .  N o te  t h a t :  a z ) = Then (x)
b e c o m e s :
«  1
w h ich  s i m p l i f i e s  t o :
Hz'I n  n «  1 ( x i )
T h is  c o n d i t i o n  ( x i )  m eans t h a t  t h e  r a t e  o f  v a r i a t i o n  p e r  
w a v e le n g th  ( o f  t h e  z -c o m p o n en t  o f  w a v e le n g th ,  n )  i s  s m a l l ,  
im p ly in g  t h a t  p i n  ( i i i )  i s  s l o w ly  v a r y i n g .
F o r  s t e e p  r a y s  an d  h i g h  f r e q u e n c i e s  w/C >> r ,  w h ic h
J jp
im p l i e s  t h a t  n ^  a)/ C, and  th e n  H z ( In  ^  ^  TT  H z’ U s in g
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a) = 2irC/X w h e re  X i s  t h e  w a v e le n g th  a lo n g  t h e  r a y ,  t h e n  ( x i )  
b e co m e s :
1 X dC „  , t  . .v
2 ¥  C Hz • ( x i l )
T h is  s t a t e m e n t  o f  t h e  WKB v a l i d i t y  c r i t e r i o n  i l l u s t r a t e s  t h e  
h i g h - f r e q u e n c y  a n d / o r  l o w - g r a d i e n t  n a t u r e  o f  t h e  a p p r o x im a t io n .
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S e l e c t i o n  o f  W K B -so lu t io n  c o e f f i c i e n t s  f ro m  b o u n d a ry  c o n d i t i o n s
A. Top b o u n d a ry  c o n d i t i o n ; Z+ (z=T) = 0 ,  T = z@top ( i )
S i n c e :  Z+ (z )  = f2- 1 ^2 [AJ.e : L ? ’ z ^+Ba e " :L^ ] ;
£ ( T ,z )  = £2(z) dz
T
Then: ? ( T ,T )  = 0 , [A+e°+B+e ° ]  = 0
I f  we s e l e c t :
A+ = 1 , t h e n :  B+ = -1  ( i i )
B. B ottom  b o u n d a ry  c o n d i t i o n :  [ 1 - i - r ^ r  tnr]Z (z=B) = 0 , ( i i i )Pqco az
B = z@ bottom , pQ = f l u i d  d e n s i t y
S i n c e :  Z (z )  = S T ^ C A  e 1 ? ^B ,z ^+B ;
? (B , z )  =
Then:
f t ( z ) d z
B
+ JT 1 / 2 [A ( i f t ( z=B) -0 )+B  ( - i f l ( z = B ) - 0 ) ]  ( i v )
w here  L e i b n i z  r u l e s  h a v e  b e e n  u t i l i z e d  on t h e  s e c o n d  t e r m :
u i ( a )  ^ ^
£  j f ( x ) d x  = f ( U l) -gA  -  f ( u o ) ^  
u 0 (a )
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N e g le c t in g  t h e  f i r s t  t e r m  o f  ( i v )  b e c a u s e  (dS5/dz) i s  s m a l l ,  
one h a s :
- 1 / 2  = a ' [ iA fi(z=B)-iB n(z=B)]
dz
S u b s t i t u t i n g  t h i s  i n t o  c o n d i t i o n  ( i i i ) ,  one h a s :
A_ J ^ ( z =B)+l]  - B_ [ - i - n ( z = B ) - l ]  = 0 
Mo ^o
I f  s e l e c t :
A_ = [ - ^ - f i ( z = B ) - l ]  , t h e n :  B_ = [_ I _ f l ( z = B )+ l ]  (v )•P0w -  ^ 0 )
APPENDIX H i d
The B r id g in g  C o n d i t i o n s  [2 6 ]
I t  i s  known t h a t  t h e  WKB a p p r o x im a te  s o l u t i o n s  a r e  n o t
ov a l i d  n e a r  t h e  t u r n i n g  p o i n t s  [ z e r o s  o f  ft ( z , r ) ] .  The z e r o s  
o f  ft ( z , D  a r e  s i n g u l a r i t i e s  o f  t h e  a p p r o x im a te  s o l u t i o n s  b u t  
a r e  n o t  s i n g u l a r  p o i n t s  f o r  t h e  e x a c t  d i f f e r e n t i a l  e q u a t i o n s .  
Hence t h e  c o e f f i c i e n t s  A an d  B n e c e s s a r y  f o r  a  s p e c i f i c  WKB 
s o l u t i o n  m u s t  change  a b r u p t l y  a s  z t a k e s  on d i f f e r e n t  v a l u e s  
i n  com plex  p l a n e  a b o u t  t h e  s i n g u l a r  p o i n t .  T h is  c h a r a c t e r i s ­
t i c  b e h a v i o r  o f  a s y m p t o t i c  a p p r o x i m a t i o n s , known a s  S to k e s  
phenom enon, r e q u i r e s  a s e t  o f  b r i d g i n g  c o n d i t i o n s  t o  b e  d e r i v e d  
w h ich  s p e c i f y  e x a c t l y  how a s o l u t i o n  i s  t o  b e  c o n t i n u e d  i n  
t h e  s e p a r a t e  r e g i o n s  o f  t h e  com plex  p l a n e .
To b e  s p e c i f i c ,  l e t  z = cx^  by  any  t u r n i n g  p o i n t .  
F u r th e r m o r e ,  l e t  6 > 0 b e  a  c o n s t a n t  s u c h  t h a t  t h e  WKB 
s o l u t i o n s  may b e  c o n s i d r e d  v a l i d  o u t s i d e  t h e  i n t e r v a l  
-6 < R e{z-c tj}  < 6 . F o r  s u f f i c i e n t l y  l a r g e  f r e q u e n c i e s  ( l a r g e
k ) , 6 i s  a  s m a l l  n u m b er .  I n  t h i s  i n t e r v a l  an d  i n  a  r e g i o n
2
a b o u t  z = ctj , t h e  f u n c t i o n  ft ( z ,T )  i s  e x p a n d a b le  a s  a  pow er 
s e r i e s  o f  w h ic h  t h e  f i r s t  te rm  d o m i n a t e s :
ft2 ( z , r )  = M ?(z -a ^ )  +  0 { ( z - a j ) 2 }
2
w here  M. i s  a  c o n s t a n t .  N ote  t h a t  t h i s  a ssu m es  t h a t  ft i s  
a p p r o x i m a t e l y  l i n e a r  i n  z n e a r  a s i n g u l a r  p o i n t .  L e t t i n g
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g. = z -  a .  t h e n  t o  w i t h i n  f i r s t  o r d e r
J  J
n ( z , r )  = 1/2 > ° ,  a2 > o
n ( z , r )  = - i M - | g . | 1/2 g . < o, n2 < o
and
so
f i ( z ) d z
? j ( z , D  = 3* ^  3 / 2
( z , r )  = i§M. |gj | 3/2
The b r i d g i n g  c o n d i t i o n  may now be d e r i v e d .  C o n s id e r  
t h e  z - p l a n e  a r o u n d  t h e  p o i n t  z = ( s e e  f i g u r e  A 7 ) . As z 
t r a v e r s e s  a r o u n d  t h i s  p o i n t  i n  a  c o u n t e r - c l o c k w i s e  p a t h  t h e  
a rg u m e n ts  o f  a r e  a s  shown i n  t h e  f i g u r e  b e lo w .
I n t r o d u c i n g  a  b r a n c h  c u t  a s  shown, £ i s  fo u n d  t o  b e  
p u r e l y  im a g in a r y  on t h e  d a s h e d  l i n e s ,  known a s  S t o k e ' s  l i n e s .  
On t h e  s o l i d  l i n e s  h o w ev er  i s  r e a l  w i t h  t h e  s i g n s  a s  i n d i ­
c a t e d ,  h e n c e  t h e  WKB s o l u t i o n s  a r e  o s c i l l a t o r y  on t h e s e  l i n e s ,  
Along t h e  S t o k e ' s  l i n e s  t h e  s o l u t i o n s  a r e  r e a l  e x p o n e n t i a l s  
w i th  one  e x p o n e n t  b e i n g  p o s i t i v e  and  t h e  o t h e r  n e g a t i v e .
The s o l u t i o n  w i t h  t h e  p o s i t i v e  e x p o n e n t  i s  named t h e  d o m in a n t  
s o l u t i o n ,  t h e  o t h e r  t h e  s u b d o m in a n t  s o l u t i o n .  The b a s i c  
p re m is e  f o r  d e r i v i n g  t h e  b r i d g i n g  c o n d i t i o n s  i s  t h a t  o n ly  
c o e f f i c i e n t s  o f  t h e  su b d o m in a n t  t e r m s  may b e  a l t e r e d  on
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c r o s s i n g  t h e  S t o k e ' s  l i n e s  p r o v i d e d  t h a t  t h e  c o e f f i c i e n t  o f  
t h e  d o m in an t  t e r m  i s  n o t  z e r o .
L e t  us  s u p p o se  i n  R eg io n  I  t h e  c o e f f i c i e n t s  and  Bj 
a r e  known, h e n c e
Z (z )  = A j j r ^ e ^ l  + BI f2- 1 / 2 e " :L?l
w i th  t h e  S t o k e ' s  l i n e s  b e tw e e n  R eg io n  I  an d  I I ,  t h e  f u n c t i o n  
m u l t i p l y i n g  Aj i s  d o m in a n t ,  h e n c e  i f  we w r i t e  t h e  s o l u t i o n s  
i n  R eg ion  I I  a s :
Z (z )  = AI I fi"1//2e :L^ 2 + BI I fi“ 1/,2e “1 ^2
i t  f o l l o w s  t h a t :
A ^ j = Aj and  B^^ = B^ +  aAj
w here  a  i s  a  c o n s t a n t  to  be  d e t e r m in e d  s h o r t l y .  T h i s  co m b in a ­
t i o n  o f  c o e f f i c i e n t s  i n s u r e s  t h a t  t h e  c o e f f i c i e n t  o f  t h e  s u b ­
dom inan t te rm  c a n  o n ly  c h an g e  v a l u e  when A j ,  t h e  c o e f f i c i e n t  
o f  t h e  d o m in a n t  t e r m  i s  n o t  z e r o .  By t h e  same r e a s o n i n g  i t  
f o l l o w s  t h a t  a  s e t  o f  c o e f f i c i e n t s  f o r  R eg io n  I I I  i s  g iv e n  by
BI I I  = BI I  an d  AI I I  = AI I  +  bBI I
w here  b i s  a n o t h e r  c o n s t a n t  t o  b e  d e t e r m i n e d .  To c o n n e c t  t h e
1 / 2c o e f f i c i e n t s  o f  R eg io n  I I  b a c k  t o  t h o s e  o f  R eg io n  I ,  l e t  '
be d e f i n e d  a s  a  s i n g l e - v a l u e d  f u n c t i o n  by  t h e  same b r a n c h  c u t
as  shown i n  f i g u r e  A7. On t h e  sh a d e d  s i d e  o f  t h e  c u t ,  t h e  
1 / 2a rg u m en t o f  fl ' i s  t h e r e f o r e  e q u a l  t o  t h e  a rg u m en t o f  t h e
1 /  2u n sh ad ed  s i d e  m inus tt/ 2 . L e t  0 and  £ , r e f e r  t o  v a l u e s  o f
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t h e s e  f u n c t i o n s  on t h e  u n s h a d e d  s i t e ,  i . e . ,  t o  R eg io n  I .
Then t h e  s o l u t i o n s  on e a c h  s i d e  may b e  w r i t t e n :
Z (z )  = AI ^ “1 / 2 e :L?l  + BI ^ - 1 ^2e - i ^ l  
Z (z )  = BI I I e 17r/,2f2"1 / 2e :L?2 ,
i . e . ,  t h e  c o e f f i c i e n t s  o f  t h e  d o m in a n t  te rm s  m u s t  b e  e q u a l ,  
hence
BI  = lA I I I  *
By u s i n g  t h e s e  r e s u l t s  one  c an  o b t a i n  an  e x p r e s s i o n  r e l a t i n g  
A-j- and  B^ i n  t h e  f o l l o w i n g  fo rm :
( i+ b ) B i  = ( l+ a b )A I  = 0
I f  t h i s  e x p r e s s i o n  i s  t o  be  v a l i d  f o r  a l l  A^ a n d  B^, t h e  
q u a n t i t i e s  w i t h i n  t h e  p a r e n t h e s i s  m u s t  b e  z e r o ,  h e n c e
b = - i  an d  a  = - i
The b r i d g i n g  c o n d i t i o n s  a r e  t h e r e f o r e :
and
Aj j  = Aj Bj j  = Bj -  iA-j-
AI I I  AI I  “ iB I I  BI I I  ~ BI I
I t  may be  shown t h a t  t h e  same f o r m u la e  a p p ly  a l s o  t o  t h e  
r e m a in in g  t u r n i n g  p o i n t s . T h i s  c o m p le te s  t h e  d e r i v a t i o n  
o f  t h e  b r i d g i n g  c o n d i t i o n s .
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APPENDIX Ille
T r a n s i t i o n  from  wave t h e o r y  t o  r a y  o p t i c s  
( i n c l u d e s  d e r i v a t i o n  o f  S n e l l ' s  Law)
I n  g e n e r a l ,  t h e  t r a n s i t i o n  from  wave t h e o r y  t o  r a y  
o p t i c s  i s  e f f e c t e d  a s  f o l l o w s  [1 6 ]  : I n  t h e  h a rm o n ic  c a s e
one d e f i n e s :
(V2+ k2 )V = 0 ; k 2 = oj2 /C 2 ( i )
V = AeiS  ( i i )
w here  S i s  t h e  e i k o n a l .  S u b s t i t u t i n g  ( i i )  i n t o  ( i ) , and  
c o l l e c t i n g  r e a l  a n d  im a g in a r y  t e r m s ,
V2A -  (S2+S2+S2)A +  k 2A = 0 ( i i i )
X  y  Z
2VA* VS + AV2 S = 0 ( i v )
T hese  e q u a t i o n s  a r e  e x a c t  and  a r e  g e n e r a l i z a t i o n s  o f  e q u a t i o n s  
( i v )  and  (v )  o f  A p p e n d ix  I l l b  t o  t h r e e  d im e n s io n s .
The f i r s t  a s s u m p t io n  u s u a l l y  made i n  r a y  o t p i c s  i s :
^  «  k 2 (v )
w hich  i s  s im p ly  t h e  g e n e r a l i z a t i o n  o f  ( v i i i )  o f  A p p en d ix  I l l b .  
T h is  c o n d i t i o n  i s  v a l i d  f a r  away from  t u r n i n g  p o i n t s  a n d  a t  
h ig h  f r e q u e n c y .  E q u a t io n  ( i i i )  t h e n  beco m es :
S2 + 4  + S2 = k2 (vi)
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w hich  i s  c a l l e d  t h e  e i k o n a l  e q u a t i o n .
The s u r f a c e s  o f  c o n s t a n t  p h a s e ,  S = c o n s t a n t ,  a r e  t h e  
wave f r o n t s  and  t h e  n o rm a ls  t o  t h e s e ,  o f  d i r e c t i o n  c o s i n e s  
S , S , an d  S , a r e  t h e  r a y s .  I t  i s  o n ly  a f t e r  u s i n g  t h ej  &
a p p r o x im a t io n  o f  e q u a t i o n  (v ) t h a t  t h e  r a y s  a c q u i r e  an 
a p p ro x im a te  c h a r a c t e r .
I f  one  t a k e s  a  new c o o r d i n a t e  s y s te m  ( £ ,n ,C )
d£ = kd x  , dri = kdy  , dc = kd z  ( v i i )
th e n  t h e  e i k o n a l  e q u a t i o n  b e c o m e s :
S2 +  S2 +  S2 = 1 , ( v i i i )
i . e . ,  i n  t h e  ( ? , r i , c )  s p a c e  t h e  r a y s  a r e  s t r a i g h t  l i n e s ;  
t h e s e  a r e  g e o d e s i c s  i n  t h e  s p a c e .  Thus i f
d a 2 = d ? 2 +  dn2 + d ?2 ( i x )
i t  f o l l o w s  t h a t :
da = 0 (x )
w here  t h e  v a r i a t i o n  6 i s  p e r fo rm e d  w i t h  f i x e d  en d  p o i n t s .
By ( v i i )  an d  ( i x )  one  may w r i t e
d a 2 = k 2d l 2 ; d l 2 = dx2 +  dy2 +  d z 2 
and t h e n  (x ) b e c o m e s :
d l6 k d l  = to6 C 0
w here  t h e  i n t e g r a l  m e a s u re s  t h e  t im e  o f  t r a v e l  a lo n g  a  r a y .  
The r a y s  a r e  t h e r e f o r e  p a t h s  o f  s t a t i o n a r y  t i m e ,  t h i s  i s
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F e r m a t ' s  p r i n c i p l e .  I t  a l l o w s  one  t o  c o n s t r u c t  t h e  r a y s  
f o r  any  C ( x , y , z ) - l a w ,  a  p r o c e s s  known a s  r a y  t r a c i n g .  Ray 
t r a c i n g  i s  d i f f i c u l t  when C v a r i e s  i n  a l l  t h r e e  d i r e c t i o n s  
b u t  f o r t u n a t e l y  o c e a n s  a r e  m o s t l y  s t r a t i f i e d  i n  t h e  v e r t i c a l  
d i r e c t i o n .  F o r  t h e  tw o - d im e n s io n a l  c a s e  (x  and  z )  w i t h  C a  
f u n c t i o n  o f  z o n l y ,  F e r m a t ' s  p r i n c i p l e  r e a d s :
w here
and = 0 . A p p ly in g  t h e  E u l e r - L a g r a n g e  e q u a t i o n s :
9 f  d 9 f
1 3x 2 !/2w here  f  i s  t h e  i n t e g r a n d  f  = f [ z , C ( z ) , ^ ]  = ^
f o r  t h e  e q u a t i o n  w i t h  -*■ x  one  o b t a i n s :
n _ d _____( 9 x /9 z )
^  C [ 1 + ( 9 x / 9 z ) 2 ] 1 / 2
0
o r
1 ( 9 x /9 z )
C [ 1 + ( 9 x / 9 z ) 2 ] 1 / 2
c o n s t a n t  . ( x i )
C o n s id e r i n g  f i g u r e  15 one s e e s  t h a t  = t a n 0  an d  th e n  ( x i )  
becomes S n e l l ' s  Law:
s = constant (xii)
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I n t e g r a t i n g  ( x i )  g i v e s  t h e  e q u a t i o n  f o r  t h e  r a y s :
x  = +  a
z Cdz z t a n  0 dz
o
where a  i s  a  c o n s t a n t .
N o te  t h a t  f ro m  S n e l l ' s  Law ( x i i )  t h e  h o r i z o n t a l  w av e-  
number ( a )  i s  a c o n s t a n t  f o r  an y  d e p t h  z ,  s i n c e  a = k  s i n  8 . 
A lso  n o t e  t h a t  a  c a u s t i c  i s  g e n e r a t e d  by  t h e  r e f l e c t i o n  o f  
s p h e r i c a l  w aves  fro m  a h a l f  s p a c e  w i t h  i n c r e a s i n g  so u n d  
v e l o c i t y  ( s e e  f i g u r e  A 8 ) . The c a u s t i c  i s  a  l i n e  t h a t  i s  
t h e  e n v e lo p e  o f  t h e  f a m i l y  o f  r a y s .  The f i e l d  h a s  a  maximum 
on t h e  c a u s t i c  a n d  d e c r e a s e s  i n  an  o s c i l l a t o r y  m an n er  a s  one  
goes away fro m  t h e  c a u s t i c  i n  t h e  d i r e c t i o n  t h a t  l e a d s  u s  
i n t o  t h e  r e g i o n  w h e re  a t  e v e r y  p o i n t , two r a y s  i n t e r s e c t  
( i n  t h i s  f i g u r e ,  t o  t h e  r i g h t  o f  t h e  c a u s t i c ) .  The o s c i l l a ­
t i o n  i s  due  p r e c i s e l y  t o  t h e  i n t e r f e r e n c e  b e tw e e n  t h e s e  r a y s .  
On t h e  o t h e r  s i d e  o f  t h e  c a u s t i c ,  t h e  f i e l d  d e c r e a s e s  mono- 
t o n i c a l l y .
2 =0
F ig u r e  A8 
from  a 
(
c a u s t i c . 
line
o
C a u s t i c  p r o d u c e d  by  r e l f l e c t i o n  os  s p h e r i c a l  w aves 
h a l f s p a c e  w i t h  i n c r e a s i n g  sound  s p e e d  [ 3 4 ] .
; i s  t h e  s o u r c e  p o i n t )
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APPENDIX I l l f  
INPUT.FOR
The n e x t  f i v e  p a g e s  c o n s t i t u t e  t h e  i n t e r a c t i v e  p ro g ra m  
t h a t  e n a b l e s  t h e  u s e r  t o  s e l e c t  t h e  s o u r c e  f r e q u e n c y ,  t h e  
v a r i o u s  d e p th s  (b o t to m ,  s o u r c e ,  an d  r e c e i v e r ) ,  t h e  v i s c o e l a s ­
t i c  b o t to m  p a r a m e t e r s ,  and  t h e  t y p e  o f  p l o t  f o r  t h e  r e s u l t s  
d e s i r e d .  The i n f o r m a t i o n  i s  s t o r e d  i n  a  d a t a  f i l e .
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17800 kDEL = 1 .00
17900 END IF
13000 c
18100 c wRITt RANGE DATA INTO FILE
18200 c
13300 "RITE C20, 103) RMIN, RMAX, RDEL
10 9 CO 103 FORMAT (9X, 'RMIN=', 1PG30.15,  ' R M A X 9 ' ,  G30.15,  'RDEL=', G30.
18500 GO TO 90
18800 90 IF ( IWTYP ,NE. 2) GO TO 50
18700 c
18800 c RANGE TYPE 92
18900 c
19000 TYPE *, ' ENTER OVERALL SOURCE-RECEIVER HORIZONTAL RANGE DATA
19100 TYPE *,  ' MINIMUM OVERALL SEPARATION DISTANCE:'
19200 HEAD *,  RMN
19300 TYPE *, ' MAXIMUM OVERALL SEPARATION DISTANCE:'
19900 READ *,  RMX
19500 TYPE *,  ' sampling s p a c i n g : '
19600 READ * , RSP
19700 TYPE *, 1 ENTER SAMPLE RANGE DATA'
19800 TYPE *,  ' WIDTH UF SAMPLE:'
1990 0 READ *,  fiwID
20000 TYPE *,  ' STEP INCREMENT:'
20100 READ *,  ROEL
20200 c
20300 c WRITE RANGE DATA INTO FILE
20900 c
20500 WRITE (20,  109) RMN, RMX, RSP, RWID, RDEL
20800 109 FORMAT (9X, ' RMN = ' ,  1PG30.15,  'RMX=', G 3 0 .1 5 , /
20700 2 9X, 'RSP=',  G30.15,  ' RwlDTH= ' , G30.15,  ' RDEL=' ,  G30.15)
20800 GO TO 90
20900 50 IF (IRTYP .ME. 3) GO TO 30
21000 c
21100 c RANGE TYPE b3
21200 c
21300 TYPE *,  ' SOURCE-RECEIVER HORIZONTAL SEPARATION DISTANCE DATA
21900 TYPE *,  ' ENTER NUMBER OF SAMPLED RANGES DESIRED CUP TO 10)5
21500 READ *,  NUMRG
21600 IF (NUMRG .L£ .  0) GO TO 30
21700 c
21800 c WHITE NUMBER OF RANGES INTO FILE
21900 c
22000 WRITE (20,  112) NUMRG
22100 112 FORMAT ( 9 X, 'NUMBER UF RANGES = ' ,  16)
22200 DO 00 NCASE = 1, NUMRG
22300 WRITE (6 ,  119) NCASE
22900 119 FORMAT (X, ' CASE » ' ,  12)
22500 TYPE *,  ' MINIMUM HORIZONTAL SEPARATION DISTANCE:'
22800 HEAD *,  RNOw
22700 TYPE *,  ' WIDTH OF SAMPLE (FRUM MINIMUM VALUE JUST ENTERED)
22800 READ *, RwID
22900 TYPE ' STEP INCREMENT:'
23000 READ *,  RuEL
23100 c
23200 c WRITE RANGE DATA INTO FILE
23300 c
23900 WRITE (20 ,  111) NCASE, RNOw, RwID, RDEL
23500 111 FORMAT (a x ,  'CASE s ' ,  10,  20X, 'RNUw=', 1PG30.15,  /
23800 2 4X, ' RWIDTHS' ,  G30.15,  ' RDEL=' ,  G30.15)
r u r u r v n j r u r v r u i u f v r v r v n j i v n j r v j r v n j r u r u r v r v r u r v r u r j r v r u r v r u r v r u i u r u r x j r v r u r u  
- j - j - 4 ' g o ' G ' ( r o ‘ 0 , a ' 0 ' 0 ' 0 ' < r i / n j i t n u : u i u i u ) u i u i ' j 1, n  e  c  ^  c  c  c  ct c  u:  04 o< unjt-o.nai'jyuitMW^O'DOJ^O' mfcwrj*-, o^U)>Jai/icwwi-o^cj^ 
o o o o o o o o o o o o o o r . » o o o o o o  o o o o o o o o o o o o o o o o  
o o o o o o c : c o o o c » o o o o o o o o o o o o o c * c - - o  . > 0 0 0 0 0  c » o o
n o n o  n  o  o 0 0 0
m -♦ -#z -< *<









O O  O  ►-
P J >— O  04
u j  r u  
■n *n i i n s0 0  o o xxx x 2 >-»
o jPi
N  S  H  N . X  c  n  5. 




2 •jj V . 2 ■H -4 U l II O •X 11 0  n j H t~* —1 O 0 m
> 3* X t> f - i  rn 0 0 4 i» m r "  0 •? 2*
—4 ~ i H  ^ c r • * *- • » » —1 m  —1 * c r * t r
* «—* c r «—» X O K-t y> •« M ■« ‘.X
<—X r-i — — x  r n p j 0 > ■» •M —1 r v r~ J7 (D
£ : X CD 0 m CD fs i CD p j c c ♦-4 P m
>-. % r~ *> 1 O l X n o i CP O II X 2* —1-H rr- X*
ii -4 — X 3r» *• c r»« ►*« 3
— X 3*' m PJ 03 PC CP *T —J 0
— O) ■» 3 II 0 n X m CO m ■» 0 CP m T l
H 11 II — OJ H i a : m CO X
—I •• 0 — « » M •• - 4 X Co
•  • t*4 ■% < <* -4 PJ —1 —*
— 0 c . *-* M rr. #—• pm II M c CD 0 i f
• 0 4 X H X —1 —1 -H *n ~i X
i : p * O 0 * «• «■* PJ a : 0
1*4 0 O ' • 0 4 0 — — CO rn r~ r n
u o j ■» »-• O PJ m •  • • • M <r 1
-» 0 I.P • U l V IP cr m ; • V
• lt. N . *-» —4 X X C m
on H X X u ? X m rri 0 r n 0
X LT •» •» *» Psl 01 2T m n O' m
•» — X H - 4 c r rn M
-• O O ' f*4 rr. m T> —1 X ■C
— O' a ) r~ X 2? X JO r r m
rv. X —1 11 —4 C l 0 0 X
c/> I t -• O X CO *n
11 - » - m c X T c
- f  X .  - « G1 3 * Tl n c r m 0  CO
M  > -<• —1 Ov TV »-*• m X 0 x .  0
r r  it 11 0 0 II r~ H 0 m c
cn ►— — 0 4 • -X m c m H - 1  X
x  ^ O m 3  n
c  z G3 9 cn X c? n* K-* n
X  P- 0 4  GO •— «» c i m x 01
3 - c r  04 c r Ul u 0 X >
x  m •  0 w X 0 m —4 0 CO x
r~ H» • *• * X X IT. n» 0
c  “n t n  *-* •m M «• X -1
-H *• U« O cr. X - 4 X—i r~ —4 V , «• X 0  m
h  m •• II X <» t i  n
2 p j 'm O m
G) X X •• O X* W
0 II Cl ; n r*  <
X  X — 0 4  O 3 ; x  m
X O - j M t> Xi
0  - 4 • • 2 X
O  X Cl 9-P > r n  0
X  M 0 4 IT —1 —4 —1 r n
f>  CO 0 -< 1-4 m  x
• X c X  - 4















• r r  
«/>
gi oo o 
S'





























The n e x t  e l e v e n  p a g e s  c o n s t i t u t e  t h e  p ro g ra m  t o  
g e n e r a t e  t h e  e i g e n v a l u e s  ( r ; c a l l e d  KI h e r e ) ,  com pute  
t h e  c o e f f i c i e n t s  A and  B o f  t h e  Z - d i r e c t i o n  s o l u t i o n s
c a l l e d  UPLUS and  UMIN h e r e )  a t  t h e  d i f f e r e n t  d e p th  
r a n g e s ,  and  s t o r e s  t h e  i n f o r m a t i o n  i n  a  d a t a  f i l e .  T h is  
p rog ram  r e a d s  t h e  d a t a  f i l e  w r i t t e n  by INPUT.FOR.
The f o l l o w i n g  e l e v e n  p a g e s  c o n t a i n  s u p p o r t  s u b ­
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6300 RCRCO) = 0 .0 0
6<*00 RCRC1) = w/CCB)
6500 ZCR(l) = B
6600 c
6700 c
6600 DO 1 I = 1,  NT + 1
6900 Z = A ( I )
7000 RN = W/CCZ)
7100 IF IRN .GT. KCR ( I ) ) THEN
7200 RCRCI + 1) = RN
7300 ZCRCI ♦ 1) = Z
7 9 0 0 ELSE
7500 DO 3 J = I ,  1,  -1
7600 IF CRN .LT. RCR(J)) THEN
7700 RCRCJ + 1) = RCR(J)
7600 ZCRCJ * 1) = ZCRCJ)
7900 RCRCJ) = RN





8500 H>: = RCRCNT + 2)
6600 WCR(NT + 3) = 2 . DO * RX
8700 c
8300 c PRINT DATA ON LOCATION UF EXTREMA IN SOUND PROFILE
8900 c
9000 WRITE (b,  100) 'A=' ,  C A CI) » I = 0,  NT + 1)
9100 ivRITE C6, 100) ' Z=' ,  0 . ,  C2CRCI), I = 1,  NT + 2)
9200 WRITE Cb, 100) 'K=' ,  (RCRCI). I = 0,  NT + 3)
9300 100 FORMAT C5X, A, 9(BX, 1PG20. 1 0 ) )
9900 c
9500 c ESTIMATE SEARCH f i n e n e s s  n e e d e d
9600 c •  • . IN CRITICAL K-REGION
9700 c
9800 DO 9 I = 1,  NT + 1
9900 EPK = RCRCI + 1) -  RCRCI)
10000 IF CEP's .LT. 0 .DO) THEN
101P0 TYPE *, ' RCR OUT OF ORDER'
10200 STOP
10300 ELSE IF (EPK .EU. O.DO) THEN
10900 TvPE * ,  1 RCR DUPLICATES'
10500 ELSE IF C EPK .LT. EPS) THEN
10600 EPS = EPK
10700 END IF
10800 9 CONTINUE
10900 £F6 = EPS/5.DO
11000 c
11100 c •  • . IN EARLY K-NEGICN (ANALYTIC ESTIMATE GIVES 'NEST
11200 c tar FACTOR PI) OF EIGFNMODE NUMBER)
11300 c
11900 NEST = PHICB, TOP, O.DO)
11500 EPSK ■- RX/CNEST ♦ 1)
11600 EPSK = EPSK/3.D0
11700 IF (EPSK .LT. EPS) EPS = EPSK
118 0 0 TYPE *,  ' HEST=' ,  NEST, ' EPS=',  EPS
PAGE 2
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11900 C
12000 C INITIALIZE VARIABLES FOR SEARCH FOR EIGENVALUES
12100 C ' NKTR Y ' COUNTS NUMBER OF A' S LOOKED AT
12200 C 'NE' COUNTS NUMBER of extrema DETECTED
12300 C
12«00 NCR = 0
12500 aK = 0 ,00
12600 NKTRY = 0
12700 NK = 0
12800 AfiDPK = O.DO
12900 SGN = 1 ,00
1 2000 NE * 0
13100 EPSLIM = 1 . 0 - 9
12200 k = C.1D0 * EPS
13300 PKPR = O.DO
13900 C
12500 C EVALUATE 'DELTA' (LOOKING FOR K'S SUCH THAT 'DELTA' IS NEAR ZERO
13600 C I n THE COMPLEX PLANE; ABS(DELTA) rtll.L BE NEAR ZERO AMONG
137 CO C POSITIVE REALS, THUS NEAR A LOCAL MINIMUM
13800 C
15900 2 CALL o e l t a u , U)
19003 ABD = C A Is ( D)
191 CO IF CK .GT. RCRCMCR)) NCR = NCR + 1
19200 C
19500 C IF ABS(DELTA) HAS NOT CHANGED FROM PREVIOUS K (REAL-VALUED) THEN
19900 C
1 9500 IF (ABD .Eil .  AtiOPR) THEN
19600 TYPE *,  ' ABD FLAT K=',  K
19700 EPS = EPS/2.DO
19800 NKTRY = NKTRY + 1
19900 C
15C00 c TRY 'DELTA' A IT h K BETWEEN PRESENT AND PREVIOUS VALUES
15100 c
15200 CALL DELTA (PK + EPS, TEM1)
15300 AtSDPE = CAB (TEH!)
15900 IF (AdDP2 .EC, ABD) THEN
15500 c
15600 c PROBLEMS ' CELT a ' NOT CHANGING» RETURN TO PREVIOUS STEP SIZE,*
15700 c THIS MAY HAVE TO BE DEALT WITH ON 'AD HOC' BASIS
15800 c
15900 TY°E *,  1 ABD VERY FLAT K & EPS = ' ,  K, EPS
16000 EPS = 2 . DO * EPS
16100 ELSE IF ( (A6DP2 -  ABDPR)* SGN .LT. O.DO) THEN
16200 c
16300 c ABS(DELTA) HAS / \ /  OR \ / \  SHAPE; NOTE TwO EXTREMA
16900 c OETEPMJr-JE WHICH IS MINIMUM AND bO TO 'REFINE'
16500 w
lboOO NE = NE ♦ 2
16700 PKPK = PK + EPS
16600 IF (SGN .GT. O.DO) THEN
16900 CALL REF INE(PKPR, ABDPR, AB0P2, ABD)
17000 ELSE
17100 NKTRY s  NKTRY ♦ 1
17200 CALL DELTA(PK-EPS, TEM2)
17300 CALL REFINEIPK, TAB(TEM2), ABDPR, A6DP2)
17900 EMU IF
17500 else
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GENER.FOR;1 8-SEP-1979 1 6 : 3 9 : 1 5 . 6 8  PAGE 5
23700 C THIS SUBROUTINE REFINES THE SELECTION OF THE EIGENVALUES I HA T
23300 C MINIMIZE THE FUNCTION 'DElTA'
23900 C
29000 IMPLICIT UUUbLfc PRECISION (A-H, K, 0 -2 )
2«iOO DIMENSION TEM1C2), TEM2C2), T2K3(2),  TEM9C2), 0C2)
20200 COMMON w, «c, 5 ,  TOP /TEST/ EPS, NODO, NS, NP
20300 CO-MMON/FILE/N9, M ,  EPSLIM, NREJ, RCR ( 0 : 1 2 ) ,  NCR, NE. NCUM, NCUM2
20000 COMMON / A /  AUCOSb), AM(0:5 ,2) ,  S M ( 0 : 5 , 2 ) ,  NOEL, SGO




29900 PI = 9 , DO * AT AN( 1 .DO)
25000 K = KN
25100 EN = EPS
25200 NI = 0
25300 IFL = 0
25900 NLNR = 0
25500 C
25600 C ERECT FLAG IF NEAR TURNING POINT
25700 C
25800 IF CA8SCKN - RCS(NCR)) .LT. 2 . 0 0  * EPS .OR.
'25900 2 AoSCKN - RCS(i\CR -  1 ) )  .LT. 2 .0 0  * EPS) IFL = 3
26000 C
2b 1 CO C FIT A PARABOLA TO 3 CURVE POINTS AS ESTIMATOR OF MINIMUM
26200 C
26300 1 An2D = ASDN* + ABDPR -  2 . DO * ABD
26900 ABDER = A80NX -  ABDPR
26500 C
26600 C TEST FOR WRONG CURVATURE
26700 C
26800 IF CAB2D .LE, O.DO) THEN
26900 WRITE ( 6 ,  150) NE. NI,  EPS/EN, 1 WRONG CUWV', KN
27000 WRITE C6, 200) K -  EN, TEM1, ABDPR, NCI, NDEL, K, D, ABD
27100 WRITE ( 6 ,  250)  K + EN, TEM2, ABDNX
27200 GO TO 3
27300 C
27900 C TEST FOR LINEARITY (SO DENOMINATOR IN MINIMUM ESTIMATE IS FINITE)
27500 C
27600 ELSE IF (AB2D .LT. EN**2) THEN
27700 NLNR = NLNP + 1
27800 WRITE (6 ,  150) NE, NI, EPS/EN, ' LINEAR ' ,  KN
27900 WRITE ( 6 ,  200)  K -  EN, TEMl, ABDPR, NCl, NDEL, K, P, ABD
28000 WRITE (6 ,  250) K ♦ EN, TEM2, ABDNX
28100 IF (NlNR .GE. 2) GO TO 9
26200 EN = 2 . 0 0  * EN
28300 GO TO 2
26900 C
28500 C CALCULATE NE.v MINIMUM (T) FROM TRIPLET
28600 C
23700 ELSE
28800 NLNR = 0
2B90C T = K -  (EN/2 .00)  * ABPER/AB20
29000 C
29100 C CHECK MOVEMENT OF T FROM KN
29200 C
29300 IF (ABS(T -  KN) .GT. EPS) THEN
29900 C
29500 C CORRECTION ON LOCATION UF MINIMUM IS TOO LARGE
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GENER. for; 1 8 ”HEP-1979 1 6 : 3 4 : 1 5 . 6 8  PAGE 7
35500 A6DNX = CAB(TEK2)
35600 A30PR = CA8CTEM1)
35700 ABO = CAb (O)
35800 GO TO 1
35900 c
36000 c PEACri HERE IF CURVATURE LOOKS tv HONG ( I . E .  A MAXIMUM INSTEAO OF
36100 c A MINIMUM OF 'DELTA').  PROBLEM ShOULO oE DUE TO RCUND-OrF ERROR.
36200 c SO LOOK AT THIS REGION MORE CLOSELY
36300 c
3b«G0 c CHECK WARNING COUNTER (IFL) ,  IF HAS REACHED 3 THEN EXIT
36500 c
36600 3 IF ( IFL ,GE. 31 THEN
3 6 7 0 0 WRITE (6 .  1501 Ns» NI. EPS/EH. 'CURV IFL=3' ,  KN, T
36800 SO TO 30
36900 END IF
37000 c
37100 c LOOK T w 0 - 1N T E R V A L S EITHER SIDE OF POTENTIAL EXTREMUM IT1
37200 c
37300 CALL DELTAlT -  2.D0*EN, TEM31
37400 CALL DELTA(T ♦ 2„D0*£N, TEM4)
37500 c
37600 c THIS CURVATURE PROBLEM HEIGHTS A SINGLE UNIT OF 1R0U8LE
37700 c
37800 IFL = IFL » 1
37900 ABD2PR = CAB(TEM35
38000 ABD2NX = CABCTEM4)
38100 D2PR = ABD2PR + ABD -  2.D0*ABDPR
38200 0 2 MX = A002NX + AnO -  2.00*ABDNX
38300 DD8 = ABD2P3 + ABD2NX -  2.D0»ABD
38400' c
38500 c TEST FOR WRONG CURVATURE OVER THIS (T.vO-EPSILONi INTERVAL
38600 c
38700 IF (DDB .LE. 0 .DO) THEN
33800 c
38900 c TEST FOR WRONG CURVATURE OVER TwO SIDE (ONE-EPSILON) INTERVALS
39000 c
39100 IF CD2PR .LE. 0.D0 .OR. D2NX .LE. '0.00) THEN
39200 c
39300 c THIS CASE: REJECT Any HOPE FOR EIGENVALUE SELECTION ON THIS INTER'
39400 c
39500 WRITE (6 .  150) NE, Ml. EPS/EN, 'CURV 3 0F 4' ,  KN
39600 WRITE ( 6 .  200) T -  2.D«*EN, TEt.3, ABD2PR. NCI, NOEL
39700 WRITE ( c ,  250) T -  £N, TEM1, fltDPR, T, 0,  ABD, T + EN, TEM2,
39800 2 AHDNX, T * 2.D0*EN, TEM4, A5D2NX
39900 GO TO 30
40000 c
401C0 c REPOSITION 'T' TO ITERATE AGAIN
40200 c
40300 ELSE IF (C2PR .GT, D2NX) THEN
40400 c
40500 c MINIMuM IS TO LEFT OF PRESENT »T•
40600 c
40700 T = T -  £N
40800 K = T
40900 ABDNX = ABD
41000 ABD = ABUPR
41 100 ABOPR = A8D2PR
41200 50 TO 1
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100 SUBROUTINE PLUS (K)
200 C
300 C GENERATE AP R 8P COEFFICIENTS FOR UPLUS OF GREEN'S FUNCTION
900 C
500 IMPLICIT DOUBLE PRECISION (A-H, K , O-Z)
600 COMMON W, v-,2, o ,  T /TEST/ £P, NERR
700 COMMON /A/  A(OSn), AM((j:5, 2 ) ,  dMC0 : 5 ,  2 ) ,  NT, SGti
600 COMMON /PLUS/ AP(0:5 ,  2 ) ,  EP ( 0 : 5 ,  2)
900 c
1000 c FIND SIGN AT TOP CSGN)
1100 c




1600 J = NT
1700 ZP « T
1800 c
1900 c ASSIGN COEFFICIENT VALUES AT TOP (FROM BOUNDARY CONDITION)
2000 c
2100 APCJ, 1) = 1 .00
2200 AP ( J,  2) = 0 .00
2300 bPCJ, 1) = - 1 . 0 0
2900 3P (J ,  2) = 0 .  DO
2500 r
2600 C EXIT rtKEN ALREADY SEEN THE LAST OF THE TURNING POINTS
2700 C
2800 50 IF CJ .LE. 0) RETURN
2900 C
3000 C OBTAIN NEXT TURNING PT. DEP f H (STEPPING DU'.VN FROM TOP)
3100 C
3200 ZI = A C J )
3300 J = J -  1
3900 C
3500 «■> PHI INTEGRATES ABSCQ) FROM NEwEST TURNING POINT UP TO PREVIOUS
3600 c
3700 PH = PHI(ZI»ZP»K)
3800 c
3900 c CHECK 'SIGN' OF 02 AT J + l LEVEL
9000 c
9100 IF (SGN) 6 0 , 2 0 , 8 0
9200 c
9300 c 02 IS NEGATIVE; SO ON OTHER (LOaER, J) SIOE OF TURNING POINT
9900 c EXPONENT WILL EE hEAL-VALUED
9500 c LIMIT SIZE OF ARGUMENT OF REAL EXPONENT IF NECESSARY
9600 c
9700 60 IF (PH , GT. LOG ( 1 . D10))  THEN
9600 TEK = j .DlC
9900 NERR = NEfiR + 1
5000 ELSE
5100 TEM = EXP(PH)
5200 END IF
5300 c
5900 c CALCULATE COEFFICIENTS ON OTHER (LOwEK) SIDE OF TURNING POINT
5500 c USING BRIDGING CONDITIONS (CASE: EXPONENT REAL-VALUED)
5600 c
5700 6PCJ, 1) = BPCJ + 1, 1) *TEM
5600 BPCJ, 2) = eP(J * 1, 2 ) *TEM
5900 AP( J ,  1) = APCJ ♦ 1, 1)/TEM -  BP ( J , 2)
(fc-jffj;*U jn j»-*o»ctt> i(ru ifcw iuM C <oa)-jtf‘ U itw ru^*o*ca 'w (ri^ftU jru^*o< oa> ’-jffUJ4:wfu»- o^9>*»Jiru’. c. u: ru o  
o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o  0 0 0 0 0 0 0 0 0 0 0 0 0 0 c*0 0 0 0 c’ 0 0 0 0 0 0 0 0 0 0 0 0 0 c‘*0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 '» 0 c> 0 0 0 0 0 0
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GENER. for; 1 3-SEP-1979 1 6 : 3 4 : 1 5 . d8 PAGE 14
11900 C
12000 C CALCULATE SLOPE(DER) UP Fu'»CT ION (F 3 AT MIUPT. OF 1ST 'EPS* INTERVAL
12100 C
12200 5 FI = FCZI + EPS/2.DO)
12300 t>ER = (FI -  FB) /EPS
12000 FB = FI
12500 C
12600 c ASSIGN A 'SIGN' TO SLOPE ON 1ST 'EPS' INTtRVAL
12700 c
12600 IF COER) 1 , 2 , 3
12900 1 S53 = -SGB
13000 3 SGN = SGB
13100 c
13200 c INCREMENT DEPTH POINTER TO MIDPOINT OF NEXT 1EFS' INTERVAL
13300 c (STEPPING UP FROM THE BOTTOM)
13900 c
13500 4 7.1 = ZI t  EPS
13600 c
13700 c EXIT IF NEW DEPTH IS > U« = TO THE OCEAN DEPTH
13600 c
13900 IF (ZI ,GE. T) RETURN
14000 c
14100 c CALCULATE NEW SLOPE(DI) OF FUNCTION(F) AT MIDPOINT OF 'EPS' INTERVAL
14200 c
14300 FI = FCZ1 + EPS/2,DO)
14400 01 = (FI -  F63/EPS
14500 IF (DI .NE. 0 .U0)  THEN
14600 IF ( QI* 3 GN ,LT. 0.D0) THEN
1 4 7 0 0 IF COER ,EQ. 0 .003 ThEN
14600 c
14900 c PREVIOUS CHUICE WAS A FLAT INFLECTION POINT, DISCARD IT
15000 c
15100 NT = NT -  1
15200 SGN = -SGN
15300 NERR = NERR ♦ 1
15400 ELSE
15500 c
15600 c EXTREMA; USE 1ST ORDER TAVLUR EXPANSION TO REFINE Z-LOCATION
15700 c
15800 NT = NT + 1
15900 A (NT) = ZI -  DI*EPS/(DI -  Dt'R)




16400 IF (DER .NE. O.DO) THEN
16500 c
16bOO c EXTREMA; NO REFINING REOUIREU FOR Z-LOCATION
16700 c
16800 NT = NT + 1
16900 A(NT) = ZI
17000 SGN = -SGN
17100 ELSE
17200 c
17300 c MOVE Z-LOCATION UP IF EXTENDED ZERO-SLOPE SECTION IN •F '
17400 c
17500 A(NT) = A (NT) ♦ EPS/2.DO
17600 END IF
17700 END IF
gener. f orm 8-SEP-1979 1 6 ! 3 9 :1 5 . 6 5 PAGE
17800 C
17900 C UPDATE SLOPE AND ’ F • VALUES TO RECEIVE NEW ONES
13000 C
18100 DER = DI
18200 Fd = FI
18300 GQ TO 0
18<*00 C
18500 C INITIAL SLOPE IS ZERO (INCREMENT 'NERR' COUNTER) CONTINUE
18&0O C
18700 2 ZI = ZI * EPS
1680C NERR = NERR * 1
18900 IF (ZI .GE. 7) RETURN
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BSUB.FONi ; i 8 - S E F - l 979 l b : 3 b : 0 2 . 3 1  PAGE 1
100 c THIS FILE CONTAINS DELTA, ZEROS, PHI
2 00 c
300 c
400 SUBROUTINE DELI A(K, DEL)
500 c
600 c 'DELTA' IS THE kPONSKIAN OF ThE Z-SQLUTION FUNCTIONS
700 c
800 IMPLICIT DOUBLE PRECISION (A-H, K, 0-Z)
900 COMMON rt, a2,  B, T
1000 COMMON / A /  A( 0 : b ) , AM( 0 : 5 ,  2 ) ,  BM(0:5, 2 ) ,  NT, SGB
1100 DIMENSION Z M 2 ) ,  DEL(2)
1200 COMMON /TEST/ EP, NODD
1300 c
i«oo c FUNCTION STATEMENT
1500 c
1 bOO Q2(Z) = N2/C(Z)**2 -  K**2
1700 c
1800 c LOCATE DEPTHS OF TURNING POINTS IN AkRAY A, NUMBER OF TURNING POIN
1900 c IN NT, SIGN OF 02 AT BOTTOM IN SGB
aooo c [ TURNING PT. NhENE Q2(Z) = 0 = 01 Z ,K ) .«2  = (>v/C(Z))**2 -  K**2 )
2100 c
2200 CALL ZEROS ( A, SGB, NT, K)
2300 J = 0
2900 ZP = B
2500 c
2b00 c OBTAIN BOTTON IMPEDANCE CZK) AT GIVEN K-VALUE
2700 c
2800 CALL ZCK, ZK)
2900- c
3000 c ASSIGN COEFFICIENT VALUES AT THE SUBbOTTOM FROM EOUNDARY- CONDITIUN
3100 c IF 'SIGN" Or 02 AT bOTTUM (SGB) IS POSITIVE (NEGATIVE) THEN
3200 c OB IS REAL- (IMAGINARY-) VALUED HENCE, THE TrtO FOLLOWING CASES
3300 c
3900 IF (SGB .LT. 0 ,D0) THEN
3500 OB = SORT(-Q2 IB))
3b00 TER = OB*ZK(2)
3700 TEI = -NB*Za (1)
3800 AM( 0 ,  1) = TER -  l.DO
3900 AM( 0 ,  2) = TEI
9u00 bM. ( 0 » 1) = TER + l.DO
9100 SM(0, 2) = TEI
9200 c
9300 c GO TO 3 SINCE OE IS IMAGINARY-VALUED
4900 c
9500 GO TO 3
«o 00 ELSE
4700 Ob = SORT( 0 2 ( 5 ) )
4800 TER = OB*ZK(l)
4900 TEI - QB*ZK(2)
5000 AM(0,  1) = TER - l.DO
5100 AM(0, 2) = TEI
5200 B M(0,  1) = TEH + l.DO
5300 BM(0,  2) = TEI
5400 c
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APPENDIX Illh
PLOT.FOR
The n e x t  f o u r  p a g e s  c o n s t i t u t e  t h e  p r o g r a m  t h a t  
r e a d s  t h e  d a t a  f i l e  w r i t t e n  by  GENER.FOR, c a l c u l a t e s  t h e  
G r e e n ' s  f u n c t i o n ,  c a l c u l a t e s  t h e  t r a n s m i s s i o n  l o s s  and  
p h ase  f rom  t h i s  v a l u e ,  and  p r i n t s  a  p l o t  o f  t h e  r e s u l t s  
i n  t h e  f o r m a t  s p e c i f i e d  i n  t h e  d a t a  f i l e  w r i t t e n  by  
INPUT.FOR.
The f o l l o w i n g  e i g h t  p a g e s  c o n t a i n  s u p p o r t  s u b ­




PL0T.F0r ; 2 fl-SEP-1979 1 6 : 3 5 :1 9 .5 7  PAGE 1
100 C ThIS FILE ALSO CONTAINS GREEN, YOU, PHI
200 C AFTER CHANGES, RECOMPILE AND LINK SPECIFYING
300 C LINK Pl.OT+CAKITh+'C' WHERE FILE 'C'.OBJ IS FUNCTION C(Z)
400 c
500 c THIS IS THE PLOTTING PROGRAM
600 c
700 IMPLICIT DOUBLE PRECISION (A -  H, K, 0 -  Z)
SOO CHARACTER*! PLL'TTYP# plgtdat
900 COMMON fc, rt'2, t ,  T /FLAG/ 1FLAG /PARAM/ N9, N17
1000 DIMENSION KNOW( 1 0 ) ,  WSIOTH(IO), RD(lU),  GRNC2)
1100 READ *, N9, M b ,  N17
1200 OPEN (UNII=N9,READONLY,TYPE='OLD' , FORM=* UNFORMATTED 1, SHARED)
1300 OPEN (UNIT = Nib,  TYFE = 'SCRATCH', FORM = 'UNFORMATTED')
1«00 OPEN (UNIT = N17,  TYPE = 'SCRATCh', FORM = 'UNFORMATTED')




1900 NCASE = 0
2000 PI = 4 .0 0  * ATAN(l.DO)
2100 c
2200 c READ INPUT DA) A FROM UNFORMATTED FILE," SOURCE FREQUENCY,
2300 c BOTTOM PARAMETERS. AND OCEAN DEPTH
2400 c
2500 READ (20,  200) iv, *2,  IGOT, RATPH, CL, CT, BL, BT
2600 200 FORMAT C3X, G30.15,  9X, 0,30.15,  /  12X, 13,  25X, G 3 0 . 1 5 , /
2700 2 4X, G30.15,  BX, G30.15,  /4X,  G30.15,  8X, G30.15)
2800 READ (20,  201) B, T
2900 201 FORMAT (3X, G30.15,  8X, C-30.15)
3000 c
3100 c KRtr IS REFERENCE K-VALUE to RID PHASE OF FUNDAMENTAL PERIODICITY
3200 c ASSOCIATED aITH SOURCE FREQUENCY) ARBITRARILY CHOUSE C(AT TOP)
3300 c TO DETERMINE ThIS KREF-9ALUE
3900 c
3500 KSEF = A/ C( T)
3600 TYPE *,  ' KREF', KREF
3700 c
3800 c SEARCH FILE FOP THE APPROPRIATE TYPE OF DATA DESIRED FOR PLOT
3900 c
4000 READ *,  PLOTTYP
4100 TYPE *,  ' PLOT TYPE ' ,  PLOTTYP
4200 14 READ (20 ,  215 ,  END = 13) PLCTOAT
4300 215 FORMAT (X, A1)
4400 IF (PLOTDAT ,EO. PLOTTYP) GO TO 11
4500 GO TO 1«




5000 C READ RECEIVER-ARRAY TYPE FROM FILE
5100 C
5200 READ (20,  205)  IRTYP
5300 205 FORMAT (10X, lb)
5400 IF (IRTYP .NE. 1) GO TO 40
5500 C
5b OC C READ RANGE DATA FOR RECEIVER-ARRAY TYPE 41
5700 C
5800 READ (20 ,  203) KMIN, RMAX, RDEL
5900 203 FORMAT (9X, G30.15,  5X, G30.15,  5X, G30.15)
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PLOT.If o r ;2 6-SEP-1979 16535.-19.57 PAGE 4
17800 NX = 10.DO * LUS1CCXG)
17900 NX = NX ♦ 60 - 2*N0H
18000 IF (NX .LT. 0) NX = 0
16100 NX = NX ♦ 1
lsaoo c
18300 c s t a l e  PHASE DATA POINT (IN LINEAR SCALE)
18900 c
18500 NY = PH/10.DO
18600 NY = NY ♦ 19
18700 c
ieaoo r PRINT A LINE OF PLOT; R VALUE, AMPLITUDE, PHASE, AND PLOT EDGES
16900
19000 wRITE (6,100) R
19100 WRITE Cb, 103)
19200 4 CONTINUE
19300 100 FORMAT (IX, 1PG15.5, X, 1H5, <NX>X, 1H», <62 - W X > X , 1HS,
19400 2 < N Y »X , lh», <38 - NY>X, 1K 5)
19500 103 FORMAT (lht, 7 6 X , 1H., 21X, 1H.)
19600 c
19700 c WRITE THE NORMALIZATION FOR THE PLOT
19800 c
19900 WRITE (6,102) XNOR
20000 102 FORMAT ( 1 7 X , UH5-30, 53 C1H.), 6H0.5-PI, 16(1H.), 1H0, l6(lH.)r
20100 2 4nrPI:/ 2 OX, 5C1H1), ' Pl o t NORMALIZED TO
20200 3 IPG 10.1, 3X, 5(1HT))
20300 c
20400 c OBTAIN NEXT SOUKCE-KECEIVER HORIZONTAL SEPARATION RANGE ACCORDING
20500 c TO THE KECEIVER ARRAY TYPE
20600 L
20700 IF (IRTYP .Eli. 1) GO TO 70
20800 IF (IRTYP .ME. 2) GO TO 85
2C900 RMN s RMN + i<SP
21000 IF (KMN .LE. KKX) GO TO 80
21100 R Mix = RMNS
21200 RMIN = RMN
21300 UMAX = RMIN ♦ RWID
21400 GO TO 70
21500 85 IF (IRTYP .N E ■ 3) STOP
21600 IF (NCASE ,G E . NUMKG) NCASE = 0
217 CO NCASE = NCASE + 1
21800 RMN = RNOw(NCASE)
21900 RWlD = WwIOTH(NCASE)
22000 PDEL = RD (NCASE)
22100 80 RMIN = RMN
22200 RMAX = RMIN ♦ RK1D
22300 IF (NCASE .Eli. 1) GO TO 70
22900 WRITE (b, 110) IBOT, RMIN, RMAX, RDEL
22500 lie FORMAT C1 HI/ ' BOTTOM TYPE » ', 12, 2X,
22600 4 ' SMALLEST SEPARATION DISTANCE = '
22700 5 G14.4, 2 X , 'LARGEST DISTANCE =', G19.4, 2X,
22800 6 'RANGE INCREMENT =', G14.4// 4X, IOh R (METERS), 29X,
22900 7 11HAMPL G (Dt3), 4BX, 5PARG G / 17X, 4H.-30, 56(1 H>), 6H0..-I
23000 8 16(1H.), 1H0, lb(lh.), 4H + PI.)
23100 GO TO 90
23200 c
23300 c OBTAIN NEXT SOURCE AND KECEIVER DEPTHS
23400 c
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35500 UU(1) = 0.00
35600 UUC2J = 0.00
35700 GO TG 30
35800 c
35900 c FIX 50 'ZS' IS AU.AYS 'LUrtER' THAN 'ZR'
36000 c (RECIPROCITY THEOREM; HORIZONTAL BOTTOM INTERFACE)
36100 c
36200 20 IF (ZR .LT. ZS) THEN
36300 ZD = ZR
36^00 ZR = ZS
36500 ZS = ZD
36600 END IF
367 0 0 c
36500 c FIND REGION OF ZS (LONER)
36900 c
37000 I = 1
37100 1 IF CP CI) .LE. ZS) THEN
57200 1 = 1 + 1
37300 GO TO 1
37000 END IF -
37500 c
37600 c EVALUATE COMPLEX 'UMINUS' FUNCTION (UMINCl), UMIN(2))
37700 c
37800 IS = I - 1
37900 PH = PHI(P(IS),ZS,K)
38000 TO = 02 (ZS)
33100 IF (TO .LT. 0.DO) THEN
38200 c
38300 c IF EXPONENT IS COMPLEX-VALUED THEN ...
38900 c
38500 CS = COS(PH)
386C0 SN = SIN (PH)
38700 UMIf.(l) = A M (IS» 1)*CS - AMCIS, 2) *SN
38800 2 + 6KCIS, 1)*CS + BMCIS, 2)*SN
33900 UMIN(E) = A M (IS, 2) »CS ♦ AM(IS, 1)*SN
39000 2 + SMCIS, 2)*CS - fiM(IS, 1)«SN
39100 T E (1) = 0 .DO .
39200 T E (2) = l.DO/SQRTl-TQ)
39300 CALL CSOK(TE, TE)
39000 c
39500 c CALCULATE 'UMINUS' (IN 'UMIN' ARRAY)
39600 c
39700 CALL CMULCUMIN, TE, UMIN)
39800 ELSE
35900 c
90000 c IF EXPONENT IS REAL-VALUED ThEN ...
90100 c (AND LIMIT SIZE OP ARGUMENT OF REAL EXPONENT IF NECESSARY)
90200 c
90300 IF (PH .UT. LOG(1.D10)) THEN
90900 TEM = 1.010
90500 NODO = NODD + 1
90600 ELSE
90700 TEM = EXPCPHj
90800 END IF
90900 c
91000 c CALCULATE 'UMINUS' (IN 'UMIN' ARRAY)
91100 c
91200 UMIN(l) = (AMCIS, 1j *TEM + bMlIS, 1)/TEK)/ SORT(SORT(TQ)!
91300 U MIN(2) = (AMCIS, 2 ) +TEM t dMIIS, 2)/TEM)/ SORT(SORT (TO)i
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53200 C Q26AR = 0, SELECT NEvV Q2B a R tINCREMENT ' N GDC COUNTER)
53300 C
53900 2 02EAR = U2 CZX J
53500 NODO = f.’OOD t 1
53600 IF (ZI .GT. 22) RETURN
537 0V Nl = Nl ♦ 1
53800 GO TO <i
53900 END
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6000 IF (AI .LT. 0.DO) AKG = -ARG
6100 ELSE
6200 ARG = AT AN (A I/ AR)
6300 END IF
6400 IF (AR .LT. O.DO) THEN
6500 IF C AI .GT. O.DO) Th e n
8600 A H G - A K G + A P I
6700 El s e
6600 ARG = ARG - API
6900 END IF
7000 END IF
7100 ARG = ARG/2.00
7200 8(1) = AK*C0S(4RG)
7300 6(2) = Att*SI.((ARG)
7400 RETURN
7500 END
